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Preface

The subjects of relativity, gravitation, and cosmology are frequently discussed areas of
modern physics among the broad audience. Numerous popular books on these subjects
are available for the general reader who has no background in physics. At the same
time, a number of textbooks and monographs for advanced graduate students and young
researchers in the area are available.

However, intermediate books, allowing senior undergraduate students or junior PhD
students to enter this exciting area of physics in a smooth and pedagogical way, are rare. It
is generally assumed that new concepts of both physics and mathematics involved in the
subject are too complex to allow a simple and pedagogical introduction.

The only way to master the subject seems to be to exert a hard and time-consuming
effort to put together the intelligible pieces of advanced textbooks into an understandable
set of notes, as we and many of our colleagues have done. This approach has the advantage
of making young, capable students who persevere through such a learning process well
trained for future research tasks. However, at the same time, it severely limits the number
of people who ever really master the subject.

This book is an attempt to bridge the gap between a regular university curriculum,
consisting typically of courses in calculus and general physics, and the more advanced
books in tensor calculus, relativity, and cosmology. The book has evolved from a set
of lecture notes originally compiled by one of the authors, M. Dalarsson, but has been
improved and completed with a number of exciting new topics over the past 20 years.

It is the authors’ intention to give readers a high level of detail in derivations of all
equations and the results. The more lengthy and tedious algebraic manipulations are,
in general, outlined in such detail that they can be followed by an interested senior
undergraduate student or a junior PhD student with little or no risk of getting lost.

It is our experience that common showstoppers for a young university student trying
to master a subject are phrases in the literature claiming that something can be derived
from something else by some “straightforward, although somewhat tedious, algebra.” If
a student cannot readily reproduce such a “straightforward” algebra, which most often is
the case, the usual reaction under the time pressure of the studies is to accept the claim as
a fact. From that point, throughout the rest of the course, the deeper understanding of the
subject is lost.

Compared to the first edition (Elsevier Academic Press, 2005), the present edition has
two new chapters (14 and 22) that have been added, and the chapters from 14 to 24 from
the first edition have consequently been renumbered. The new Chapter 14 deals with
some well-known phenomena from the special theory of relativity (time dilatation, length

xi



xii Preface

contraction, addition of velocities, and the twin paradox). The present book focuses on the
mathematics of relativity and cosmology. These topics were omitted in the first edition as
being more descriptive and phenomenological. However, based on the strong feedback
received from readers of the first edition, both students and instructors, we decided to
include an introductory chapter on these phenomena in this new edition for the sake of
completeness.

The new Chapter 22 deals with an important topic of gravitational waves. It was omitted
in the first edition based on our assumption that a thorough understanding of a chapter
on gravitational waves would require a reader already have an advanced mathematical
knowledge of some wave theory (for example the electromagnetic wave theory). At the
same time, we wanted the present book to be as self-contained as possible, so that a reader
would not have to refer to any other sources in order to understand the entire contents of
the book.

Needless to say, in both new chapters, we preserve the same style of presentation
as in the rest of the book. In other words, we still outline all the lengthy and tedious
algebraic manipulations in such detail that they can be followed by an interested senior
undergraduate student or a junior PhD student with little or no risk of getting lost. Last,
but not least, we have made a number of minor improvements and corrections of a few
typos in the chapters that appeared in the first edition,

There are a number of advanced books on relativity, gravitation, and cosmology, and we
have benefited from some of those, as well as from unpublished notes produced by some
of our distinguished colleagues. Some of these sources are listed in the bibliography at the
end of the book, as well as a few other books that may be recommended as suitable further
reading. However, in an introductory book such as this one, it is impossible to include an
extensive list of all original references, major textbooks, and monographs on the subject
or to mention all the people who have contributed to our understanding of this exciting
subject.

We hope our readers will find that we have, at least partly, fulfilled the objective
of bridging the gap between the regular university curriculum and the more advanced
literature on this exciting subject, and that they will enjoy reading this book as much as we
did writing it.

M. Dalarsson and N. Dalarsson
Stockholm, Sweden



1
Introduction

The tensor calculus is a mathematical discipline of relatively recent origin. It is fair to say
that, with few exceptions, the tensor calculus was developed during the twentieth century.
It is also an area of mathematics that was developed for an immediate practical use in
the theory of relativity, with which it is strongly interrelated. Later, however, the tensor
calculus has proven to be useful in other areas of physics and engineering such as classical
mechanics of particles and continuous media, differential geometry, electrodynamics,
quantum mechanics, solid state physics, and quantum field theory. Recently, it has been
used even in electric circuit theory and some other purely engineering disciplines.

In the early twentieth century, at the same time when the tensor calculus was de-
veloped, a number of major breakthroughs of modern science were made. In 1905 the
special theory of relativity was formulated, then in 1915 the general theory of relativity
was developed, and in 1925 the quantum mechanics took its present form. In the years
to come quantum mechanics and special theory of relativity were combined to develop
the relativistic quantum field theory, which gives at least a partial explanation of the three
fundamental forces of nature (strong, electromagnetic, and weak).

The remaining known fundamental force of nature, the force of gravity, is different
from the other three fundamental forces. Although very weak on the small scale, gravity
dominates the other three forces over cosmic distances. This dominance, due to gravity
being a long-range force that cannot be screened, makes it the only available foundation
for any cosmology. The other three fundamental forces are explained through particle
interactions in the flat space-time of special relativity. However, gravity does not allow
for such an explanation. In order to explain gravity, Einstein had to connect it with the
geometry of space-time and formulate a relativistic theory of gravitation. For a long time,
the general relativity was separate from the other parts of physics, partly because of the
mathematical framework of the theory (tensor calculus), which was not extensively used
in any other discipline during that time.

The tensor calculus is today used in a number of other disciplines as well, and its
extension to other areas of physics and engineering is a result of the simplification of
the mathematical notation and in particular the possibility of natural extension of the
equations to the relativistic case.

Today, physics and astronomy have joined forces to form the discipline called relativis-
tic astrophysics. The major advances in cosmology, including the attempts to formulate
quantum cosmology, also increase the importance of general relativity. A number of
attempts have been made to unify gravity with the other three fundamental forces of
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2 TENSORS, RELATIVITY, AND COSMOLOGY

nature, thus introducing the tensor calculus and Riemannian geometry to the new exciting
areas of physics such as the theory of superstrings.

In the first two parts of the book a pedagogical introduction to the tensor calculus
is covered. Thereafter, an introduction to the special and general theories of relativity is
presented. Finally an introduction to the modern theory of cosmology is discussed.



 PART 1

Tensor Algebra





2
Notation and Systems of Numbers

2.1 Introduction and Basic Concepts
In order to get acquainted with the basic notation and concepts of the tensor calculus, it
is convenient to use some well-known concepts from linear algebra. The collection of N
elements of a column matrix is often denoted by subscripts as x1, x2, . . . , xN . Using a lower
index i = 1, 2, . . . , N , we can introduce the following short-hand notation:

xi (i = 1, 2, . . . , N). (2.1)

Sometimes, the same collection of N elements is denoted by corresponding superscripts
as x1, x2, . . . , xN . Using here an upper index i = 1, 2, . . . , N , we can also introduce the
following short-hand notation:

xi (i = 1, 2, . . . , N). (2.2)

In general the choice of a lower or an upper index to denote the collection of N elements of
a column matrix is fully arbitrary. However, it will be shown later that in the tensor calculus
lower and upper indices are used to denote mathematical objects of different natures.
Therefore, both types of indices are essential for the development of tensor calculus as a
mathematical discipline. In the definition (2.2) it should be noted that i is an upper index
and not a power of x. Whenever there is a risk of confusion of an upper index and a power,
such as when we want to write a square of xi, we will use parentheses as follows:

xi · xi = (xi)2 (i = 1, 2, . . . , N). (2.3)

A collection of numbers, defined by just one (upper or lower) index, will be called a first-
order system or a simple system. The individual elements of such a system will be called
the elements or coordinates of the system. The introduction of the lower and upper indices
provides a device to highlight the different nature of different first-order systems with the
equal number of elements. Consider, for example, the following linear form:

ax + by + cz. (2.4)

Introducing the labels ai = {a, b, c} and xi = {x, y, z}, the expression (2.4) can be written as
follows:

a1x1 + a2x2 + a3x3 =
3∑

i=1

aix
i (2.5)

Tensors, Relativity, and Cosmology. http://dx.doi.org/10.1016/B978-0-12-803397-5.00002-9 5
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6 TENSORS, RELATIVITY, AND COSMOLOGY

indicating the different nature of the two first-order systems. In order to emphasize the
advantage of the proposed notation, let us consider a bilinear form created using two first-
order systems xi and yi (i = 1, 2, 3):

a11x1y1 + a12x1y2 + a13x1y3

+ a21x2y1 + a22x2y2 + a23x2y3

+ a31x3y1 + a32x3y2 + a33x3y3

=
3∑

i=1

3∑
j=1

aijx
iyj. (2.6)

Here, we see that the short-hand notation on the right-hand side of (2.6) is quite compact.
The system of parameters of the bilinear form

aij (i, j = 1, 2, 3) (2.7)

is labeled by two lower indices. This system has nine elements and they can be represented
by the following 3 × 3 square matrix:⎡

⎣ a11 a12 a13
a21 a22 a23
a31 a32 a33

⎤
⎦ . (2.8)

A system of quantities determined by two indices is called a second-order system.
Depending on whether the indices of a second-order system are upper or lower, there

are three types of second-order systems:

aij, aj
i, aij (i, j = 1, 2, . . . , N). (2.9)

A second-order system in N dimensions has N 2 elements. In a similar way, we can define
the third-order systems, which may be of one of the following four different types:

aijk, ai
jk, aij

k , aijk (i, j = 1, 2, . . . , N). (2.10)

The most general system of order K is denoted by

ai1,i2,...,iK (i1, i2, . . . , iK = 1, 2, . . . , N) (2.11)

and depending on the position of the indices, it may be of one of several different types.
The K th-order system in N dimensions has N K elements.

2.2 Symmetric and Antisymmetric Systems
Let us consider a second-order system in three dimensions

aij (i, j = 1, 2, 3). (2.12)

The system (2.12) is called a symmetric system with respect to the two lower indices if the
elements of the system satisfy the equality

aij = aji (i, j = 1, 2, 3). (2.13)
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Similarly, the system (2.12) is called an antisymmetric system with respect to the two lower
indices if the elements of the system satisfy the equality

aij = −aji (i, j = 1, 2, 3). (2.14)

The equality (2.14) indicates that an antisymmetric second-order system in three dimen-
sions has only three independent components and that all the diagonal elements are equal
to zero:

aJJ = 0 (J = 1, 2, 3). (2.15)

Thus, it is possible to represent an antisymmetric second-order system in three dimen-
sions by the following 3 × 3 matrix:⎡

⎣ 0 a12 a13
−a12 0 a23
−a13 −a23 0

⎤
⎦ . (2.16)

In general, a system of an arbitrary order and type will be symmetric with respect to two of
its indices (both upper or both lower), if the corresponding elements remain unchanged
upon interchange of these two indices. The system will be totally symmetric with respect
to all upper (lower) indices, if an interchange of any two upper (lower) indices leaves the
corresponding system elements unchanged. Elements of a totally symmetric third-order
system with all three lower indices satisfy the equality

aijk = aikj = ajki = ajik = akij = akji. (2.17)

Analogous to the above, a system of an arbitrary order and type will be antisymmetric
with respect to the two of the indices (both upper or both lower), if the corresponding
elements change signs upon interchange of these two indices. The system will be totally
antisymmetric with respect to all upper (lower) indices, if an interchange of any two upper
(lower) indices changes signs of the corresponding system elements. Elements of a totally
antisymmetric third-order system with all three lower indices satisfy the equality

aijk = −aikj = ajki = −ajik = akij = −akji. (2.18)

2.3 Operations with Systems
Under certain conditions, it is possible to perform a number of algebraic operations with
systems. The definition of these operations depends on the order and type of the systems.

2.3.1 Addition and Subtraction of Systems

The addition and subtraction of systems can be performed only with the systems of the
same order and same type. The addition (subtraction) of systems is performed in such a
way that each element of one system is added (subtracted) to (from) the corresponding
element of the other system (the one with the same indices in the same order). For

example, the systems Aij
km and Bij

km can be added since they are of the same order and
of the same type. The sum of these two systems is given by
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Dij
km = Aij

km + Bij
km, (2.19)

and it is the system of the same order and type as the two original systems. This
definition is easily extended to addition and subtraction of an arbitrary number of
systems.

2.3.2 Direct Product of Systems

A system obtained by multiplying each element of one system by each element of another
system, regardless of their order and type, is called a direct product or just a product of
these two systems. Thus, for example, a product of two first-order systems ai and bi is a
second-order system

cij = aibj. (2.20)

For i, j = 1, 2, 3 this operation can be written in the following matrix form:

[
cij
]

=
⎡
⎣ a1

a2

a3

⎤
⎦ [ b1 b2 b3

] =
⎡
⎣ a1b1 a1b2 a1b3

a2b1 a2b2 a2b3

a3b1 a3b2 a3b3

⎤
⎦ . (2.21)

In general, the set of upper (lower) indices of a system, created as a product of several
other systems, is a collection of all upper (lower) indices of all of the constituent systems.
For example, we have

Dikm
jln = Ai

jB
k
l Cm

n . (2.22)

2.3.3 Contraction of Systems

This operation is applicable to the systems with at least one pair of indices of opposite
type, that is, at least one upper index and one lower index. The actual pair of indices
of opposite type is then made equal to each other and a sum over that common in-

dex is performed. Thus, for example, by contraction of a third-order system aij
k , we

obtain

ai =
N∑

j=1

aij
j = ai1

1 + ai2
2 + · · · + aiN

N . (2.23)

The contraction of a system of order k gives a system of order k − 2, which is easily seen
from the example (2.23). The contraction of a mixed second-order system bi

j gives a zeroth-
order system

b =
N∑

j=1

bj
j = b1

1 + b2
2 + · · · + bN

N , (2.24)

which is equal to the trace of the matrix [bi
j].
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2.3.4 Composition of Systems

The composition of systems is a complex operation consisting of a product of two systems
and a contraction with respect to at least one of the indices of opposite type from each of
the systems. The product of the two first-order systems ak and bj is a mixed second-order
system akbj. By contraction of this system, we obtain the composition of the systems ak

and bj in the form

c =
N∑

j=1

ajbj = a1b1 + a2b2 + · · · + aN bN . (2.25)

For N = 3, the result (2.25) can be written in the following matrix form:

N∑
j=1

ajbj = [
a1 a2 a3

]⎡⎣ b1

b2

b3

⎤
⎦ . (2.26)

2.4 Summation Convention
At the very beginning of the development of the general theory of relativity, in order to
simplify derivations of various results and expressions in the tensor calculus, the summa-
tion convention over the repeated indices was introduced. According to this convention
when the same index in an expression appears twice, it is understood that the summation
over that index is performed and no summation sign is needed. Thus, for example, we may
write

N∑
j=1

ajx
j = ajx

j, (2.27)

N∑
j=1

N∑
k=1

ajkxjxk = ajkxjxk, (2.28)

N∑
j=1

N∑
k=1

Dmn
jk ajk = Dmn

jk ajk. (2.29)

The repeated indices, over which a summation is understood, are usually called dummy
indices. When using the summation convention, following rules should be kept in mind:

1. It is required to know exactly which range of values all indices can take. If nothing else
is specified, it is assumed that all indices in one expression or equation cover the same
range of integers.

2. When it is required to represent any of the three diagonal elements a1
1, a2

2 or a3
3, in

order to avoid confusion with the summation convention, aM
M (M = 1, 2, 3) could be

used instead of am
m (m = 1, 2, 3). In such a case the capital letters are only used for this

purpose and are otherwise not used as indices.



10 TENSORS, RELATIVITY, AND COSMOLOGY

3. In order to avoid confusion, whenever there are two or more pairs of dummy indices
in the same expression, they should always be denoted by different letters and never
by the same letters.

2.5 Unit Symmetric and Antisymmetric Systems
The unit symmetric system, called the δ-symbol, is the symmetric second-order system,
defined as follows:

δi
j =

{
1, for i = j,
0, for i �= j.

(2.30)

Thus, the δ-symbol δi
j for (i, j = 1, 2, 3) is a system of nine elements such that the diagonal

elements, with indices i and j equal to each other, are equal to unity while the off-diagonal
elements are equal to zero. The matrix of this system is the following:

[
δi

j

]
=
⎡
⎣ 1 0 0

0 1 0
0 0 1

⎤
⎦ . (2.31)

The δ-symbol is often called the substitution operator, since by composition with the δ-
symbol it is possible to change the index label of any system. For example, it is possible to
write

δi
j ai = δ1

j a1 + δ2
j a2 + δ3

j a3 = aj. (2.32)

The validity of the result (2.32) is obvious from the definition of the δ-symbol (2.30). Since
δM

M = 1 for M = 1, 2, 3 the trace of the δ-symbol in three dimensions is given by

δ
j
j = δ1

1 + δ2
2 + δ3

3 = 3. (2.33)

The use of the δ-symbol may be illustrated by the following example. If a system of three
independent coordinates is given by xi = {x, y, z}, these coordinates, by definition, satisfy

∂xi

∂xj
=
{

1, for i = j
0, for i �= j

}
. (2.34)

Equation (2.35) can be simplified using the δ-symbol as follows:

∂xi

∂xj
= δi

j . (2.35)

Another important system is the unit antisymmetric system, that is, the totally antisym-
metric third-order system in three dimensions, called the e-system. It is denoted by eijk or
eijk and it is defined for (i, j, k = 1, 2, 3) in the following way:

eijk =
⎧⎨
⎩

+1, if ijk is an even permutation of 123,
−1, if ijk is an odd permutation of 123,
0, if i = j, i = k, j = k, or i = j = k .

(2.36)



Chapter 2 • Notation and Systems of Numbers 11

Let us now write down all 3! = 6 permutation of 123 in order

(123) zeroth permutation,
(132) first permutation,
(312) second permutation,
(321) third permutation,
(231) fourth permutation,
(213) fifth permutation.

(2.37)

The three cyclic permutations (123), (312), and (231) are even permutations and the
corresponding e-symbol elements are given by

e123 = e312 = e231 = 1. (2.38)

Similarly for the odd permutations the e-symbol elements are given by

e132 = e321 = e213 = −1, (2.39)

and all other elements of the e-symbol are equal to zero. This indicates that the
e-symbol has only 6 non-zero elements out of the total of 27 elements. Since the e-system
in three dimensions is a third-order system it is not possible to represent it by a two-
dimensional matrix, but a three-dimensional scheme is required. However, for better
visibility a following schematic representation is also possible:

[
eijk

]
=

jk 11 12 13 21 22 23 31 32 33

i = 1 0 0 0 0 0 1 0 −1 0
i = 2 0 0 −1 0 0 0 1 0 0
i = 3 0 1 0 −1 0 0 0 0 0

(2.40)

The most general Nth order e-symbol is defined as follows:

ei1i2···iN =
⎧⎨
⎩

+1, i1i2 · · · iN an even permutation of 12 · · · N ,
−1, i1i2 · · · iN an odd permutation of 12 · · · N ,
0, any pair of indices equal to each other.

(2.41)

Using the e-symbols it is possible to write down the expression for the determinant of a
matrix [ai

j], for (i, j = 1, 2, 3), as follows:

a = det
[

ai
j

]
= ekmna1

ka2
ma3

n. (2.42)

In order to verify that the expression (2.42) is indeed equal to the determinant of the matrix
[ai

j], we use the expression for the determinant of a 3 × 3 matrix as follows:

a = det

⎡
⎣ a1

1 a1
2 a1

3
a2

1 a2
2 a2

3
a3

1 a3
2 a3

3

⎤
⎦ , (2.43)

a = a1
1(a

2
2a3

3 − a3
2a2

3)− a1
2(a

2
1a3

3 − a3
1a2

3)+ a1
3(a

2
1a3

2 − a3
1a2

2)

= a1
1a2

2a3
3 − a1

1a2
3a3

2 + a1
3a2

1a3
2 − a1

3a2
2a3

1 + a1
2a2

3a3
1 − a1

2a2
1a3

3. (2.44)
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From the definition of the e-symbol (2.36) we see that the result (2.44) can be written in
the form

a = ekmna1
ka2

ma3
n, (2.45)

which is identical to (2.42).
The determinant of a matrix

[
ai

j

]
, in a general case when (i, j = 1, 2, . . . , N), has the form

a = ei1i2···iN a1
i1

a2
i2

· · · aN
iN

. (2.46)

The definition (2.46) clearly indicates the advantage of the system notation, since the
expression for the determinant of the N × N-matrix in the expanded form, even for the
relatively small values of N , is quite complex.



3
Vector Spaces

3.1 Introduction and Basic Concepts
In general, a mathematical space is a set of mathematical objects with an associated
structure. This structure can be specified by a number of operations on the objects of
the set. These operations must satisfy certain general rules, called the axioms of the
mathematical space.

In order to specify the operations and axioms used to define a vector space, it is first
important to introduce some general concepts. The set of values (a1, a2, . . . , aN ) of some
N variables (x1, x2, . . . , xN ) is called a point. A set of all such points for all possible real
values of the given N variables is called a real N-dimensional space. A vector in such a
space is an ordered pair of points, such that it is specified which point is the first point
(the origin of the vector) and which point is the last point (end of the vector). For example,
if the point P(a1, a2, . . . , aN ) is the origin of the vector and the point Q(b1, b2, . . . , bN ) is the
end of the vector, then the vector �PQ is the vector of displacement from the point P to the
point Q. The system of values

c1 = b1 − a1, c2 = b2 − a2, . . . , cN = bN − aN , (3.1)

or in a more compact notation

ci = bi − ai (i = 1, 2, . . . , N) (3.2)

is called the system of coordinates of the vector �PQ in the N-dimensional space.
The vector �PQ in the N-dimensional space is thus fully determined when we know all

of the N coordinates of the point of origin P, that is,

ai (i = 1, 2, . . . , N), (3.3)

and all of the coordinates of the vector �PQ, given by (3.2). However, in many cases only the
coordinates (3.2) are used to specify a vector and it is assumed that they can be measured
from an arbitrary point in the N-dimensional space as an origin. Such a vector is called a
free vector. An arbitrary vector �PQ = �C will, therefore, usually be identified with the system
of coordinates

ci (i = 1, 2, . . . , N). (3.4)

If we adopt a common point of origin for all vectors, defined in the N-dimensional space,
then the position of every point in that space is determined by its position vector with
respect to the adopted common point of origin.

The point with coordinates (0, 0, . . . , 0) is called the origin of coordinates. It is custom-
ary to adopt it as the common point of origin for all vectors in an N-dimensional space,
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although it is not mandatory. The equality of two vectors �a and �b requires the equality of
all of their components

ai = bi (i = 1, 2, . . . , N). (3.5)

3.2 Definition of a Vector Space
A general N-dimensional space in which the operation of addition (subtraction) is defined
by the equation

ci = ai ± bi (i = 1, 2, . . . , N), (3.6)

and the operation of scalar multiplication is defined by the equation

ai = λbi (i = 1, 2, . . . , N), (3.7)

for an arbitrary scalar λ, is called the vector space in N dimensions. The two vector
operations satisfy the following axioms.

1. The commutativity of the addition

ai + bi = bi + ai (i = 1, 2, . . . , N) (3.8)

2. The associativity of the addition

(ai + bi)+ ci = ai + (bi + ci) (i = 1, 2, . . . , N) (3.9)

3. The existence of a null-vector 0i such that

ai + 0i = 0i + ai (i = 1, 2, . . . , N) (3.10)

4. The distribution laws for scalar multiplication

λ(ai + bi) = λai + λbi (i = 1, 2, . . . , N) (3.11)

(λ+ ν)ai = λai + νai (i = 1, 2, . . . , N) (3.12)

5. The associativity of the scalar multiplication

(λν)ai = λ(νai) (i = 1, 2, . . . , N) (3.13)

6. The existence of a unit-scalar 1 which satisfies

1ai = ai (i = 1, 2, . . . , N). (3.14)

The above definition of the N-dimensional vector space implies certain properties of
objects in it. The co-linear or parallel vectors in the N-dimensional vector space are the
vectors �a and �b which are linearly dependent, that is, such that

ai = λbi (i = 1, 2, . . . , N). (3.15)
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A straight line in the vector space is defined by the equation

xi = ai + λbi (i = 1, 2, . . . , N), (3.16)

where λ is the variable parameter. The vector �a determines one point on the straight line,
while the vector �b determines the set of coefficients of the direction of the straight line. A
plane in the vector space is defined by the equation

xi = ai + λbi + νci (i = 1, 2, . . . , N), (3.17)

where λ and ν are variable parameters. The vector �a determines one point on the plane,
while the vectors �b and �c are the direction vectors of the plane.

3.3 The Euclidean Metric Space
If the distance between two arbitrary points P(a1, a2, . . . , aN ) and Q(b1, b2, . . . , bN ) of a
vector space is defined by the equation

s = P̄Q =
[
(b1 − a1)2 + (b2 − a2)2 + · · · + (bN − aN )2

]1/2
(3.18)

such a vector space is called the Euclidean metric space. In the case of two infinitesimally
close points P(y1, y2, . . . , yN ) and Q(y1 + dy1, y2 + dy2, . . . , yN + dyN ), the distance ds is
given by

ds2 = (dy1)2 + (dy2)2 + · · · + (dyN )2, (3.19)

or

ds2 = δkjdykdyj (k, j = 1, 2, . . . , N). (3.20)

The expression (3.20) is called the square of the line element ds or the metric of the
Euclidean metric space. The Euclidean metric space is a special case of the general vector
space. Thus, the operations of addition (subtraction) and scalar multiplication, satisfying
the axioms (3.8)–(3.14), are defined in the Euclidean metric space. However, in a metric
space there is another operation with vectors called the scalar product, defined as a
composition of vectors aj and bj, that is,

δkja
kbj = a1b1 + a2b2 + · · · + aN bN . (3.21)

The Euclidean metric space in N dimensions is usually denoted by EN .

3.4 The Riemannian Spaces
In the previous section, we have concluded that in an Euclidean metric space EN , the
metric is defined by

ds2 = δkjdykdyj (k, j = 1, 2, . . . , N), (3.22)
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where yk are Descartes rectangular coordinates. If, instead of the Descartes coordinates
yk, we introduce N arbitrary generalized coordinates xk, by means of the equations

yk = yk(x1, x2, . . . , xN ) (k = 1, 2, . . . , N), (3.23)

then, due to the relations

dyk = ∂yk

∂xm dxm (k, m = 1, 2, . . . , N), (3.24)

the metric can be written as follows:

ds2 = δkj
∂yk

∂xm dxm ∂yj

∂xn dxn = δkj
∂yk

∂xm

∂yj

∂xn dxm dxn. (3.25)

If we introduce a notation

gmn = δkj
∂yk

∂xm

∂yj

∂xn , (3.26)

the metric can be written in the form

ds2 = gmndxm dxn (m, n = 1, 2, . . . , N). (3.27)

From (3.26) it is clear that gmn, in general, is not equal to the δ-symbol and that (3.27)
cannot be reduced to the sum of squares of differentials of N coordinates. Thus, (3.27)
is a general homogeneous quadratic form. Let us now, as an example, consider the
usual three-dimensional Descartes system of coordinates yk = {x, y, z} and the system of
spherical coordinates xk = {r, θ ,ϕ}, defined by the equations

y1 = x1 sin x2 cos x3,

y2 = x1 sin x2 sin x3,

y3 = x1 cos x2.

(3.28)

The components of the system gmn in spherical coordinates are obtained using the
definition (3.26) as follows:

g11 =
(
∂y1

∂x1

)2

+
(
∂y2

∂x1

)2

+
(
∂y3

∂x1

)2

= (sin x2 cos x3)2 + (sin x2 sin x3)2 + (cos x2)2 = 1,

g22 =
(
∂y1

∂x2

)2

+
(
∂y2

∂x2

)2

+
(
∂y3

∂x2

)2

= (x1 cos x2 cos x3)2 + (x1 cos x2 sin x3)2 + (−x1 sin x2)2 = (x1)2,

g33 =
(
∂y1

∂x3

)2

+
(
∂y2

∂x3

)2

+
(
∂y3

∂x3

)2

= (−x1 sin x2 sin x3)2 + (x1 sin x2 cos x3)2 = (x1 sin x2)2. (3.29)

Similar considerations show that

gmn = 0 for m �= n. (3.30)
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Thus, the metric equation (3.27) becomes

ds2 = (dx1)2 + (x1)2(dx2)2 + (x1 sin x2)2(dx3)2, (3.31)

or using the usual notation for the spherical coordinates

ds2 = dr2 + r2dθ2 + r2 sin2 θ dϕ2, (3.32)

which is the well-known expression for the metric in spherical coordinates.
The expression (3.31) or (3.32) is a homogeneous quadratic form and it is not a sum of

squares of differentials of the three coordinates.
In general a space of N dimensions, in which a metric is defined with respect to the

Descartes system of rectangular coordinates (3.22), does not cease to be an Euclidean
metric space when the metric is expressed with respect to some other generalized system
of coordinates (3.27) and is no longer a sum of squares of differentials of N coordinates.
The space remains the same Euclidean metric space and only the system of coordinates is
changed.

Let us now consider a case when the Descartes coordinates yk (k = 1, 2, . . . , N) can be
expressed in terms of a number M (M < N) of arbitrary variables xα (α = 1, 2, . . . , M)

yk = yk(x1, x2, . . . , xM ) (k = 1, 2, . . . , N). (3.33)

In such a way we define an M-dimensional subspace, denoted by RM , embedded in the
original N-dimensional Euclidean metric space EN . The metric of the Euclidean metric
space has the form

ds2 = δkj dyk dyj (k, j = 1, 2, . . . , N), (3.34)

and due to the relation

dyk = ∂yk

∂xα
dxα, (3.35)

the metric of the subspace RM can be written in the form

ds2 = gαβ dxα dxβ (α,β = 1, 2, . . . , M), (3.36)

where

gαβ = δkj
∂yk

∂xα
∂yj

∂xβ
. (3.37)

In (3.37) and in the following text the Greek indices run from 1 to M while the Latin indices
run from 1 to N .

Thus, the square of the distance between two infinitesimally close points in the
subspace RM is defined by the homogeneous quadratic differential form (3.36). Let us now
consider the M-dimensional subspace RM independently of the original N-dimensional
Euclidean metric space EN , in which it is embedded. Now we would like to know whether
it is possible to find M independent variables and use them as coordinates, such that
the metric form (3.36) can be written as the sum of squares of differentials of these
coordinates. If this is possible, the M-dimensional space RM is in its own right an
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Euclidean metric space. If this is not possible the M-dimensional space RM is called the
Riemannian space.

Let us, for example, consider the points on a sphere of a unit radius in the three-
dimensional Euclidean metric space E3, defined by the Descartes rectangular coordinates
yi = {x, y, z}. The metric has the usual form

ds2 = δkj dyk dyj (k, j = 1, 2, 3). (3.38)

Let us now define a two-dimensional subspace R2 of the Euclidean metric space E3,
in which the position of the points on the unit sphere is specified by the polar angles
xα = {θ ,ϕ}. The relations (3.33) in this case have the form

y1 = sin x1 cos x2,

y2 = sin x1 sin x2,

y3 = cos x1.

(3.39)

The components of the system gαβ are obtained using the definition (3.37) as follows:

g11 =
(
∂y1

∂x1

)2

+
(
∂y2

∂x1

)2

+
(
∂y3

∂x1

)2

= (cos x1 cos x2)2 + (cos x1 sin x2)2 + (− sin x1)2 = 1

g22 =
(
∂y1

∂x2

)2

+
(
∂y2

∂x2

)2

+
(
∂y3

∂x2

)2

= (− sin x1 sin x2)2 + (sin x1 cos x2)2 = (sin x1)2

g12 = g21 = 0. (3.40)

Thus, we obtain the metric of the subspace R2 in the form

ds2 = (dx1)2 + (sin x1)2(dx2)2, (3.41)

or

ds2 = dθ2 + sin2 θ dϕ2. (3.42)

It turns out that it is not possible to find two real variables {u, v} such that the metric (3.42)
can be written in the form

ds2 = du2 + dv2. (3.43)

Thus, the surface of the unit sphere, as a two-dimensional subspace R2 of the original
Euclidean metric space E3, does not have the internal Euclidean metric. In other words,
there are no Euclidean coordinates on the surface of the unit sphere.

It can, therefore, be concluded that in an Euclidean metric space there are some
subspaces with a non-Euclidean metric. Such subspaces are called the Riemannian spaces.
In principle, the metric geometry can be generalized by defining the metric of a space in
advance by choosing the functions gmn in an arbitrary way, with only requirements that
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the system gmn is symmetric and doubly differentiable. The metric does not even have to
be positively defined.

Thus a space, with a metric that is not positively defined but the components of the
system gmn are constants, is sometimes called the pseudo-Euclidean space. Analogously,
a space that is not positively defined and the components of the system gmn are arbitrary
functions of coordinates, is sometimes called the pseudo-Riemannian space.





4
Definitions of Tensors

4.1 Transformations of Variables
Tensors, as mathematical objects, were originally introduced for an immediate practical
use in the theory of relativity. The main subject of the theory of relativity is the behavior
of physical quantities and the laws of nature with respect to the transformations from
one system of coordinates to another. Therefore, it was important to introduce a new
class of mathematical objects which are defined by their transformation laws with respect
to the transformations from one system of coordinates to another. Such mathematical
objects are called tensors. The systems, that we call tensors, have linear and homogeneous
transformation laws with respect to the transformations of coordinates. In order to define
the main types of tensors, let us consider an arbitrary transformation of variables xk into
some new variables zk, defined by

zk = zk(x1, x2, . . . , xN ) (k = 1, 2, . . . , N). (4.1)

From (4.1) we may write

dzk = ∂zk

∂xm dxm (k, m = 1, 2, . . . , N). (4.2)

The differentials of the coordinates dzi are linear and homogeneous functions of the
differentials of the old coordinates dxm. The differentials of coordinates are by definition
treated as the components of a special type of tensors, called contravariant vectors.

Let G be a zeroth-order system. The system of N quantities ∂G/∂xi is transformed
according to the transformation law

∂G

∂zk
= ∂xm

∂zk

∂G
∂xm (k, m = 1, 2, . . . , N). (4.3)

The components ∂G/∂zk are linear and homogeneous functions of the components
∂G/∂xm. The components of the system ∂G/∂xm are by definition treated as the compo-
nents of a special type of tensors, called covariant vectors.

4.2 Contravariant Vectors
Generally speaking, any system of quantities, defined with respect to the systems of
coordinates {xk} and {zk} by N quantities Ak and Āk respectively, which is transformed
according to the transformation law
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Āk = ∂zk

∂xm Am (k, m = 1, 2, . . . , N) (4.4)

is called a contravariant vector. The contravariant vectors are always denoted by one upper
index.

4.3 Covariant Vectors
On the other hand, any system of quantities, defined with respect to the systems of
coordinates {xk} and {zk} by N quantities Bk and B̄k respectively, which is transformed
according to the transformation law

B̄k = ∂xm

∂zk
Bm (k, m = 1, 2, . . . , N) (4.5)

is called a covariant vector. The covariant vectors are always denoted by one lower index.

4.4 Invariants (Scalars)
Let us now form a zeroth-order system by composition of one contravariant and one
covariant vector

F = AmBm (m = 1, 2, . . . , N), (4.6)

with respect to a system of coordinates {xk}. Then, with respect to a new system of
coordinates {zk} this system has the value

F̄ = ĀkB̄k = ∂zk

∂xm Am ∂xn

∂zk
Bn = ∂zk

∂xm

∂xn

∂zk
AmBn, (4.7)

where the upper bar over the quantities F̄ , Āk and B̄k denotes that they are defined with
respect to the new coordinates {zk}

On the other hand, by definition of the δ-symbol, we have

∂zk

∂xm

∂xn

∂zk
= δn

m (k, m, n = 1, 2, . . . , N), (4.8)

and the result (4.7) becomes

F̄ = δn
mAmBn = AmBm, (4.9)

or

F̄ = ĀkB̄k = AmBm = F . (4.10)

The result (4.10) shows that the quantity F has the same value in all systems of coordinates.
Such a quantity is, therefore, called an invariant or a scalar. A composition of one
contravariant and one covariant vector is therefore called the scalar product since it
behaves as a scalar with respect to an arbitrary transformation of transformation of
coordinates.
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4.5 Contravariant Tensors
Let us consider a system of N 2 products of components of two contravariant vectors Bm

and Dn, denoted by

Amn = BmDn, (4.11)

with respect to a system of coordinates {xk}. In some other system of coordinates {zk} this
system will have values in accordance with (4.4), that is,

Ājk = B̄jD̄k = ∂zj

∂xm

∂zk

∂xn BmDn = ∂zj

∂xm

∂zk

∂xn Amn. (4.12)

In analogy with (4.12), any second-order system, defined with respect to the systems of
coordinates {xk} and {zk} by N 2 quantities Amn and Ājk, respectively, which is transformed
according to the transformation law

Ājk = ∂zj

∂xm

∂zk

∂xn Amn (4.13)

is called a second-order contravariant tensor. The second-order contravariant tensors are
always denoted by two upper indices.

A third-order contravariant tensor is a system of N 3 quantities, denoted by Amnp, which
is transformed according to the transformation law

Āijk = ∂zi

∂xm

∂zj

∂xn

∂zk

∂xp Amnp. (4.14)

Analogously with the definitions (4.13) and (4.14), it is possible to define contravariant
tensors of arbitrary order. By convention, any contravariant tensor is denoted by a number
of upper indices only.

4.6 Covariant Tensors
A system defined with respect to the systems of coordinates {xk} and {zk} by N 2 quantities
Amn and Ājk, respectively, which is transformed according to the transformation law

Ājk = ∂xm

∂zj

∂xn

∂zk
Amn (4.15)

is called a second-order covariant tensor. Second-order covariant tensors are always
denoted by two lower indices.

A third-order covariant tensor is a system of N 3 quantities, denoted by Amnp, which is
transformed according to the transformation law

Āijk = ∂xm

∂zi

∂xn

∂zj

∂xp

∂zk
Amnp. (4.16)

Analogously with the definitions (4.15) and (4.16), it is possible to define covariant tensors
of an arbitrary order. By convention, any covariant tensor is denoted by a number of lower
indices only.



24 TENSORS, RELATIVITY, AND COSMOLOGY

4.7 Mixed Tensors
Let us consider a system, defined with respect to the systems of coordinates {xk} and

{zk} by N 4 quantities Amn
ps and Āij

kl respectively, which is transformed according to the
transformation law

Āij
kl = ∂zi

∂xm

∂zj

∂xn

∂xp

∂zk

∂xs

∂zl
Amn

ps . (4.17)

The system Amn
ps is called a fourth-order mixed tensor, that is, a second-order contravariant

and second-order covariant tensor. The indices m and n are contravariant indices and
indices p and s are covariant indices. In analogy with (4.17) it is possible to define mixed
tensors with arbitrary numbers of contravariant and covariant indices. There are two more
types of fourth-order mixed tensors

Am
nps, Amnp

s . (4.18)

Using the transformation law (4.17) it is easy to construct the transformation laws for
arbitrary mixed tensors. The contravariant and covariant tensors can, of course, be treated
as special cases of mixed tensors.

4.8 Symmetry Properties of Tensors
A second-order covariant tensor Ajk is called a symmetric tensor if its components satisfy
the equality

Ajk = Akj (j, k = 1, 2, . . . , N), (4.19)

and the tensor Ajk is called an antisymmetric tensor if its components satisfy the equality

Ajk = −Akj (j, k = 1, 2, . . . , N). (4.20)

Analogously, a second-order contravariant tensor Ajk is called a symmetric tensor if its
components satisfy the equality

Ajk = Akj (j, k = 1, 2, . . . , N), (4.21)

and the tensor Ajk is called an antisymmetric tensor if its components satisfy the equality

Ajk = −Akj (j, k = 1, 2, . . . , N). (4.22)

It is important to note that the symmetry properties of tensors are independent on
the coordinate system, in which the tensor components are defined. In other words, a
tensor which is symmetric (antisymmetric) with respect to one coordinate system remains
symmetric (antisymmetric) with respect to any other coordinate system.

In order to show that it is the case, let us assume that an arbitrary second-order con-
travariant tensor, defined with respect to the coordinate system {xk} by N 2 components
Amn, satisfies the equality

Amn = Anm (m, n = 1, 2, . . . , N), (4.23)
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which means that it is a symmetric tensor in the coordinate system {xk}. In some other
coordinate system {zk}, this tensor is given by the components

Ājk = ∂zj

∂xm

∂zk

∂xn Amn. (4.24)

However, by means of an interchange of the dummy indices m ↔ n, which is just a change
of notation that does not affect the result of summation, and using (4.23) we obtain

Ājk = ∂zj

∂xn

∂zk

∂xm Anm = ∂zk

∂xm

∂zj

∂xn Amn = Ākj, (4.25)

which shows that the tensor Ājk in the new coordinate system {zk} is indeed symmetric
as well.

In general, if a tensor of an arbitrary order and type is symmetric (or antisymmetric)
upon interchange of one pair of its indices (both lower or both upper indices) in one
system of coordinates {xk}, it remains symmetric (or antisymmetric) upon interchange
of the corresponding pair of indices in any other system of coordinates {zk}. In other
words, the symmetry properties of tensors are independent on the coordinate system, in
which the tensor components are defined.

4.9 Symmetric and Antisymmetric Parts of Tensors
Let us consider a second-order covariant tensor Amn. This tensor can always be written as
a sum of one symmetric and one antisymmetric tensor as follows:

Amn = 1
2
(Amn + Anm)+ 1

2
(Amn − Anm), (4.26)

or

Amn = A(mn) + A[mn]. (4.27)

The symmetric tensor defined by the expression

A(mn) = 1
2
(Amn + Anm) (4.28)

is called the symmetric part of the tensor Amn, while the antisymmetric tensor defined by
the expression

A[mn] = 1
2
(Amn − Anm) (4.29)

is called the antisymmetric part of the tensor Amn.
Analogously to (4.27), it is possible to use an arbitrary non-symmetric third-order

covariant tensor Amnp to create a totally symmetric and totally antisymmetric part as
follows:

A(mnp) = 1
3! (Amnp + Ampn + Apmn + Apnm + Anpm + Anmp) (4.30)
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A[mnp] = 1
3! (Amnp − Ampn + Apmn − Apnm + Anpm − Anmp) (4.31)

From (4.30) and (4.31) it is easily seen that any interchange of indices m, n and p leaves
A(mnp) unchanged, while it reverses the sign of A[mnp]. The expressions (4.30) and (4.31) can
be rewritten in a more compact form by introducing a special label for the permutations
of the indices m, n and p, as follows:

πj(m, n, p) (j = 0, 1, 2, 3, 4, 5). (4.32)

The components of the system (4.32) are the 3! permutations of the three indices m, n, and
p, which can be listed as follows:

π0(m, n, p) = mnp,

π1(m, n, p) = mpn,

π2(m, n, p) = pmn,

π3(m, n, p) = pnm,

π4(m, n, p) = npm,

π5(m, n, p) = nmp.

(4.33)

Using (4.32) and (4.33), the expressions (4.30) and (4.31) can be rewritten in the following
more compact form:

A(mnp) = 1
3!

3!−1∑
j=0

Aπj(mnp), (4.34)

A[mnp] = 1
3!

3!−1∑
j=0

(−1)jAπj(mnp), (4.35)

valid for the third-order covariant tensor Amnp.
The expressions (4.34) and (4.35) are easily generalized to the case of the Nth-order

non-symmetric tensor, where the totally symmetric and totally antisymmetric parts are
given by

A(i1i2···iN ) = 1
N !

N!−1∑
j=0

Aπj(i1i2···iN ), (4.36)

A[i1i2···iN ] = 1
N !

N!−1∑
j=0

(−1)jAπj(i1i2···iN ). (4.37)

4.10 Tensor Character of Systems
Sometimes we do not readily know the transformation laws for all systems encountered in
different expressions. In order to be able to determine whether a given system is a tensor
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or not, we need some criteria for determination of the tensor character of systems. These
criteria can be based on the following statement:

If an expression AkBk is invariant with respect to the coordinate transformations and
we know that Ak transforms as a contravariant vector (or that Bk transforms as a
covariant vector), then we know that the system Bk is a covariant vector (or that the
system Ak is a contravariant vector).

In order to prove the above statement, let us begin with the assumption that the
expression AkBk is an invariant, that is,

ĀjB̄j − AkBk = 0. (4.38)

If we then know that Aj is a contravariant vector, we know that it transforms as

Āj = ∂zj

∂xk
Ak. (4.39)

Substituting (4.39) into (4.38) we obtain

∂zj

∂xk
AkB̄j − AkBk = Ak

(
∂zj

∂xk
B̄j − Bk

)
= 0. (4.40)

As the equality (4.40) is valid for an arbitrary contravariant vector Ak, we have

∂zj

∂xk
B̄j − Bk = 0, (4.41)

or

B̄j = ∂xk

∂zj
Bk. (4.42)

The expression (4.42) is the transformation law for a covariant vector Bk, and it shows that
Bk is indeed a covariant vector. In the same way it can be shown that, if the expression
AmnBmDn is invariant with respect to the coordinate transformations and we know that
Bm and Dn are two different contravariant vectors, then Amn is the second-order covariant
tensor. This is valid even if, as a special case, the expression AmnBmBn is an invariant for
an arbitrary contravariant vector Bk, provided that it is known that Amn also satisfies the
condition of symmetry

Amn = Anm (m, n = 1, 2, . . . , N). (4.43)

These conditions can be generalized to tensors of an arbitrary order and used as the
criteria for determination of the tensor character of systems.

As an example of the above rules, let us consider a mixed second-order system δi
j . Let us

take the numbers δi
j as the coordinates of a second-order mixed tensor with respect to an

arbitrary coordinate system {xk}, which is always possible. The question is whether they
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will keep their values, that is, whether they will remain the coordinates of a δ-symbol, after
the transformation to some new coordinate system {zk}. Thus, we may write

δ̄i
j = δm

n
∂zi

∂xm

∂xn

∂zj
, (4.44)

or, since {zk} is a system of mutually independent coordinates, we have

δ̄i
j = ∂zi

∂xm

∂xm

∂zj
= ∂zi

∂zj
= δi

j . (4.45)

The result (4.45) shows that the δ-symbol is indeed a second-order mixed tensor, which
has the same coordinates in all coordinate systems.



5
Relative Tensors

5.1 Introduction and Definitions
The tensors defined in Chapter 4 are sometimes also called the absolute tensors, since
there are systems of quantities which, upon the transformations of coordinates, transform
according to the similar but somewhat more general laws. Such systems are called relative
tensors or pseudotensors. Thus, a fifth-order system, three times contravariant and twice
covariant

Ai1i2i3
j1j2

(i1, i2, i3, j1, j2 = 1, 2, . . . , N) (5.1)

is defined as a relative tensor or pseudotensor of weight M , if it transforms according to
the transformation law

Āi1i2i3
j1j2

=
∣∣∣∣ ∂xr

∂zs

∣∣∣∣
M

Am1m2m3
n1n2

∂zi1

∂xm1

∂zi2

∂xm2

∂zi3

∂xm3

∂xn1

∂z j1

∂xn2

∂z j2
. (5.2)

In (5.2) we may introduce a notation

� =
∣∣∣∣∂xr

∂zs

∣∣∣∣ (5.3)

for the Jacobian of transformation of the original coordinates {xk} into the new coordinates
{zk}. In analogy with the definition (5.2), it is possible to define the relative tensors of an
arbitrary weight, order, and type. The concept of relative tensors includes the absolute
tensors, defined in Chapter 4, as a special case. The absolute tensors can be treated as
relative tensors of weight zero.

In particular, the relative tensors of weight M = +1 are called the tensor densities, while
the relative tensors of weight M = −1 are called the tensor capacities.

5.2 Unit Antisymmetric Tensors
As an important example of relative tensors, we consider the e-symbol in three dimensions
with three upper indices, that is,

eijk (i, j, k = 1, 2, 3). (5.4)

If we assume that eijk is a relative tensor of an unknown weight M , then it transforms
according to the transformation law

ērst =
∣∣∣∣ ∂xn

∂zm

∣∣∣∣
M

eijk ∂zr

∂xi

∂zs

∂xj

∂zt

∂xk
. (5.5)
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On the other hand, by definition of the Jacobian of the transformation �, we have

� =
∣∣∣∣ ∂xn

∂zm

∣∣∣∣ =

∣∣∣∣∣∣∣∣

∂x1

∂z1
∂x1

∂z2
∂x1

∂z3

∂x2

∂z1
∂x2

∂z2
∂x2

∂z3

∂x3

∂z1
∂x3

∂z2
∂x3

∂z3

∣∣∣∣∣∣∣∣
= eijk

∂xi

∂z1

∂xj

∂z2

∂xk

∂z3 . (5.6)

The Jacobian of the inverse transformation is given by

�−1 =
∣∣∣∣ ∂zm

∂xn

∣∣∣∣ = eijk ∂z1

∂xi

∂z2

∂xj

∂z3

∂xk
. (5.7)

Let us now, for the moment, consider the following system:

Arst = eijkar
i as

j at
k (5.8)

for an arbitrary mixed system am
n . In the expanded form this system looks like

Arst = ar
1as

2at
3 − ar

1as
3at

2 + ar
3as

1at
2 − ar

3as
2at

1 + ar
2as

3at
1 − ar

2as
1at

3. (5.9)

From (5.9), we see that the system Arst is fully antisymmetric system with respect to
its three indices, in the space of three dimensions. However, an arbitrary third-order
antisymmetric system in three dimensions has only one independent component, that
is, A123, while the other five non-zero components are determined by the conditions of
full antisymmetry. Thus, we may write

Arst = A123erst . (5.10)

In other words, any fully antisymmetric third-order system in three dimensions is propor-
tional to the corresponding e-symbol. Using (5.8) and (5.10) we obtain

eijkar
i as

j at
k = erst eijka1

i a2
j a3

k. (5.11)

Using (5.11) we may write

eijk ∂zr

∂xi

∂zs

∂xj

∂zt

∂xk
= erst eijk ∂z1

∂xi

∂z2

∂xj

∂z3

∂xk
, (5.12)

or using (5.7)

eijk ∂zr

∂xi

∂zs

∂xj

∂zt

∂xk
= erst�−1. (5.13)

Substituting (5.13) into (5.5) we obtain

ērst = �M erst�−1. (5.14)

From (5.14) we see that if we choose M = + 1, the components of the system erst remain
unchanged upon the coordinate transformations. Thus, the system eijk is a third-order
relative contravariant tensor with the weight M = +1 (tensor density). The transformation
law of the unit antisymmetric system eijk is therefore given by

ērst =
∣∣∣∣ ∂xn

∂zm

∣∣∣∣ eijk ∂zr

∂xi

∂zs

∂xj

∂zt

∂xk
= �eijk ∂zr

∂xi

∂zs

∂xj

∂zt

∂xk
. (5.15)
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In a similar way, we can consider the e-symbol with three lower indices in three
dimensions

eijk (i, j, k = 1, 2, 3). (5.16)

Again, if we assume that eijk is a relative tensor of an unknown weight M , then it transforms
according to the transformation law

ērst =
∣∣∣∣ ∂xn

∂zm

∣∣∣∣
M

eijk
∂xi

∂zr

∂xj

∂zs

∂xk

∂zt . (5.17)

Using an analog of (5.11) in the form

eijkai
raj

sak
t = erst eijkai

1aj
2ak

3, (5.18)

we obtain

eijk
∂xi

∂zr

∂xj

∂zs

∂xk

∂zt = erst eijk
∂xi

∂z1

∂xj

∂z2

∂xk

∂z3 , (5.19)

or

eijk
∂xi

∂zr

∂xj

∂zs

∂xk

∂zt = erst�. (5.20)

Substituting (5.20) into (5.17) we obtain

ērst = �M erst�. (5.21)

From (5.21) we see that if we choose M = −1, the components of the system erst remain
unchanged upon the coordinate transformations. Thus, the system eijk is a third-order
relative contravariant tensor with the weight M =−1 (tensor capacity). The transformation
law of the unit antisymmetric system eijk is therefore given by

ērst =
∣∣∣∣ ∂xn

∂zm

∣∣∣∣
−1

eijk
∂xi

∂zr

∂xj

∂zs

∂xk

∂zt = �−1eijk
∂xi

∂zr

∂xj

∂zs

∂xk

∂zt . (5.22)

In general, the transformation law of an arbitrary tensor is defined by

1. order—the number of indices;
2. type—the position and order of indices;
3. weight—the exponent of the Jacobian of transformation.

5.3 Vector Product in Three Dimensions
Let us consider two vectors of the same type, for example, two contravariant vectors
denoted by Ai and Bi, in a three-dimensional space (i = 1, 2, 3). Using the relative tensor
eijk, we can define a first-order system

Ci = eijkAjBk (i, j, k = 1, 2, 3), (5.23)
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which is a first-order covariant relative vector with the weight M = −1, since it is defined
as a composition of one relative tensor of weight M = −1 with two absolute vectors. The
expression (5.23) can be expanded into three equations

C1 = A2B3 − A3B2,

C2 = A3B1 − A1B3,

C3 = A1B2 − A2B1.

(5.24)

The transformation law for the vector Ci is given by

C̄j = �−1Cp
∂xp

∂zj
, (5.25)

where the Jacobian of the transformation is given by

� =
∣∣∣∣ ∂xn

∂zm

∣∣∣∣ . (5.26)

In a similar way we may define a relative contravariant vector Ci of the weight M = +1,
starting with two absolute covariant vectors Aj and Bj as well as the relative tensor eijk,
that is,

Ci = eijkAjBk (i, j, k = 1, 2, 3). (5.27)

The expression (5.27) can be expanded into three equations

C1 = A2B3 − A3B2,

C2 = A3B1 − A1B3,

C3 = A1B2 − A2B1.

(5.28)

The transformation law for the vector Ci is given by

C̄j = �Cp ∂zj

∂xp . (5.29)

The product (5.23) or (5.27) is called the vector product of two contravariant or two
covariant vectors in three dimensions, respectively. This definition includes the usual
definition of the vector product of two vectors (assumed to be the position vectors) given
by their Descartes rectangular coordinates.

�C = �A × �B =
∣∣∣∣∣∣

�1 �2 �3
A1 A2 A3
B1 B2 B3

∣∣∣∣∣∣ . (5.30)

In the definition (5.30), �1, �2, and �3 are the unit vectors of the three mutually orthogonal
axes of the Descartes coordinate system. It should be noted that, in the Descartes
coordinate system, the contravariant and covariant coordinates of the vector product have
the same numerical values, that is,

Cj = δjkCk. (5.31)
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5.4 Mixed Product in Three Dimensions
The mixed product of three contravariant vectors Aj, Bj, and Cj is formed by a composition
of the vector product

Dj = ejkmBkCm ( j, k, m = 1, 2, 3), (5.32)

with the vector Aj. It has the form

V = AjDj = ejkmAjBkCm (j, k, m = 1, 2, 3) (5.33)

or in the Descartes coordinate system

V =
∣∣∣∣∣∣

A1 A2 A3

B1 B2 B3

C1 C2 C3

∣∣∣∣∣∣ . (5.34)

From the definition (5.33) it is evident that the zeroth-order system V is a relative
invariant of the weight M =−1, or the scalar capacity, since it is composed of three ab-
solute contravariant vectors and the tensor capacity ejkm. The transformation law for this
system is

V̄ = �−1V . (5.35)

In the similar way, the mixed product of three covariant vectors Aj, Bj, and Cj is formed
by composition of the vector product

D j = e jkmBkCm ( j, k, m = 1, 2, 3), (5.36)

with the vector Aj, and it has the form

G = AjD
j = e jkmAjBkCm ( j, k, m = 1, 2, 3) (5.37)

or in the Descartes orthogonal coordinates

G =
∣∣∣∣∣∣

A1 A2 A3
B1 B2 B3
C1 C2 C3

∣∣∣∣∣∣ . (5.38)

From the definition (5.37) it is evident that the zeroth-order system G is a relative
invariant of the weight M = +1, or the scalar density, since it is composed of three
absolute covariant vectors and the tensor density ejkm. The transformation law for this
system is

Ḡ = �G. (5.39)

Unlike absolute scalars, the systems V and G, as relative scalars, in general change with
respect to the transformations of coordinates. The behavior of these systems with respect
to a special class of the orthogonal transformations of Descartes coordinates will be
discussed in the following section.
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5.5 Orthogonal Coordinate Transformations
In order to highlight some important properties of the vector products and mixed prod-
ucts in three dimensions, we will consider the orthogonal transformations of Descartes
coordinates rotation, translation, and inversion.

5.5.1 Rotations of Descartes Coordinates

Let us observe two Descartes coordinate systems K and K ′ with a common z-axis, denoted
by �3 = �3′, perpendicular to the plane of the paper. The system K ′ is obtained as a result of
a rotation in the positive sense of the system K about a common 3-axis for some angle θ ,
as shown in Figure 5.1.

The relation between the coordinates of a position vector of a given fixed point P, with
respect to the coordinate systems K ′ and K , is given by

⎡
⎣ z1

z2

z3

⎤
⎦ =

⎡
⎣ cos θ sin θ 0

− sin θ cos θ 0
0 0 1

⎤
⎦
⎡
⎣ x1

x2

x3

⎤
⎦ , (5.40)

or

zk = Ak
j xj ( j, k = 1, 2, 3). (5.41)

The transformation (5.41) is a linear transformation with the Jacobian

� =
∣∣∣∣∣
∂zk

∂xj

∣∣∣∣∣ =
∣∣∣Ak

j

∣∣∣ = 1. (5.42)

Thus, the Euclidean metric, given by the analog of (3.18) in three dimensions, is invariant
with respect to the rotations of the Descartes coordinates. This can easily be shown by

FIGURE 5.1 Rotations of Descartes coordinate systems.
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using the distance between the point P(x1, x2, x3) from the origin O(0, 0, 0), which in the
coordinate system K is given by

S =
[
(x1)2 + (x2)2 + (x3)2

]1/2
. (5.43)

In the coordinate system K ′ the distance between these points is given by

S′ =
[
(z1)2 + (z2)2 + (z3)2

]1/2
. (5.44)

Substituting (5.40) into (5.44) we obtain

S′ =
[
(x1 cos θ + x2 sin θ)2 + (−x1 sin θ + x2 cos θ)2 + (x3)2

]1/2
(5.45)

or

S′ = S. (5.46)

Thus, the distance between the points in the Descartes coordinate system is invariant with
respect to the rotation of coordinates about the 3-axis. The metric form of the space is also
invariant with respect to the rotation of coordinates about the 3-axis, that is, we have

ds′2 = ds2. (5.47)

It is easily shown that the above results are valid for arbitrary rotations of coordinates in
the Descartes coordinate systems.

5.5.2 Translations of Descartes Coordinates

Let us consider two Descartes coordinate systems K and K ′ in three dimensions, where
the coordinates in the system K ′ are denoted by {zk} and the coordinates in the system K
are denoted by {xk}. The translation of the coordinates is given by the equation

zk = xk + ak (k = 1, 2, 3), (5.48)

where ak is some constant translation vector. The Jacobian � of this transformation is
given by

� =
∣∣∣∣∣
∂zk

∂x j

∣∣∣∣∣ =
∣∣∣δk

j

∣∣∣ = 1. (5.49)

Thus, the metric form of the three-dimensional space in Descartes coordinates is invariant
with respect to the translation of the coordinate systems, since we have

dzk = dxk (k = 1, 2, 3). (5.50)

From (5.50) we have

ds′2 = δjk dzj dzk = δjk dxj dxk = ds2 ( j, k = 1, 2, 3), (5.51)

which proves the invariance of the metric form with respect to the coordinate translations.
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5.5.3 Inversions of Descartes Coordinates

Let us again consider two Descartes coordinate systems K and K ′ in three dimensions,
where the coordinates in the system K ′ are denoted by {zk} and the coordinates in the
system K are denoted by {xk}. The Inversion of the coordinates is given by the equation

zk = −xk = −δk
j xj (k = 1, 2, 3). (5.52)

It can be shown that the inversion of Descartes coordinates cannot be achieved by means
of any rotation of the original coordinate system K . The metric form is invariant with
respect to the inversion, since we have

ds′2 = δjk dzj dzk = δjk d(−xj)d(−xk) = δjk dxj dxk = ds2. (5.53)

The Jacobian of this transformation is equal to

� =
∣∣∣∣∣
∂zk

∂x j

∣∣∣∣∣ =
∣∣∣−δk

j

∣∣∣ = −1. (5.54)

5.5.4 Axial Vectors and Pseudoscalars

Thus, as a conclusion of this section, we note that rotation, translation, and inversion
constitute a group of orthogonal transformations which leave the metric form invariant.
Furthermore, the transformation laws of relative vectors and scalars (e.g., vector products
and mixed products in three dimensions), with respect to rotations and translations of
coordinates, are the same as those for the absolute vectors and scalars. However, relative
vectors and scalars (e.g., vector products and mixed products in three dimensions) do not
transform like absolute vectors and scalars, with respect to the inversion of coordinates.

As we have concluded before, the transformation law of an absolute contravariant
vector in three dimensions is given by

Āj = ∂zj

∂xk
Ak ( j, k = 1, 2, 3), (5.55)

with respect to the coordinate transformations from {xk} to {zk}. An example of this type
of vectors is the polar vector of the position of a certain point in a three-dimensional
space. However, the vector product of two absolute covariant vectors Aj and Bj is a relative
contravariant vector Cj, which transforms according to the transformation law

C̄j = �
∂zj

∂xk
Ck ( j, k = 1, 2, 3). (5.56)

Substituting (5.42) or (5.49) into (5.56) we see that the vector product is transformed in
the same way as the absolute vectors (5.55), with respect to rotations and translations.
On the other hand, the vector product reverses sign with respect to the inversion of
coordinates and does not transform as the polar vectors. This difference between the
vector product, as the relative vector, and the polar vectors, being the absolute vectors,
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was noted in the three-dimensional vector algebra before the development of the Tensor
Calculus. In the three-dimensional vector algebra, the vector product is called the axial
vector as opposed to the position vector which is called the polar vector. From the tensor
point of view this difference is easily understood, since it relates to the definition of the
position vector as an absolute vector and the vector product as a relative vector.

The mixed product in three dimensions, as a relative scalar, is invariant with respect
to rotation and translation but it reverses sign with respect to inversion. In the three-
dimensional vector algebra these scalars are usually called pseudoscalars.





6
The Metric Tensor

6.1 Introduction and Definitions
As we have seen in the previous chapters, in the Euclidean metric space it is possible to
reduce the metric form to a sum of squares of the differentials of the coordinates, that is,
we may write

ds2 = δjk dyj dyk ( j, k = 1, 2, . . . , N). (6.1)

If, instead of the Descartes orthogonal coordinates {yk}, we introduce the arbitrary gener-
alized coordinates {xk} by means of the equations

yk = yk(x1, x2, . . . , xN ) (k = 1, 2, . . . , N), (6.2)

we may write

dyk = ∂yk

∂xm dxm (k, m = 1, 2, . . . , N), (6.3)

and the metric form can be written as follows:

ds2 = gmn dxm dxn (m, n = 1, 2, . . . , N), (6.4)

where

gmn = δjk
∂yj

∂xm

∂yk

∂xn (6.5)

is a symmetric second-order system. The square of the infinitesimal line element ds is
by definition an invariant in all coordinate systems and dxm is an absolute vector. Thus,
using the criteria for the tensor character of systems and the fact that gmn is a symmetric
system, we conclude that gmn is an absolute second-order covariant tensor. This tensor is
called the metric tensor. The determinant of the matrix associated with the metric tensor is
given by

g = ∣∣gmn
∣∣ =

∣∣∣∣∣δjk
∂yj

∂xm

∂yk

∂xn

∣∣∣∣∣ = ∣∣δjk
∣∣
∣∣∣∣∣
∂yj

∂xm

∣∣∣∣∣
∣∣∣∣∣
∂yk

∂xn

∣∣∣∣∣ =
∣∣∣∣∣
∂yk

∂xn

∣∣∣∣∣
2

, (6.6)

where the multiplication rule for determinants has been used.
Thus, the determinant of the metric tensor is equal to the square of the Jacobian

of the transformation from the given Descartes coordinates to the arbitrary generalized
coordinates. Assuming that the Jacobian of the transformation from the given Descartes
coordinates to the arbitrary generalized coordinates is a non-zero real number, the
determinant of the metric tensor is always a positive quantity, that is, we have g > 0.
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As an example, using the results (3.29), the matrix form of the metric tensor in the
system of spherical coordinates xk = {r, θ ,ϕ} is given by

[
gmn

] =
⎡
⎣ 1 0 0

0 (x1)2 0
0 0 (x1 sin x2)2

⎤
⎦ , (6.7)

and the determinant of the metric tensor is given by

g =
∣∣∣∣∣∣

1 0 0
0 (x1)2 0
0 0 (x1 sin x2)2

∣∣∣∣∣∣ =
[
(x1)2 sin x2

]2 = (r2 sin θ)2 (6.8)

As a system, the determinant g is a relative scalar invariant of the weight M = 2, which
is easily shown as follows:

ḡ =
∣∣∣∣∣
∂yk

∂z j

∣∣∣∣∣
2

=
∣∣∣∣∣
∂yk

∂xm

∂xm

∂z j

∣∣∣∣∣
2

=
∣∣∣∣∣
∂yk

∂xm

∣∣∣∣∣
2 ∣∣∣∣ ∂xm

∂z j

∣∣∣∣
2

= g

∣∣∣∣ ∂xm

∂z j

∣∣∣∣
2

(6.9)

or

ḡ = g�2, (6.10)

which proves that the determinant g is indeed a relative scalar invariant of the weight
M = 2. From (6.10) we see that

√
g is a relative scalar invariant of the weight M = 1,

that is,
√

ḡ = √
g�. (6.11)

Let us use Gmn to denote the cofactor of the element gmn in the determinant
∣∣gmn

∣∣. Then
according to the determinant calculation rules, we have

g = gmnGmn. (6.12)

The adjunct matrix to the matrix
[
gmn

]
, which is denoted by adj

[
gmn

]
, is by definition the

transposed matrix of the co-factors, that is,
[
Gmn

]T = [
Gnm

]
. The matrix, inverse to the

matrix
[
gmn

]
, is, therefore, given by

inv
[
gmn

] = adj
[
gmn

]
g

=
[
Gmn

]T
g

. (6.13)

By definition, a product of a matrix with its own inverse is equal to a unit matrix. Thus, we
may write

[
gmn

] [Gmn
]T

g
= 1, (6.14)

or using the system notation

gmn
(Gkn)T

g
= gmn

Gnk

g
= δk

m. (6.15)
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Introducing the notation

gnk = Gnk

g
, (6.16)

the expression (6.15) becomes

gmngnk = δk
m. (6.17)

From (6.17), we see that the system gnk is a second-order contravariant tensor, which is
usually called the contravariant metric tensor. Analogously to the covariant metric tensor,
the contravariant metric tensor is also a symmetric tensor, that is, we have

gmn = gnm. (6.18)

Using (6.17) and the multiplication rules for the determinants we find

∣∣gmn
∣∣ ∣∣∣gnk

∣∣∣ =
∣∣∣δk

m

∣∣∣ = 1, (6.19)

or ∣∣∣gnk
∣∣∣ = 1∣∣gmn

∣∣ = 1
g

. (6.20)

The determinant of the contravariant metric tensor is a relative scalar invariant of the
weight M = −2, which is easily shown using (6.10)

1
ḡ

= 1
g
�−2, (6.21)

or ∣∣ḡmn
∣∣ = ∣∣gmn

∣∣�−2. (6.22)

Since the antisymmetric unit system ei1i2···iN is a relative contravariant tensor of the weight
M = + 1, it is possible to form an absolute contravariant antisymmetric tensor εi1i2···iN,
using

√
g, as follows:

εi1i2···iN = 1√
g

ei1i2···iN . (6.23)

On the other hand, since the antisymmetric unit system ei1i2···iN is a relative covariant ten-
sor of the weight M = −1, it is possible to form an absolute unit covariant antisymmetric
tensor εi1i2···iN , using

√
g, as follows:

εi1i2···iN = √
gei1i2 ···iN . (6.24)

The absolute tensors defined by (6.23) and (6.24) are called the Ricci antisymmetric tensors
in the space of N dimensions.

6.2 Associated Vectors and Tensors
In a metric space, the contravariant and covariant tensors can be transformed to each
other using the metric tensors gmn and gmn. In general the upper indices can be lowered
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and the lower indices can be made to be upper indices, using the metric tensors. For
example, a covariant vector

Am = gmnAn, (6.25)

derived from a contravariant vector An using the metric tensor gmn is called the associated
vector to the contravariant vector An. In the same way, a contravariant vector

Am = gmnAn, (6.26)

derived from a given covariant vector An using the metric tensor gmn, is called the
associated vector to the vector An.

For the associated vectors, the following rules are valid:

1. The association relation of two vectors is reciprocal. If a vector Am = gmnAn is
associated to the vector An, then the associated vector to the vector Am is the vector
An. This can be shown as follows:

gnmAm = gnmgmkAk = δn
k Ak = An. (6.27)

2. The absolute square of a contravariant vector Am or a covariant vector Am is the scalar
(inner) product of a vector and its associated vector, that is,

A2 = AmAm = gmnAmAn. (6.28)

3. From the above rule it is evident that the absolute squares of the associated vectors
are equal to each other.

4. The scalar product of the vectors Ak and Bk is equal to the scalar product of the vectors
Am and Bm and it is invariant with respect to an arbitrary coordinate transformation.
This can be shown as follows:

AkBk = gkmAmgknBn = δm
n AmBn = AmBm. (6.29)

The above rules allow us to consider the vectors Am and Am as the covariant and
contravariant coordinates of the same vector, which we may denote by �A. From (6.29)
we see that, in the metric space, it is possible to define the scalar product of two vectors
�A and �B regardless of their type, that is,

�A · �B = AkBk = AmBm = gmnAmBn. (6.30)

The analogous rules apply to the tensors of an arbitrary order and type. By composition
with the metric tensors gmn and gmn, the upper indices are lowered and the lower indices
are turned to the upper indices respectively. All tensors, created from each other by
composition with one or more metric tensors, are called associated tensors. Thus, for an
arbitrary second-order covariant tensor amn we can create three associated second-order
tensors amn, am

n , and an
m, as follows:

amn = gmkgnjakj ,
am

n = gmkakn,
an

m = gnkamk.
(6.31)
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It should be noted that the tensors am
n and an

m, associated to the tensor amn as defined
in (6.31), are in general not equal to each other. They are equal to each other only when
the covariant tensor amn is symmetric, that is, when amn = anm. If we apply (6.31) to the
metric tensor itself, we first note that the definition of the associated contravariant metric
tensor turns to identity

gmn = gmkgnjgkj = gmkδn
k = gmn. (6.32)

Secondly, since the metric tensor is a symmetric tensor, there is a unique mixed metric
tensor equal to the corresponding δ-symbol

gm
n = gmkgkn = δm

n (6.33)

in agreement with (6.17).

6.3 Arc Length of Curves: Unit Vectors
Let us consider a Riemannian metric space in N dimensions, described by a system of N
generalized coordinates {xi}. If these coordinates are functions of an arbitrary parameter
t, then a curve in this Riemannian space may be specified by N parameter equations

xk = xk(t) (k = 1, 2, . . . , N). (6.34)

The square of an infinitesimal arc length element of the curve between the points xk and
xk + dxk is given by

ds2 = gmn dxm dxn (m, n = 1, 2, . . . , N). (6.35)

The infinitesimal arc length element itself is given by

ds =
√

gmn dxm dxn (m, n = 1, 2, . . . , N), (6.36)

and its derivative with respect to the parameter is given by

ds
dt

=
√

gmn
dxm

dt
dxn

dt
(m, n = 1, 2, . . . , N). (6.37)

The arc length of a curve from some reference point, with a parameter value of t0, to some
arbitrary point, with a parameter value of t, is then equal to

s(t) =
∫ t

t0

√
gmn

dxm

dt
dxn

dt
dt. (6.38)

From (6.35) we see that we may write

gmn
dxm

ds
dxn

ds
= gmnλ

mλn = λmλ
m = �λ · �λ = 1, (6.39)

where λm is a vector defined by the expression

λm = dxm

ds
(m = 1, 2, . . . , N). (6.40)
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From (6.39) we see that vectorλm has the absolute square equal to unity. Thus, the absolute
value of the vector λm, denoted by |λ| is also equal to unity.

|λ| =
√�λ · �λ = 1. (6.41)

A vector with the absolute value equal to unity is called a unit vector. The vector λm is a
unit contravariant vector. As xm are the coordinates of a point on a given curve and s is the
length of the arc of that curve, the vector λm is the tangent unit vector to this curve.

6.4 Angles between Vectors
Let us now consider two polar unit vectors λm and μm with a common origin and with the
end points A and B, as shown in Figure 6.1.

From Figure 6.1. we see that

εm = μm − λm (m = 1, 2, . . . , N). (6.42)

Using the cosine theorem, the absolute square of the vector εm can be written in the form

|ε|2 = |μ|2 + |λ|2 − 2 |μ| |λ| cos θ = 2 − 2 cos θ = 2(1 − cos θ). (6.43)

On the other hand, by definition, the absolute square of the vector εm has the form

|ε|2 = gmnε
mεn = gmn(μ

m − λm)(μn − λn), (6.44)

or

|ε|2 = gmnμ
mμn + gmnλ

mλn − 2gmnλ
mμn. (6.45)

Since λ and μ are unit vectors, we have

gmnμ
mμn = gmnλ

mλn = 1, (6.46)

and the result (6.45) becomes

|ε|2 = 2(1 − gmnλ
mμn). (6.47)

Comparing the results (6.43) and (6.47) we find that the cosine of an angle between two
unit vectors is given by the expression

FIGURE 6.1 The angle θ between unit vectors λm and μm.
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cos θ = gmnλ
mμn. (6.48)

If we have two arbitrary contravariant vectors Am and Bm, then they define two directions
with unit vectors

λm = Am

A
μm = Bn

B
. (6.49)

The angle between these two directions is, according to (6.48), given by

cos θ = gmn
AmBn

AB
. (6.50)

From (6.50) we also see that the orthogonality condition for two contravariant vectors
Am and Bn has the form

gmnAmBn = 0 (m, n = 1, 2, . . . , N). (6.51)

The angle formed by two curves at their intersection is an angle between their tangent
unit vectors at the intersection point. For two curves given by the parameter equations
xm = ψm(t) and xn = ϕn(t), the angle formed by these curves at their intersection point is
given by

cos θ = gmn
dψm

dt
dϕn

dt√
gmn

dψm

dt
dψn

dt

√
gmn

dϕm

dt
dϕn

dt

, (6.52)

where gmn, dψm

dt and dϕm

dt are all calculated at the intersection point of the two curves. From
(6.51) we see that the orthogonality condition for the two curves at their intersection point
is given by

gmnψ
mϕn = 0 (m, n = 1, 2, . . . , N). (6.53)

6.5 Schwarz Inequality
Let us consider two arbitrary contravariant vectors, denoted by Am and Bm, and let us form
a linear combination of these two vectors as follows:

Am + αBm = Cm, (6.54)

where α is an arbitrary real absolute scalar parameter. The linear combination Cm itself is
also a contravariant vector. The absolute square of the vector Cm is given by the positive
definite form

|C|2 = gmnCmCn,
|C|2 = gmn(Am + αBm)(An + αBn),
|C|2 = gmnAmAn + 2αgmnAmBn + α2gmnBmBn,
|C|2 = |A|2 + 2αgmnAmBn + α2 |B|2 .

(6.55)

In order that the quadratic form (6.55) is non-negative for all values of the parameter α,
the following inequality must be satisfied:
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(gmnAmBn)2 − |A|2 |B|2 ≤ 0. (6.56)

Using the notation A = |A| and B = |B|, the inequality (6.56) gives∣∣gmnAmBn
∣∣ ≤ AB. (6.57)

The inequality (6.57) is known as Schwarz inequality and it is of importance in a number
of branches of Mathematics and Physics.

6.6 Orthogonal and Physical Vector Coordinates
In this section we consider an important special case when the three-dimensional
Euclidean metric space is defined by some set of orthogonal curvilinear coordinates
{xk}, (k = 1, 2, 3). For such a system of curvilinear coordinates, in every point of space the
following conditions are satisfied:

g12 = g23 = g31 = 0. (6.58)

Thus, we may write

gmn = h2
Mδmn (m, n, M = 1, 2, 3), (6.59)

where hM = hM(xk) are some functions of coordinates {xk}. In this case the metric of the
space can be written in the form

ds2 = (h1 dx1)2 + (h2 dx2)2 + (h3 dx3)2, (6.60)

and the matrix of the metric tensor is a diagonal 3 × 3 matrix

[
gmn

] =
⎡
⎣ (h1)

2 0 0
0 (h2)

2 0
0 0 (h3)

2

⎤
⎦ . (6.61)

Let us now, as an example, consider the vector of generalized velocities in this coordinate
system. The contravariant coordinates of the velocity vector are given by

vm = dxm

dt
, (6.62)

where dxm are the coordinates of a contravariant polar vector in any system of coordi-
nates and dt is a absolute scalar parameter. Using (6.61) we can calculate the covariant
coordinates of the velocity vector, as follows:

vm = gmnvn = h2
Mδmnvn. (6.63)

As the generalized coordinates do not necessarily have the dimension of length (e.g.,
they can be the angular coordinates), the functions hM = hM(xk) are not necessarily
dimensionless (e.g., they may have the dimension of length). From (6.63) follows that the
dimensions of the contravariant and covariant coordinates of the velocity vector are not
the same, and they are not the same as the expected dimension of the velocity vector
(i.e., length/time). The coordinates of the velocity vector that do have the dimension of
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velocity (i.e., length/time) are called the physical coordinates of the velocity vector. The
physical coordinates can, in the special case under consideration, be obtained from the
contravariant or covariant coordinates using the formulae

v(m) = hM vm = 1
hM

vm. (6.64)

As an illustration, let us consider the velocity vector in the spherical coordinates, where

x1 = r, x2 = θ , x3 = ϕ, (6.65)

and

h1 = 1, h2 = r, h3 = r sin θ . (6.66)

The contravariant coordinates of the velocity vector in the spherical coordinate system are
given by

v1 = dr
dt

, v2 = dθ
dt

, v3 = dϕ
dt

. (6.67)

The associated covariant coordinates of the velocity vector in the spherical coordinate
system are given by

v1 = dr
dt

, v2 = r2 dθ
dt

, v3 = r2 sin2 θ
dϕ
dt

. (6.68)

From the results (6.67) and (6.68) we see that neither all the contravariant nor the covariant
coordinates of the velocity vector have the dimension of velocity (i.e., length/time).

The physical coordinates of the velocity vector in the spherical coordinate system, that
is, the projections of the velocity vector to the directions of the curvilinear axes in a given
space point, according to the definition (6.64) have the form

v(1) = dr
dt

, v(2) = r
dθ
dt

, v(3) = r sin θ
dϕ
dt

. (6.69)

In a similar way, we can construct the physical coordinates of an arbitrary vector with
respect to an arbitrary orthogonal system of coordinates in three dimensions. This ap-
proach can also be extended to an arbitrary N-dimensional space, but it is most commonly
used in three or sometimes four dimensions.





7
Tensors as Linear Operators

Second-order tensors can be described as linear operators acting on vectors in metric
spaces. An operator in the N-dimensional metric space is defined by the way it acts on
different vectors in the space. For example, in the expression

Bm = Om
n An (m, n = 1, 2, . . . , N), (7.1)

the tensor Om
n represents a linear operator, which in a unique way relates a vector Bm to the

original vector Am. This operator is called a linear operator since it satisfies the conditions
of linearity and homogeneity, that is,

Om
n (A

n + Bn) = Om
n An + Om

n Bn,

Om
n (βAn) = βOm

n An,
(7.2)

where An and Bn are arbitrary contravariant vectors and β is an arbitrary absolute scalar.
Eigenvectors of an operator Om

n are defined as those vectors Sn, which retain the
direction and only change the absolute value as a result of the action of the operator Om

n .
In other words for the eigenvectors Sn, we have

Om
n Sn = λSm (m, n = 1, 2, . . . , N) (7.3)

or

(Om
n − λδm

n )S
n = 0 (m, n = 1, 2, . . . , N). (7.4)

The system of homogeneous linear equations (7.4) has a non-trivial solution for Sn only if
its determinant is equal to zero, that is,

det(Om
n − λδm

n ) = 0. (7.5)

The N solutions for the parameter λ of the algebraic equation (7.5) are called the eigenval-
ues of the operator Om

n . Equation (7.5) is sometimes called the secular equation.
As an example of the concepts defined above, let us consider a tensor Om

n , defined in a
three-dimensional metric space by the matrix

[
Om

n
] =

⎡
⎣ 1 0 5

0 −2 0
5 0 1

⎤
⎦ . (7.6)

Substituting (7.6) into (7.5) we obtain the equation for the parameter λ in the form∣∣∣∣∣∣
1 − λ 0 5

0 −2 − λ 0
5 0 1 − λ

∣∣∣∣∣∣ = 0. (7.7)
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By expanding the determinant in (7.7) we obtain

(1 − λ)[(−2 − λ)(1 − λ)] + 5[−5(−2 − λ)] = (1 − λ)[(λ+ 2)(λ− 1)] + 25(λ+ 2)]
= (λ+ 2)[25 − (λ− 1)2] = 0. (7.8)

The solutions of (7.8) for the parameter λ are the following:

λ+ 2 = 0 ⇒ λ = −2,
25 − (λ− 1)2 = 0 ⇒ λ = 1 ± 5. (7.9)

Thus, the three eigenvalues of the operator Om
n are equal to

λS = −2, λP = −4, λQ = +6. (7.10)

The corresponding eigenvectors Sn, Pn, and Qn are obtained from the matrix equations
⎡
⎣ 1 0 5

0 −2 0
5 0 1

⎤
⎦
⎡
⎣ S1

S2

S3

⎤
⎦ = −2

⎡
⎣ S1

S2

S3

⎤
⎦ , (7.11)

⎡
⎣ 1 0 5

0 −2 0
5 0 1

⎤
⎦
⎡
⎣ P1

P2

P3

⎤
⎦ = −4

⎡
⎣ P1

P2

P3

⎤
⎦ , (7.12)

⎡
⎣ 1 0 5

0 −2 0
5 0 1

⎤
⎦
⎡
⎣ Q1

Q2

Q3

⎤
⎦ = +6

⎡
⎣ Q1

Q2

Q3

⎤
⎦ . (7.13)

By solving the matrix equations (7.11)–(7.13), we obtain the normalized (unit) eigenvec-
tors of the operator Om

n , as follows:

[
Sn] =

⎡
⎣ S1

S2

S3

⎤
⎦ =

⎡
⎣ 0

1
0

⎤
⎦ , (7.14)

[
Pn] =

⎡
⎣ P1

P2

P3

⎤
⎦ = 1√

2

⎡
⎣ 1

0
−1

⎤
⎦ , (7.15)

[
Qn] =

⎡
⎣ Q1

Q2

Q3

⎤
⎦ = 1√

2

⎡
⎣ 1

0
1

⎤
⎦ . (7.16)

It is easy to show by direct substitution that the eigenvectors (7.14)–(7.16) satisfy the
matrix equations (7.11)–(7.13), respectively. It should also be noted that the eigenvectors
Sn, Pn, and Qn, which correspond to different eigenvalues, are orthogonal to each other.
In other words, it is easy to show by direct calculation that these eigenvectors satisfy the
orthogonality conditions
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[
Sn]T [Pn] = [

Sn]T [Qn] = [
Pn]T [Qn] = 0, (7.17)

where the notation MT is used for a transposed matrix of an arbitrary matrix M . Fur-
thermore, the three eigenvectors are normalized so that their absolute values are equal
to unity. In other words they are unit vectors of the three independent directions. Thus,
it can be shown by direct calculation that the eigenvectors satisfy the normalization
conditions [

Sn]T [Sn] = [
Pn]T [Pn] = [

Qn]T [Qn] = 1. (7.18)

The set of normalized eigenvectors orthogonal to each other is called the set of orthonor-
mal eigenvectors.

In general, the eigenvectors of an operator Om
n , corresponding to the different eigen-

values, are mutually orthogonal, if the tensor Omn = gmkOn
k is symmetric. It can be shown,

by using the definitions

Om
n Sn = λSSm,

Om
n Pn = λPPm (7.19)

or

Om
n SnPm = gnkOmkSnPm = OmkSkPm = λSSmPm,

Om
n PnSm = gnkOmkPnSm = OmkPkSm = λPPmSm.

(7.20)

Using the symmetry of the tensor Omk, that is, the equality Omk = Okm, we can interchange
the dummy indices m ↔ k to see that the left-hand sides of both of (7.20) are equal to
each other. Furthermore, we note the equality SmPm = PmSm. With these properties, we
can subtract the second equation from the first equation in (7.20) to obtain

0 = (λS − λP)SmPm. (7.21)

From the result (7.21) we see that whenever the two eigenvalues are not equal to each
other, that is, whenever λS �= λP, the two corresponding eigenvectors are indeed orthogo-
nal to each other

SmPm = gmnSmPn = 0. (7.22)

The eigenvectors of an operator are in general determined up to an arbitrary multiplica-
tion constant. However, in most cases it is convenient to have normalized eigenvectors of
an operator, that is, to use unit vectors as eigenvectors. Thus, we require, as a convention,
that the eigenvectors should satisfy the normalization conditions

SmSm = gmnSmSn = 1. (7.23)

This implies that the eigenvectors of an operator Om
n in the three-dimensional metric

space (e.g., Sm, Pm, and Qm above) define three mutually orthogonal directions, provided
that the corresponding eigenvalues are not equal to each other, that is, λS �=λP �=λQ.
These three directions are sometimes called the main directions of a second-order
tensor Om

n .
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If the roots of the secular equation (7.5) are not distinct, we have a degeneracy. In
the three-dimensional case, if two roots are equal to each other, the second-order tensor
has only one main direction and a plane perpendicular to it, where all directions are
main directions of the tensor. If all three eigenvalues of a second-order tensor are equal
to each other, such a tensor does not distinguish any particular directions in the three-
dimensional metric space. In other words, all directions in the three-dimensional metric
space are the main directions of such a tensor.



 PART 2

Tensor Analysis





8
Tensor Derivatives

8.1 Differentials of Tensors
In the curvilinear coordinates the differential of a covariant vector Am, denoted by dAm, is
not a vector. It is easily shown using the transformation law of covariant vectors (4.5). If a
covariant vector is defined with respect to the systems of coordinates {xk} and {zk} by N
coordinates Am and Ām, respectively, then it transforms according to the transformation
law

Ām = ∂xn

∂zm An (m, n = 1, 2, . . . , N). (8.1)

Using (8.1) we obtain

dĀm = ∂xn

∂zm dAn + d
(
∂xn

∂zm

)
An, (8.2)

or

dĀm = ∂xn

∂zm dAn + An
∂2xn

∂zm∂zk
dzk. (8.3)

The result (8.3) clearly shows that dAn does not transform as a vector, except in a special
case when

∂2xn

∂zm∂zk
= 0, (8.4)

that is, in the case of a linear orthogonal transformation of Descartes coordinates into
some new Descartes coordinates. As the differential of a covariant vector

dAm = ∂Am

∂xn dxn (m, n = 1, 2, . . . , N) (8.5)

is a system which is not a covariant vector, while the system dxn is a covariant vector, the
second-order system ∂Am

∂xn is not a tensor. The observation that the differential dAm is not a
vector is related to the definition of the differential, that is,

dAm = Am(xk + dxk)− Am(xk) (k, m = 1, 2, . . . , N) (8.6)

By definition (8.6), dAm is a difference between two covariant vectors with the origins
in different, infinitesimally close, points of the metric space. On the other hand, the
multiplier in the transformation law (8.1) is of the form

∂xn

∂zm = f n
m(x

k), (8.7)
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and it is in general a function of coordinates. The multiplier (8.7) is different in different
points of the metric space, except in the special case of linear transformations. It is,
therefore, evident that vectors, in general, transform differently in different points of
the metric space and consequently the differential (8.6) cannot transform as a covariant
vector. In order to construct a differential of a covariant vector in curvilinear coordinates,
which is a covariant vector itself, it is required that both vectors on the right-hand side of
(8.6) are situated in the same point of the metric space. This can be achieved by moving
one of the infinitesimally close vectors, entering the right-hand side of (8.6), to the same
point where the other vector is situated.

The operation of moving one of the infinitesimally close vectors to the point where
the other vector is situated must be performed in such a way that in the Descartes
coordinates the resulting difference is reduced to the ordinary differential dAm. Since dAm

is a difference of the components of the two infinitesimally close vectors, the components
of a vector, to be moved to the point where the other vector is situated, must remain
unchanged. This can only be achieved by a parallel displacement of the vector between
the two infinitesimally close points, using the Descartes coordinates.

Therefore, let us consider an arbitrary contravariant vector with the coordinates Am at a
point of the metric space with coordinates xm. The coordinates of this contravariant vector
at the point of the metric space with coordinates xm + dxm are denoted by Am + dAm. An
infinitesimal translation of the vector Am to the point of the metric space with coordinates
xm +dxm generates a translated vector denoted by Ãm at the point of the metric space with
coordinates xm + dxm. Thus, the differential of the contravariant vector Am can be written
in the form

dAm = Am(xk + dxk)− Am(xk),
dAm = Am(xk + dxk)− Ãm(xk + dxk)

+ Ãm(xk + dxk)− Am(xk),
dAm = DAm(xk + dxk)+ δAm.

(8.8)

In (8.8) we have introduced a differential DAm between the two vectors Am(xk + dxk) and
Ãm(xk + dxk) situated at the same point xk + dxk of the metric space, which itself behaves
as a contravariant vector with respect to the coordinate transformations, as follows:

DAm = Am(xk + dxk)− Ãm(xk + dxk). (8.9)

Furthermore, in (8.8) we have introduced an increment δAm, due to the parallel translation
of the vector Am to the point of the metric space with coordinates xm + dxm, as follows:

δAm = Ãm(xk + dxk)− Am(xk). (8.10)

As δAm is a difference between the translated vector Ãm at the point xk + dxk and the non-
translated vector Am at the infinitesimally close point xk, the system δAm is not a vector.
The difference δAm vanishes in the Descartes coordinates and DAm reduces to dAm, as
required.

In order to calculate the increment δAm, we note that it is a function of the coordinates
of the contravariant tensor Am themselves. This functional dependence must be linear,
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since a sum of two vectors must transform according to the same transformation law
as each of the vectors. Furthermore, it also has to be a linear function of the coordinate
differentials. Thus, we may write

δAm = −�m
npAn dxp, (8.11)

where �m
np is a system of functions of coordinates, which are usually called the Christoffel

symbols of the second kind. Composition with the metric tensor gives the Christoffel
symbols of the first kind, as follows:

�m,np = gmk�
k
np. (8.12)

The system �m
np is dependent on the coordinate system and in Descartes coordinates all of

its components vanish, that is, �m
np = 0. It is therefore clear that �m

np is not a tensor, since
a tensor which is equal to zero in one coordinate system must remain equal to zero in
any other coordinate system. In a Riemannian space it is not possible to find a coordinate
system to satisfy the condition

�k
np = 0 (k, n, p = 1, 2, . . . , N) (8.13)

in the entire metric space.

8.1.1 Differentials of Contravariant Vectors

Substituting the result (8.11) into the definition (8.8), we obtain the result for the differen-
tial of a contravariant vector Am, as follows:

DAm = dAm − δAm = ∂Am

∂xp dxp + �m
npAn dxp, (8.14)

or

DAm =
(
∂Am

∂xp + �m
npAn

)
dxp = DAm

Dxp dxp. (8.15)

8.1.2 Differentials of Covariant Vectors

In order to derive an expression analogous to the result (8.15) for covariant vectors, let
us consider an absolute covariant vector Am and an absolute contravariant vector Bm.
The composition of these two vectors gives an absolute scalar AmBm. As the scalars are
invariant with respect to the parallel translation, we can write

δ(AmBm) = BmδAm + AmδBm = 0, (8.16)

or

BmδAm = −AmδBm = +An�
n
mpBmdxp, (8.17)

where we have made an interchange of the dummy indices m ↔ n on the right-hand side
of (8.17), such that it can be rewritten as
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BmδAm = Bm�n
mpAn dxp. (8.18)

As the equality (8.18) is valid for an arbitrary contravariant vector Bm, we have

δAm = +�n
mpAndxp. (8.19)

On the other hand, analogously to the case of the contravariant vectors, we may write

DAm = dAm − δAm = ∂Am

∂xp dxp − �n
mpAn dxp, (8.20)

or

DAm =
(
∂Am

∂xp − �n
mpAn

)
dxp = DAm

Dxp dxp. (8.21)

8.2 Covariant Derivatives
8.2.1 Covariant Derivatives of Vectors

From (8.15), we conclude that in the tensor analysis the differential of a contravariant
vector dAm, which does not have a tensor character, is replaced by the tensor differential
DAm. Comparing the results (8.5) and (8.15) we see that, following the same approach,
we need to replace the partial derivative of a contravariant vector with respect to a
coordinate, which does not have a tensor character either, by the covariant derivative of
a contravariant vector with respect to a coordinate, as follows:

∂Am

∂xp → DAm

Dxp , (8.22)

where the covariant derivative of a contravariant vector is defined by (8.15), as follows:

DAm

Dxp = ∂Am

∂xp + �m
npAn. (8.23)

In the Descartes coordinates, where �m
np = 0, the covariant derivative reduces to the

corresponding partial derivative.
From the result (8.21), we see that the covariant derivative of a covariant vector is

defined by the expression

DAm

Dxp = ∂Am

∂xp − �n
mpAn. (8.24)

The results (8.23) and (8.24) show that the covariant differentiation of both contravari-
ant and covariant vectors gives the corresponding second-order tensors. In general, by
covariant differentiation we preserve the tensor character of an arbitrary tensor, but we
increase its order by one. It should be noted that for both contravariant and covariant
vectors the order is increased by one additional covariant index. Due to the fact that this
operation always increases the number of covariant indices of an arbitrary tensor by one,
the corresponding derivative has been named the covariant derivative.
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8.2.2 Covariant Derivatives of Tensors

Let us consider a special case of a second-order contravariant tensor, obtained as a
product of two contravariant vectors Am and Bm, denoted by Cmn = AmBn. By parallel
translation, we obtain

δ(AmBn) = AmδBn + BnδAm. (8.25)

Using the definition (8.11), this expression becomes

δ(AmBn) = −Am�n
kpBkdxp − Bn�m

kpAk dxp,

δ(AmBn) = −
(
�n

kpAmBk + �m
kpAkBn

)
dxp,

δCmn = −
(
�n

kpCmk + �m
kpCkn

)
dxp.

(8.26)

Due to the linear character of the operation of parallel translation, the result (8.26) is also
valid for an arbitrary contravariant tensor Cmn. As the differential of a contravariant tensor
Cmn is by definition given by

DCmn = dCmn − δCmn, (8.27)

substituting from (8.26), we obtain

DCmn =
(
∂Cmn

∂xp + �n
kpCmk + �m

kpCkn
)

dxp. (8.28)

From (8.28), the covariant derivative of a second-order contravariant tensor Cmn is defined
as follows:

DCmn

Dxp = ∂Cmn

∂xp + �n
kpCmk + �m

kpCkn. (8.29)

The same approach can be used for a second-order covariant tensor Cmn = AmBn, where
we may write

δ(AmBn) = BnδAm + AmδBn,
δ(AmBn) = +Bn�

k
mpAkdxp + Am�

k
npBk dxp,

δ(AmBn) =
(
�k

mpAkBn + �k
npAmBk

)
dxp,

δCmn =
(
�k

mpCkn + �k
npCmk

)
dxp.

(8.30)

Again, due to the linear character of the operation of parallel translation, the result (8.30)
is also valid for an arbitrary covariant tensor Cmn. As the differential of a covariant tensor
Cmn is by definition given by

DCmn = dCmn − δCmn, (8.31)

substituting from (8.30), we obtain

DCmn =
(
∂Cmn

∂xp − �k
mpCkn − �k

npCmk

)
dxp. (8.32)

From (8.32), the covariant derivative of a second-order covariant tensor Cmn is
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DCmn

Dxp = ∂Cmn

∂xp − �k
mpCkn − �k

npCmk. (8.33)

By simple consideration of (8.29) and (8.33), it is easy to define the covariant derivative of
a mixed second-order tensor Cm

n , as follows:

DCm
n

Dxp = ∂Cm
n

∂xp + �m
kpCk

n − �k
npCm

k . (8.34)

Analogously to the definitions (8.29), (8.33) and (8.34), it is possible to define covariant
derivatives of tensors of an arbitrary order and type. As an example, let us write down the
covariant derivative of a mixed third-order tensor Cm

nk

DCm
nk

Dxp = ∂Cm
nk

∂xp + �m
spCs

nk − �s
npCm

sk − �s
pkCm

ns. (8.35)

The example (8.35) clearly represents the general method for construction of the covariant
derivatives of arbitrary tensors.

8.3 Properties of Covariant Derivatives
There is a number of important rules and special cases that apply to covariant differen-
tiation. These rules and special cases are frequently used in tensor calculations, and the
most important ones are listed below:

1. The covariant derivation is a linear operation and the following linearity condition is
fulfilled:

D
Dxp (αAm + βBm) = α

DAm

Dxp + β
DBm

Dxp . (8.36)

2. The covariant derivative of a product of two tensors is defined in the same way as the
usual derivative of a product of two functions. As an example, for the product AmCmn,
we may write

D
Dxp (A

mCmn) = DAm

Dxp Cmn + Am DCmn

Dxp . (8.37)

3. The covariant derivative of the metric tensor is equal to zero. In order to prove this
proposition, let us observe that for a covariant vector DAm, in the same way as for any
other vector, we have

DAm = gmnDAn. (8.38)

On the other hand, using Am = gmnAn, we may write

DAm = D(gmnAn) = gmnDAn + AnDgmn. (8.39)

As An is an arbitrary vector, by comparison of (8.38) and (8.39) we immediately
conclude that

Dgmn = 0 ⇒ Dgmn = 0. (8.40)



Chapter 8 • Tensor Derivatives 61

In other words, with respect to the operation of covariant differentiation, the metric
tensor can be treated as a constant, regardless of the coordinate dependence of its
components.

4. The covariant derivative of the δ-symbol is equal to zero. In order to prove this
proposition, we use the above results

Dgnk = 0 Dgmk = 0. (8.41)

Using (6.17) and (8.41) we may write

Dδm
n = D(gmkgnk) = gmkDgnk + gnkDgmk = 0. (8.42)

Using (8.34), it is also possible to prove this proposition by direct calculation

Dδm
n

Dxp = ∂δm
n

∂xp + �m
kpδ

k
n − �k

npδ
m
k = �m

np − �m
np = 0. (8.43)

5. The covariant derivative of an invariant scalar function is equal to its ordinary partial
derivative, and we may write

Dφ
Dxp = ∂φ

∂xp . (8.44)

The partial derivative of a scalar function is, therefore, transformed as a regular
covariant vector. In order to prove this proposition, let us observe a scalar φ = AmBm,
where Am is some absolute contravariant vector and Bm is some absolute covariant
vector. The covariant derivative of the scalar function φ is given by

Dφ
Dxp = D

Dxp (A
mBm) = DAm

Dxp Bm + Am DBm

Dxp , (8.45)

or

Dφ
Dxp = ∂Am

∂xp Bm + �m
kpAkBm + Am ∂Bm

∂xp − �k
mpAmBk. (8.46)

By interchanging the dummy indices k ↔ m, we see that the second term on the
right-hand side of (8.46) is cancelled by the fourth term, and we obtain

Dφ
Dxp = ∂Am

∂xp Bm + Am ∂Bm

∂xp = ∂

∂xp (A
mBm) = ∂φ

∂xp , (8.47)

which proves the proposition (8.44).

8.4 Absolute Derivatives of Tensors
Let us assume that a curve C in the N-dimensional metric space is given by means of N
parameter equations

xm = xm(s) (m = 1, 2, . . . , N), (8.48)

where s is some scalar parameter. Let us now consider a covariant vector Am defined along
the curve C as a function of the parameter s.
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The absolute derivative of the vector Am with respect to the parameter s is defined using
(8.21) as follows:

DAm

ds
=
(
∂Am

∂xp − �n
mpAn

)
dxp

ds
, (8.49)

or

DAm

ds
= DAm

Dxp

dxp

ds
. (8.50)

In the same way we define the absolute derivative of a contravariant vector Am, as follows:

DAm

ds
= DAm

Dxp

dxp

ds
. (8.51)

The definitions of the absolute derivatives (8.50) and (8.51), for covariant and contravari-
ant vectors respectively, are easily generalized to the case of an arbitrary tensor. For
example, the absolute derivative of a tensor Cm

nk is given by

DCm
nk

ds
= DCm

nk

Dxp

dxp

ds
, (8.52)

where the covariant derivative of the tensor Cm
nk is given by (8.35), that is,

DCm
nk

Dxp = ∂Cm
nk

∂xp + �m
spCs

nk − �s
npCm

sk − �s
pkCm

ns. (8.53)

The properties of the absolute derivative are the same as the properties of the covariant
derivative and will not be repeated in this section.



9
Christoffel Symbols

9.1 Properties of Christoffel Symbols
In order to define various tensor derivatives in Chapter 8, we have introduced a system
�m

np, called the Christoffel symbol of the second kind. The objective of this chapter is to
specify this system and outline its most important properties.

Let us first prove that the Christoffel symbols are symmetric with respect to their lower
indices. In order to prove this statement we note that if Am is an arbitrary covariant vector,
then the quantity

DAm

Dxp − DAp

Dxm (9.1)

is a second-order covariant tensor. Let us now assume that the vector Am can be given by
the expression

Am = Dφ
Dxm = ∂φ

∂xm , (9.2)

where φ is some arbitrary scalar. Then the expression (9.1) can be written in the form

DAm

Dxp − DAp

Dxm = ∂Am

∂xp − �k
mpAk − ∂Ap

∂xm + �k
pmAk, (9.3)

or

DAm

Dxp − DAp

Dxm = ∂2φ

∂xp∂xm − ∂2φ

∂xm∂xp +
(
�k

pm − �k
mp

) ∂φ
∂xk

. (9.4)

The first and second terms in (9.4) cancel each other and we obtain

DAm

Dxp − DAp

Dxm =
(
�k

pm − �k
mp

) ∂φ
∂xk

. (9.5)

As the left-hand side of (9.5) is a second-order covariant tensor, we conclude that the right-
hand side of (9.5), that is,

(
�k

pm − �k
mp

) ∂φ
∂xk

(9.6)

is also a second-order covariant tensor. However, we know by definition of the Christoffel
symbols, that they are identically equal to zero in all points of the Euclidean metric space
described by the Descartes coordinates. Thus, the second-order covariant tensor (9.6) is
identically equal to zero in the Descartes coordinates. But a tensor, which is identically
equal to zero in one coordinate system, must be equal to zero in any other coordinate
system. Thus, we conclude that
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DAm

Dxp − DAp

Dxm =
(
�k

pm − �k
mp

) ∂φ
∂xk

= 0. (9.7)

As the vector Am, given by

Am = Dφ
Dxm = ∂φ

∂xm , (9.8)

is an arbitrary covariant vector and φ is an arbitrary scalar function, we conclude from
(9.7) that

�k
pm = �k

mp (k, m, p = 1, 2, . . . , N), (9.9)

and the Christoffel symbols of the second kind are indeed symmetric with respect to
their lower indices. From (9.9) it is evident that, for the Christoffel symbols of the first
kind, we have

�n,pm = �n,mp (m, n, p = 1, 2, . . . , N). (9.10)

Let us now derive the transformation law of Christoffel symbols with respect to the
transformations of coordinates. If a contravariant vector is defined with respect to the
systems of coordinates {xk} and {zk} by N coordinates Am and Ām respectively, then it
transforms according to the transformation law

Ām = ∂zm

∂xj
Aj. (9.11)

Using (9.11) we may write

∂Ām

∂zp = ∂

∂zp

(
∂zm

∂xj
Aj
)

= ∂xk

∂zp

∂

∂xk

(
∂zm

∂xj
Aj
)

, (9.12)

or, after calculating the derivative in the parentheses

∂Ām

∂zp = ∂xk

∂zp

∂zm

∂xj

∂Aj

∂xk
+ ∂xk

∂zp

∂2zm

∂xk∂xj
Aj. (9.13)

The transformation law (9.13) is just a direct confirmation of the fact that the partial
derivative of a contravariant vector is not a tensor, as we have shown indirectly in
Chapter 8. On the other hand, the covariant derivative of the contravariant vector is a
mixed second-order tensor and it transforms according to the transformation law

DĀm

Dzp = ∂xk

∂zp

∂zm

∂xj

DAj

Dxk
. (9.14)

Here, we recall the definitions of covariant derivatives of contravariant vectors (8.23), in
the coordinate system {zk}

DĀm

Dzp = ∂Ām

∂zp + �̄m
npĀn, (9.15)

and in the coordinate system {xk}, that is,

DAj

Dxk
= ∂Aj

∂xk
+ �

j
lkAl. (9.16)
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Substituting (9.15) and (9.16) into (9.14), we obtain

∂Ām

∂zp + �̄m
npĀn = ∂xk

∂zp

∂zm

∂xj

∂Aj

∂xk
+ ∂xk

∂zp

∂zm

∂xj
�

j
lkAl. (9.17)

Substituting (9.13) into (9.17) we obtain

∂xk

∂zp

∂zm

∂xj

∂Aj

∂xk
+ ∂xk

∂zp

∂2zm

∂xk∂xj
Aj + �̄m

npĀn = ∂xk

∂zp

∂zm

∂xj

∂Aj

∂xk
+ ∂xk

∂zp

∂zm

∂xj
�

j
lkAl. (9.18)

The first term on the left-hand side cancels the first term on the right-hand side in (9.18),
and by using

Aj = δ
j
l Al Ān = ∂zn

∂xl
Al, (9.19)

we obtain from (9.18)
(
δ

j
l

∂xk

∂zp

∂2zm

∂xk∂xj
+ �̄m

np
∂zn

∂xl

)
Al = ∂xk

∂zp

∂zm

∂xj
�

j
lkAl. (9.20)

As (9.20) is valid for an arbitrary contravariant vector Al, this tensor can be omitted. After
omitting Al and multiplying the remaining equation by

∂zp

∂xk

∂xj

∂zm , (9.21)

we finally obtain

�
j
lk = ∂xj

∂zm

∂zn

∂xl

∂zp

∂xk
�̄m

np + ∂xj

∂zm

∂2zm

∂xk∂xl
. (9.22)

Equation (9.22) is the required transformation law for the Christoffel symbols, and it shows

that the system �
j
lk behaves as a tensor only with respect to the linear transformations of

Descartes coordinate systems, when we have

∂2zm

∂xk∂xl
= 0. (9.23)

In general, as we have concluded before, the Christoffel symbol is not a tensor.

9.2 Relation to the Metric Tensor
For practical calculation of the Christoffel symbol we need to find its relation to the metric
tensor. In order to find this relation, we start with the identity

Dgmn

dxp = ∂gmn

∂xp − �k
mpgkn − �k

npgmk = 0, (9.24)

or

∂gmn

∂xp = �n,mp + �m,np. (9.25)
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The permutations of indices in (9.25) give the equation

∂gpm

∂xn = �m,pn + �p,mn = 0, (9.26)

and, with the reversed signs, the equation

−∂gnp

∂xm = −�p,nm − �n,pm = 0. (9.27)

By adding together (9.25)–(9.27) and using the symmetry property (9.10), we obtain

�m,np = 1
2

(
∂gmn

∂xp + ∂gpm

∂xn − ∂gnp

∂xm

)
. (9.28)

The result (9.28) is a definition of the Christoffel symbol of the first kind as a function of
the metric tensor. The Christoffel symbol of the second kind is then given by

�m
np = gmk�k,np = 1

2
gmk

(
∂gkn

∂xp + ∂gpk

∂xn − ∂gnp

∂xk

)
. (9.29)

The result (9.29) is a definition of the Christoffel symbol of the second kind as a function of
the metric tensor. Using the definition (9.29), we can calculate the contracted Christoffel
symbol of the second kind �m

nm, as follows:

�m
nm = 1

2

(
gmk ∂gkn

∂xm + gmk ∂gmk

∂xn − gmk ∂gnm

∂xk

)
. (9.30)

Due to the symmetry of the metric tensor and the symmetry of the Christoffel symbol with
respect to the interchange of its lower indices, the first term in the parentheses of (9.30)
cancels the third term, and we obtain

�m
nm = 1

2
gmk ∂gmk

∂xn . (9.31)

The determinant of the metric tensor is given by the expression (6.12) as follows:

g = gmkGmk, (9.32)

where Gmk is a cofactor of the determinant
∣∣gmk

∣∣ which corresponds to the element gmk.
The differential of the determinant g is, in view of (9.32), equal to

dg = ∂g
∂gmk

dgmk = Gmk dgmk, (9.33)

Using now the definition of the contravariant metric tensor (6.16), that is,

Gmk = ggmk, (9.34)

in (9.33), we obtain

dg = ggmkdgmk ⇒ ∂g
∂xn = ggmk ∂gmk

∂xn . (9.35)

Substituting (9.35) into the result (9.31), we obtain
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�m
nm = 1

2g
∂g
∂xn = ∂ ln

√
g

∂xn . (9.36)

If we now recall the result (6.17) in the form

gmkgnk = δm
n , (9.37)

we may contract it to obtain

gmkgmk = δm
m = N (k, m = 1, 2, . . . , N). (9.38)

Thus, by differentiation with respect to the coordinate xn, we have

∂

∂xn

(
gmkgmk

)
= gmk ∂gmk

∂xn + gmk
∂gmk

∂xn = 0, (9.39)

or

gmk ∂gmk

∂xn = −gmk
∂gmk

∂xn . (9.40)

Thus, there is an alternative expression for the contracted Christoffel symbol of the second
kind obtained by substituting (9.40) into (9.31)

�m
nm = −1

2
gmk

∂gmk

∂xn . (9.41)

It is also of interest to calculate the quantity gkn�m
kn, since it frequently appears in various

calculations in the tensor analysis. This quantity is, by definition, given by

gkn�m
kn = gkngml�l,kn = 1

2
gkngml

(
∂glk

∂xn + ∂gnl

∂xk
− ∂gkn

∂xl

)
. (9.42)

Using the symmetry of the metric tensor and interchanging the dummy indices k ↔ n, we
see that the first two terms in the parentheses of (9.42) are equal to each other. Thus, we
may rewrite (9.42) as follows:

gkn�m
kn = gkngml

(
∂gkl

∂xn − 1
2
∂gkn

∂xl

)
. (9.43)

The first term on the right-hand side of (9.43) can be rewritten as follows:

gkngml ∂gkl

∂xn = gkn ∂

∂xn

(
gmlgkl

)
− gkngkl

∂gml

∂xn

= gkn ∂

∂xn

(
δm

k

)− δn
l
∂gml

∂xn = −∂gmn

∂xn . (9.44)

Combining the results (9.31) and (9.36), we may write

1
2

gkn ∂gkn

∂xl

1
2g

∂g

∂xl
= ∂ ln

√
g

∂xl
, (9.45)

and the second term on the right-hand side of (9.43) becomes

−1
2

gmlgkn ∂gkn

∂xl
= −gml ∂ ln

√
g

∂xl
= −gmn 1√

g

∂
√

g

∂xn . (9.46)
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Substituting (9.44) and (9.46) into (9.43) we obtain

gkn�m
kn = −

(
∂gmn

∂xn + gmn 1√
g

∂
√

g

∂xn

)
=

= − 1√
g

(√
g
∂gmn

∂xn + gmn ∂
√

g

∂xn

)
, (9.47)

and using the rule for the derivative of the product
√

ggmn, we finally obtain the expression
for the quantity gkn�m

kn as follows:

gkn�m
kn = − 1√

g
∂

∂xn

(√
ggmn) . (9.48)



10
Differential Operators

10.1 The Hamiltonian ∇-Operator
In the ordinary three-dimensional Euclidean metric space the Hamiltonian ∇-operator is
defined by the following expression:

∇m = ∂m = ∂

∂xm (m = 1, 2, 3). (10.1)

However, by acting with this operator on an arbitrary vector or tensor we obtain a system
which does not have the tensor character, as shown by, for example, (9.13). In an arbitrary
N-dimensional generalized curvilinear coordinate system, instead of ∇m, we, therefore,
use the covariant Hamiltonian operator Dm, defined by

Dm = D
Dxm (m = 1, 2, . . . , N). (10.2)

Using the operator Dm, we define the operators called gradient, divergence, curl, and
Laplacian in the following four sections.

10.2 Gradient of Scalars
Gradient of a scalar function φ is a covariant vector with its covariant coordinates defined
as follows:

Dmφ = Dφ
Dxm = ∂φ

∂xm . (10.3)

The contravariant coordinates of the gradient of a scalar φ are obtained as follows:

Dmφ = gmn Dφ
Dxn = gmn ∂φ

∂xn . (10.4)

In the orthogonal curvilinear coordinates, with the metric form given by (6.60), that is,

ds2 =
(

h1 dx1
)2 +

(
h2 dx2

)2 +
(

h3 dx3
)2

, (10.5)

the physical coordinates of the gradient of a scalar φ are given by

D(m)φ = 1
hM

Dmφ = 1
hM

∂φ

∂xm (m, M = 1, 2, 3). (10.6)

The definition (10.6) gives the correct physical coordinates of the gradient in the well-
known cases of cylindrical and spherical coordinate systems. As an illustration, let us
consider the spherical coordinates where, using (6.65) and (6.66), we may write

x1 = r, x2 = θ , x3 = ϕ,
h1 = 1, h2 = r, h3 = r sin θ .

(10.7)
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The gradient of a scalar function φ is then, according to (10.6), given by

gradφ = ∂φ

∂r
�er + 1

r
∂φ

∂θ
�eθ + 1

r sin θ
∂φ

∂ϕ
�eϕ , (10.8)

where �er, �eθ , and �eϕ are the unit vectors in spherical coordinates.

10.3 Divergence of Vectors and Tensors
Divergence of an arbitrary contravariant vector Am is a scalar obtained by the composition
of the covariant Hamiltonian operator Dm with that contravariant vector Am, that is,

DmAm = ∂Am

∂xm + �m
nmAn. (10.9)

Using here the result (9.36), we may write

DmAm = ∂Am

∂xm + ∂ ln
√

g

∂xn An. (10.10)

Since n is a dummy index in the second term on the right-hand side of (10.10), it can be
changed to m. Thus, we may write

DmAm = ∂Am

∂xm + 1√
g

∂
√

g

∂xm Am,

DmAm = 1√
g

(√
g
∂Am

∂xm + ∂
√

g

∂xm Am
)

. (10.11)

Finally the expression for the divergence of the contravariant vector Am is given by

DmAm = 1√
g

∂

∂xm

(√
gAm) . (10.12)

If a vector is defined by its covariant coordinates Am, then the divergence of such a vector
is written in the form

DmAm = gmnDnAm = Dn
(
gmnAm

)
, (10.13)

where we have used the property that the metric tensor behaves as a scalar with respect to
covariant differentiation. In such a case, using (10.12), we obtain

DmAm = 1√
g

∂

∂xm

(√
ggmnAn

)
. (10.14)

Analogously to the case of a contravariant vector (10.12), it is possible to define the
divergence of an arbitrary tensor with respect to one of its upper indices. Thus, the
divergence of the tensor Tmn

p is defined by

DmT mn
p = 1√

g
∂

∂xm

(√
gT mn

p

)
. (10.15)

In the orthogonal curvilinear coordinates, with the metric form given by (10.5), we have√
g = h1h2h3 and the physical coordinates of the divergence of a contravariant vector Am

are given by
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DmAm = 1
h1h2h3

∂

∂xm

(
h1h2h3

A(m)
hM

)
, (10.16)

where the physical coordinates of the contravariant vector Am are given by

A(m) = hM Am (m, M = 1, 2, 3). (10.17)

The definition (10.16) gives the correct physical expressions for the divergence in the well-
known cases of cylindrical and spherical coordinate systems. As an illustration, let us again
consider the spherical coordinates defined by (10.7) above. The physical expression for the
divergence of the vector �A in the spherical coordinates is given by

div �A = 1
r2

∂

∂r

(
r2Ar

)
+ 1

r sin θ
∂

∂θ
(sin θ Aθ )+ 1

r sin θ
∂Aϕ
∂θ

. (10.18)

10.4 Curl of Vectors
In an arbitrary N-dimensional metric space the curl of a vector function Am is a second-
order covariant tensor Fmn, defined by the expression

Fmn = DmAn − DnAm (m, n = 1, 2, . . . , N). (10.19)

In the special case of a three-dimensional metric space, it is possible to construct a
contravariant vector Ck related to the tensor (10.19) using the three-dimensional totally
antisymmetric Ricci tensor εkmn, defined according to the general definition (6.23) as
follows:

εkmn = 1√
g

ekmn (k, m, n = 1, 2, 3). (10.20)

Thus, the curl in the three-dimensional metric space is defined by

Ck = 1
2
εkmnFmn = εkmnDmAn = 1√

g
ekmnDmAn. (10.21)

In the orthogonal curvilinear coordinates, with the metric form given by (10.5), we have√
g = h1h2h3 and the physical coordinates of the curl of a covariant vector An are given by

curl(k) �A = hK Ck = hK

h1h2h3
ekmn ∂

∂xm

(
hN A(n)

)
. (10.22)

where the physical coordinates of the covariant vector An are given by

A(n) = An

hN
(n, N = 1, 2, 3). (10.23)

As the expression (10.22) is somewhat more complex and generally not readily under-
stood, we expand it for the three components of the curl in three dimensions

curl(1) �A = 1
h2h3

(
∂(h3A(3))
∂x2 − ∂(h2A(2))

∂x3

)
,

curl(2) �A = 1
h1h3

(
∂(h1A(1))
∂x3 − ∂(h3A(3))

∂x1

)
, (10.24)
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curl(3) �A = 1
h1h2

(
∂(h2A(2))
∂x1 − ∂(h1A(1))

∂x2

)
.

The expressions (10.24) are usually structured into a determinant defined as follows:

curl�A = 1
h1h2h3

∣∣∣∣∣∣∣∣

h1�1 h2�2 h3�3
∂

∂x1

∂

∂x2

∂

∂x3

h1A(1) h2A(2) h3A(3)

∣∣∣∣∣∣∣∣
. (10.25)

The definition (10.25) gives the correct physical expressions for the components of the curl
of a vector function in the well-known cases of cylindrical and spherical coordinate sys-
tems. As an illustration, we can write down this determinant for the spherical coordinates
defined by (10.7). Thus, we may write

curl�A = 1
r2 sin θ

∣∣∣∣∣∣∣∣

�er r�eθ r sin θ�eϕ
∂

∂r
∂

∂θ

∂

∂ϕ
Ar rAθ r sin θAϕ

∣∣∣∣∣∣∣∣
, (10.26)

or

curl�A = 1
r sin θ

[
∂

∂θ

(
sin θAϕ

)− ∂Aθ
∂ϕ

]
�er

+ 1
r

[
1

sin θ
∂Ar

∂ϕ
− ∂

∂r

(
rAϕ

)] �eθ

+ 1
r

[
∂

∂r
(rAθ )− ∂Ar

∂θ

]
�eϕ . (10.27)

10.5 Laplacian of Scalars and Tensors
The Laplacian of a scalar function in the three-dimensional vector analysis is defined by
the expression

�φ = div(gradφ). (10.28)

In the tensor analysis this expression becomes

�φ = DmDmφ = Dm
(
gmnDnφ

) = Dm

(
gmn ∂φ

∂xn

)
. (10.29)

From (10.29) we see that the Laplacian of the scalar function φ is a divergence of a vector
given by its covariant coordinates

Dnφ = ∂φ

∂xn . (10.30)

Using here the definition (10.14) of the divergence of a vector defined by its covariant
coordinates, we may write
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�φ = 1√
g

∂

∂xm

(√
ggmn ∂φ

∂xn

)
. (10.31)

In the orthogonal curvilinear coordinates, with the metric form given by (10.5), we have√
g = h1h2h3 and the Laplacian of the scalar function φ becomes

�φ = 1
h1h2h3

∂

∂xm

(
h1h2h3gmn ∂φ

∂xn

)
, (10.32)

where

[
gmn] =

⎡
⎣ (h1)

−2 0 0
0 (h2)

−2 0
0 0 (h3)

−2

⎤
⎦ . (10.33)

Substituting (10.33) into (10.32) we obtain

�φ = 1
h1h2h3

[
∂

∂x1

(
h2h3

h1

∂φ

∂x1

)

+ ∂

∂x2

(
h1h3

h2

∂φ

∂x2

)
+ ∂

∂x3

(
h1h2

h3

∂φ

∂x3

)]
. (10.34)

The definition (10.34) gives the correct physical expressions for the Laplacian in the well-
known cases of cylindrical and spherical coordinate systems. As an illustration, in the
spherical coordinates defined by (10.7), the expression for the Laplacian becomes

�φ = 1
r2

∂

∂r

(
r2 ∂φ

∂r

)
+ 1

r2 sin θ
∂

∂θ

(
sin θ

∂φ

∂θ

)
+ 1

r2 sin2 θ

∂2φ

∂ϕ2 . (10.35)

10.6 Integral Theorems for Tensor Fields
In the three-dimensional vector analysis there are two important integral theorems, called
the Stokes theorem and the Gauss theorem. These theorems remain valid in the tensor
analysis and their formulation is generalized in such a way that they can be applied to
integrals in arbitrary N-dimensional metric spaces. These theorems in the tensor notation
will be discussed in the rest of this section.

10.6.1 Stokes Theorem

In the usual three-dimensional vector notation the Stokes theorem is defined as∮
C

�A · �dr =
∫

S
curl�A · d�S. (10.36)

The integral on the right-hand side of (10.36) is a surface integral over a surface S bound
by a closed contour C. The integral on the left-hand side of (10.36) is a line integral round
the closed contour C running along the boundaries of the surface S. In the tensor notation
the formulation of the Stokes theorem has the following form:
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∮
C

Amdxm = 1
2

∫
S

Fmn dSmn, (10.37)

where Fmn is the Curl tensor of the vector Am, defined by (10.19), that is,

Fmn = DmAn − DnAm. (10.38)

On the other hand,

dSmn = dxm dxn (10.39)

is the contravariant tensor of an infinitesimal element of the surface S.
From the definition (10.37) we see that the Stokes theorem in tensor notation is valid for

arbitrary generalized metric spaces. Let us now prove that (10.37) is equivalent to (10.36)
in the three-dimensional metric space. We first note that in the three-dimensional space
we have

Amdxm = �A · d�x (m = 1, 2, 3). (10.40)

From (10.40) we see that the integrals on the left-hand sides of (10.36) and (10.37) are
indeed equivalent to each other. In order to prove that the right-hand sides of (10.36) and
(10.37) are also equivalent to each other, it is convenient to introduce a three-dimensional
covariant surface vector as follows:

dSk = 1
2
εkmn dxm dxn = 1

2
√

gekmn dxm dxn. (10.41)

In the Descartes coordinates, where
√

g = 1, the components of this vector are given by

dS1 = dx2 dx3, dS2 = dx1 dx3, dS3 = dx1 dx2. (10.42)

Furthermore, analogously to (10.21), it is convenient to introduce the contravariant curl
vector, denoted by Ck and related to the tensor Fmn by the expression

Ck = 1
2
εkjlFjl = εkjlDjAl = 1√

g
ekjlDjAl =

(
curl�A

)k
. (10.43)

Using (10.43) we may write

curl�A · d�S =
(

curl�A
)k

dSk = 1
2

ekjlekmnDjAl dm dxn. (10.44)

On the other hand, the e-symbols satisfy the identity

ekjlekmn = δ
j
mδ

l
n − δ

j
nδ

l
m. (10.45)

Substituting (10.45) into (10.44) we obtain

curl�A · d�S = 1
2

(
δ

j
mδ

l
n − δ

j
nδ

l
m

)
DjAldxm dxn,

curl�A · d�S = 1
2

(
DmAn − DnAm

)
dxm dxn,

curl�A · d�S = 1
2

FmndSmn.

(10.46)
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From (10.46) we see that the integrals on the right-hand sides of (10.36) and (10.37) are
also equivalent to each other in the three-dimensional metric space.

10.6.2 Gauss Theorem

In the usual three-dimensional vector notation the Gauss theorem is defined by means of
the equation ∮

S

�A · d�S =
∫



div�A d
. (10.47)

The integral on the right-hand side of (10.47) is a volume integral over a volume 
 bound
by a closed surface S. The integral on the left-hand side of (10.47) is a surface integral over
the closed surface S enclosing the volume 
. The volume element d
 is a relative scalar
with the weight M = −1. If the volume element is defined with respect to the systems
of coordinates {xk} and {zk} by d
 and d
̄m respectively, then according to the Jacobi
theorem it transforms as follows:

d
̄ =
∣∣∣∣∂zm

∂xk

∣∣∣∣ d
 = �−1d
. (10.48)

Therefore, in the tensor formulation of the Gauss theorem, we use the invariant volume
element

√
g d
, to obtain ∮

S
Am dSm =

∫



DmAm√
g d
. (10.49)

The tensor formulation of the Gauss theorem (10.48) is valid for arbitrary generalized
metric spaces. The equivalence of (10.47) and (10.48) in the Descartes coordinates, where√

g = 1 and Dm = ∇m is evident.
The Gauss theorem can be extended to the case of an arbitrary tensor with at least one

upper index. As an example, for a mixed third-order tensor Tmn
k , the Gauss theorem is

given by ∮
S

T mn
k dSm =

∫



DmT mn
k

√
g d
. (10.50)





11
Geodesic Lines

In Euclidean metric spaces the shortest distance between two given points is a straight
line. However, even the simplest example of a two-dimensional Riemannian space on
the surface of a unit sphere, shows clearly that in the Riemannian spaces there are in
general no straight lines. It is therefore of interest to find the curves of minimum (or at
least stationary) arc length connecting the two given points in a Riemannian space.

In Riemannian spaces, we in general do not impose the requirement to find the lines
of the minimum arc length, and we replace it by the requirement to find the lines with a
stationary arc length between the two given points. We can illustrate this on the simple
example of the two-dimensional Riemannian space on the surface of a unit sphere. For
both arcs on the same circle, connecting the two given points on the unit sphere, we can
only say that their length is of a stationary character, but we cannot say that they are of
minimum length.

The curves with stationary arc length between two given points A and B are called the
geodesic lines and they are determined by the solutions of the corresponding geodesic
differential equations. In order to construct these differential equations, we will use the
variational calculus and Lagrange equations which will be derived in the next section.

11.1 Lagrange Equations
Let us observe two fixed points A and B in an arbitrary metric space. Their coordinates are
given by the parameter equations

xm = xm(SA) xm = xm(SB), (11.1)

where s is the arc-length parameter. Between the fixed points A and B we can draw a family
of curves of various arc lengths, as shown in Figure 11.1. Within the family of curves, which
connect the two fixed points A and B as shown in Figure 11.1, there is a single curve C
with a stationary arc length, which we call the geodesic line. All other curves between the
two fixed points A and B, for example, C′ and C′′, do not have the stationary arc length
and they deviate from the geodesic lines by some variations δxm(s) for all values of the
parameter s. It should be noted that the points A and B are fixed and common for all the
curves connecting these two points. Therefore, the variations δxm at these two points are
equal to zero

δxm(SA) = δxm(SB) = 0. (11.2)

Let us now define a function
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FIGURE 11.1 Curves connecting the fixed points A and B.

L = L
(

xm,
dxm

ds
, s
)

, (11.3)

along each of the lines connecting the points A and B. This function may depend on the
coordinates xm, their first derivatives with respect to the parameter s, as well as on the
parameter s itself, as indicated in the definition (11.3). This function is usually called the
Lagrange function or Lagrangian. The integral of this function between the points A and B
is given by

I =
∫ SB

SA

L
(

xm,
dxm

ds
, s
)

ds, (11.4)

and it is usually called the action integral. According to the Hamiltonian variational
principle, the integral (11.4) has a stationary value along the geodesic line C. Using the
variational principle, we can derive the differential equation satisfied by the Lagrangian
function (11.3). The variation of the action integral (11.4) along the geodesic line C is equal
to zero and we may write

δI =
∫ SB

SA

δL
(

xm,
dxm

ds
, s
)

ds = 0. (11.5)

By definition of the variation we have

δL = L
(

xm + δxm,
dxm

ds
+ δ

dm
ds

, s
)

− L
(

xm,
dxm

ds
, s
)

. (11.6)

Since the variations of the coordinates and their derivatives with respect to the parameter
are small, we can expand the first term on the right-hand side of (11.6) into a Taylor series
and keep only the zeroth- and first-order terms. Thus, we obtain

δL = L
(

xm,
dxm

ds
, s
)

+ ∂L
∂xm δxm + ∂L

∂
(

dxm

ds

) δdxm

ds

− L
(

xm,
dxm

ds
, s
)

= ∂L
∂xm δxm + ∂L

∂
(

dxm

ds

) δdxm

ds
. (11.7)

Since the differentiation with respect to the parameter is independent from the variation,
the order of these two operations can be interchanged. Thus, we may write

δL = ∂L
∂xm δxm + ∂L

∂
(

dxm

ds

) d
ds

(
δxm) , (11.8)
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or

δL = ∂L
∂xm δxm − d

ds

⎡
⎣ ∂L

∂
(

dxm

ds

)
⎤
⎦ δxm + d

ds

⎡
⎣ ∂L

∂
(

dxm

ds

)δxm

⎤
⎦ . (11.9)

Substituting (11.9) into (11.5) we obtain

δI =
∫ SB

SA

⎧⎨
⎩
∂L
∂xm − d

ds

⎡
⎣ ∂L

∂
(

dxm

ds

)
⎤
⎦
⎫⎬
⎭ δxmds + ∂L

∂
(

dxm

ds

) δxm

∣∣∣∣∣∣
SB

SA

= 0. (11.10)

The second term of (11.10), which is calculated at the boundary points of the geodesic line
A and B, vanishes due to the conditions (11.2). Thus, we obtain

δI =
∫ SB

SA

⎧⎨
⎩
∂L
∂xm − d

ds

⎡
⎣ ∂L

∂
(

dxm

ds

)
⎤
⎦
⎫⎬
⎭ δxm ds = 0. (11.11)

Since the variations δxm are arbitrary and in general different from zero, the result (11.11)
requires that the following equations are satisfied:

∂L
∂xm − d

ds

⎡
⎣ ∂L

∂
(

dxm

ds

)
⎤
⎦ = 0 (m = 1, 2, . . . , N) (11.12)

The system of N-equations (11.12) is a system of differential equations that must be
satisfied by the Lagrangian function (11.3) along the geodesic line C. These equations are
usually called the Lagrange equations.

11.2 Geodesic Equations
In order to construct the geodesic equations which define the curve with a stationary arc
length, we may choose the arc length itself as the action integral with zero variation. Using
the expression (6.38) we write

I =
∫ SB

SA

√
gkn

dxk

ds
dxn

ds
ds. (11.13)

From (11.13) we see that the Lagrangian function is given by the expression

L =
√

gkn
dxk

ds
dxn

ds
, (11.14)

and it is equal to unity along the geodesic line C, where

ds2 = gkn dxk dxn (k, n = 1, 2, . . . , N). (11.15)

Along the geodesic line, where the metric condition (11.15) is fulfilled, we have

∂L

∂
(

dxm

ds

) = 1
2

(
gkn

dxk

ds
dxn

ds

)− 1
2

2gml
dxl

ds
= gml

dxl

ds
, (11.16)
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and

d
ds

⎡
⎣ ∂L

∂
(

dxm

ds

)
⎤
⎦ = d

ds

(
gml

dxl

ds

)
= gml

d2xl

ds2 + ∂gml

∂xk

dxl

ds
dxk

ds
. (11.17)

By interchanging the dummy indices k ↔ l, we may rewrite the second term on the right-
hand side of the result (11.17) as follows:

∂gml

∂xk

dxl

ds
dxk

ds
= 1

2

(
∂gml

∂xk
+ ∂gmk

∂xl

)
dxl

ds
dxk

ds
. (11.18)

Substituting (11.18) into (11.17) we obtain

d
ds

⎡
⎣ ∂L

∂
(

dxm

ds

)
⎤
⎦ = gml

d2xl

ds2 + 1
2

(
∂gml

∂xk
+ ∂gmk

∂xl

)
dxl

ds
dxk

ds
(11.19)

On the other hand we have

∂L
∂xm = 1

2

(
gkn

dxk

ds
dxn

ds

)− 1
2
∂glk

∂xm

dxl

ds
dxk

ds
. (11.20)

Using the metric condition (11.15), we obtain

∂L
∂xm = 1

2
∂glk

∂xm

dxl

ds
dxk

ds
. (11.21)

Substituting (11.19) and (11.21) into the Lagrange equations (11.12), we obtain

gml
d2xl

ds2 + 1
2

(
∂gml

∂xk
+ ∂gmk

∂xl
− ∂glk

∂xm

)
dxl

ds
dxk

ds
= 0 (11.22)

Using now the definition of the Christoffel symbols of the first kind (9.28), that is,

�m,lk = 1
2

(
∂gml

∂xk
+ ∂gkm

∂xl
− ∂glk

∂xm

)
, (11.23)

we obtain from (11.22)

gml
d2xl

ds2 + �m,lk
dxl

ds
dxk

ds
= 0. (11.24)

The composition of (11.24) with the contravariant metric tensor gmn gives the most
commonly used formulation of the geodesic equations, as follows:

d2xn

ds2 + �n
lk

dxl

ds
dxk

ds
= 0. (11.25)

If a set of parameter equations of some curve C in a generalized N-dimensional metric
space is given by

xm = xm(s) (m = 1, 2, . . . , N), (11.26)
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then the tangent vector to this curve is defined by

um = dxm

ds
(m = 1, 2, . . . , N). (11.27)

Using (11.27), (11.25) can be written in the form

dun

ds
+ �n

lkuluk = 0. (11.28)

Using (11.22) we can also write

gml
dul

ds
+ 1

2

(
∂gml

∂xk
+ ∂gmk

∂xl

)
uluk − 1

2
∂glk

∂xm uluk = 0 (11.29)

Interchanging the dummy indices l ↔ k in the second term on the left-hand side of
(11.29), we obtain

gml
dul

ds
+ ∂gml

∂xk
uluk − 1

2
∂glk

∂xm uluk = 0. (11.30)

On the other hand, using the definition um = gmlul, we may write

dum

ds
= d

ds
(gmlu

l) = gml
dul

ds
+ dgml

ds
ul = gml

dul

ds
+ ∂gml

∂xk
uluk (11.31)

Substituting (11.31) into (11.30), we obtain

dum

ds
− 1

2
∂glk

∂xm uluk = 0, (11.32)

or

d2xm

ds2 − 1
2
∂glk

∂xm

dxl

ds
dxk

ds
= 0. (11.33)

Equation (11.33) is an alternative form of the geodesic equations, which does not explicitly
involve the Christoffel symbols. Using the geodesic equations (11.25), we may also write

dun

ds
+ �n

lkul dxk

ds
=
(
∂un

∂xk
+ �n

lkul
)

dxk

ds
= 0. (11.34)

or, using the definition of the covariant derivative of a contravariant vector (8.23),

Dun

Dxk
= ∂un

∂xk
+ �n

lkul, (11.35)

we find that the absolute derivative of the tangent vector (11.27), with respect to the
parameter s is equal to zero.

Dun

ds
= 0. (11.36)

This means that if we translate the vector um along the geodesic line from the point xm to
the point xm +dxm it will coincide with the tangent vector um +dum at the point xm +dxm.
This is a specific property of the tangent vector um along the geodesic line. In the Descartes
coordinates, where �n

lk = 0, the geodesic differential equation becomes
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d2yn

ds2 = 0. (11.37)

The solution of this equation is a set of linear equations

yn = ans + bn, (11.38)

which represent the parameter equations of a straight line, which confirms our earlier
statement that the geodesic lines in the Euclidean metric spaces are straight lines.



12
The Curvature Tensor

12.1 Definition of the Curvature Tensor
In the Riemannian space the parallel translation of a vector between two given points
is a path-dependent operation, that is, it gives different results along different paths. In
particular, if a vector is parallelly translated along a closed path back to the same point
of origin it will not coincide with the original vector. Let us therefore derive a general
formula for the change of a vector after a parallel translation along some infinitesimally
small closed contour C. This change, denoted by �Am, is obtained using the result (8.19),
in the following manner:

�Am =
∮

C
δAm =

∮
C
�n

mpAn dxp. (12.1)

Using the Stokes theorem, this line integral over the closed contour C can be transformed
into a surface integral over a surface S bound by the closed contour C, that is,

�Am = 1
2

∮
C

[
Dk

(
�n

mpAn

)
− Dp

(
�n

mkAn
)]

dSkp, (12.2)

where we use the covariant operator

Dk = D

Dxk
. (12.3)

Let us also, for the sake of simplicity, introduce the non-tensor operator

∂k = ∂

∂xk
. (12.4)

Using the definition of the covariant derivative of a second-order covariant tensor (8.33),
we may then write

DkCmp = ∂kCmp − �l
mkClp − �l

pkCml

DpCmk = ∂pCmk − �l
mpClk − �l

kpCml
(12.5)

Subtracting the two equations (12.5) from each other we obtain

DkCmp − DpCmk = ∂kCmp − �l
mkClp − �l

pkCml − ∂pCmk + �l
mpClk + �l

kpCml

= ∂kCmp − ∂pCmk + �l
mpClk − �l

mkClp + �l
kpCml − �l

pkCml (12.6)

Using here the symmetry of the Christoffel symbols with respect to their lower indices, we
see that the last two terms in (12.6) cancel each other. Thus, using the symmetric surface
tensor dSkp = dSpk, we may write
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(
DkCmp − DpCmk

)
dSkp =

(
∂kCmp − ∂pCmk + �l

mpClk − �l
mkClp

)
dSkp. (12.7)

By interchanging the indices k ↔ p in one of the last two terms in the parenthesis and
using the symmetry of the surface tensor dSkp, we see that these two terms cancel each
other. The result (12.7) therefore becomes(

DkCmp − DpCmk
)

dSkp = (
∂kCmp − ∂pCmk

)
dSkp (12.8)

Applying (12.8) with Cmp = �n
mpAn in (12.2), we obtain

�Am = 1
2

∮
C

[
∂k

(
�n

mpAn

)
− ∂p

(
�n

mkAn
)]

dSkp, (12.9)

or

�Am = 1
2

∮
C

(
∂k�

n
mpAn − ∂p�

n
mkAn + �n

mp∂kAn − �n
mk∂pAn

)
dSkp (12.10)

On the other hand, the change of the vector An along the contour C is due to the parallel
translation (8.19), and is given by

δAn = �l
npAldxp ⇒ ∂pAn = �l

npAl. (12.11)

Substituting (12.11) into (12.10), we obtain

�Am = 1
2

∮
C

(
∂k�

n
mpAn − ∂p�

n
mkAn + �n

mp�
l
nkAl − �n

mk�
l
npAl

)
dSkp (12.12)

As the labels of the dummy indices are irrelevant, we can interchange the indices n ↔ l in
the last two terms of the integral (12.12). Thus, we obtain

�Am = 1
2

∮
C

(
∂k�

n
mp − ∂p�

n
mk + �l

mp�
n
lk − �l

mk�
n
lp

)
An dSkp (12.13)

Introducing here the notation

Rn
mkp = ∂k�

n
mp − ∂p�

n
mk + �l

mp�
n
lk − �l

mk�
n
lp, (12.14)

the result (12.13) becomes

�Am = 1
2

∮
C

Rn
mkpAn dSkp. (12.15)

Since the closed contour C is infinitesimally small, it is possible to replace the integrand of
the integral (12.15) by its value at some point enclosed by the contour C, and to bring
it outside the integral. Thus, we finally obtain a general formula for the change of a
vector after a parallel translation along some infinitesimally small closed contour C in
the form

�Am = 1
2

Rn
mkpAn�Skp. (12.16)

The mixed fourth-order tensor, defined by the expression (12.14) is called the curvature
tensor of a given metric space. The tensor character of the curvature tensor is evident from
(12.16), since An is a covariant vector, �Skp is a contravariant surface tensor and �Am is
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a difference of two covariant vectors at the same point on the contour C. The curvature
tensor plays the key role in the theory of gravitational field and is very important in the
tensor analysis in general.

The formula, analogous to (12.16), for a contravariant vector Am can be obtained
using the fact that a scalar AmBm is invariant under parallel translations. Thus, we
may write

�
(
AmBm

) = �AmBm + Am�Bm = �AnBn + Am�Bm = 0. (12.17)

Using here the result (12.16) we obtain

�AnBn + Am 1
2

Rn
mkpBn�Skp =

(
�An + 1

2
Rn

mkpAm�Skp
)

Bn = 0. (12.18)

As the covariant vector Bn is arbitrary, we obtain the formula

�An = −1
2

Rn
mkpAm�Skp. (12.19)

In a given Euclidean space the curvature tensor is identically equal to zero, since it is
possible to choose the coordinates where �n

mp ≡ 0 and therefore Rn
mkp = 0, in the entire

metric space. Due to its tensor character, the curvature tensor is then equal to zero in
any other coordinate system defined in the Euclidean metric space. It is related to the
observation that, in the Euclidean metric space, the parallel translation is not a path-
dependent operation and the parallel translation along a closed curve C does not change
the translated vector.

The reverse argument is valid as well. If the curvature tensor is equal to zero in the
entire metric space, that is, Rn

mkp = 0, then such a space is Euclidean. Indeed, in any

metric space, it is possible to construct a local Descartes system in an infinitesimally
small portion of that space. On the other hand, if Rn

mkp = 0 in the entire space, then the
parallel translation is a unique path-independent operation by which this infinitesimally
small portion of a given space can be translated to any other portion of that space.
Thus, we may construct Descartes coordinates in the entire space and the given space is
Euclidean.

As a summary, the criterion for determining the character of a space is that a metric
space described by a metric tensor gmn is Euclidean if and only if Rn

mkp = 0.

12.2 Properties of the Curvature Tensor
From the definition of the curvature tensor

Rn
mkp = ∂k�

n
mp − ∂p�

n
mk + �l

mp�
n
lk − �l

mk�
n
lp, (12.20)

it is easily seen that it is antisymmetric with respect to the interchange of the last two lower
indices k ↔ p, such that we have

Rn
mkp = −Rn

mpk. (12.21)
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It is also possible to show that the curvature tensor satisfies the following identity:

Rn
mkp + Rn

pmk + Rn
kpm = 0. (12.22)

In order to prove the cyclic identity (12.22), let us rewrite (12.20) as follows:

Rn
mkp = ∂k�

n
mp − ∂p�

n
mk + �l

mp�
n
lk − �l

mk�
n
lp

Rn
pmk = ∂m�

n
pk − ∂k�

n
pm + �l

pk�
n
lm − �l

pm�
n
lk

Rn
kpm = ∂p�

n
km − ∂m�

n
kp + �l

km�
n
lp − �l

kp�
n
lm

(12.23)

By inspection of (12.23), using the symmetry of the Christoffel symbols with respect to the
interchange of the two lower indices, we see that for each term in these three equations
there is a counterterm with the opposite sign. Thus, by adding together the three equations
(12.23) we obtain the cyclic identity (12.22). In addition to the mixed curvature tensor
(12.20), it is sometimes useful to define the covariant curvature tensor by

Rmnkp = gmlR
l
nkp, (12.24)

or using the definition (12.20)

Rmnkp = gml∂k�
l
np − gml∂p�

l
nk + �l

np�m,lk − �l
nk�m,lp. (12.25)

In order to obtain a more symmetric form of the covariant curvature tensor (12.24), we use
(9.25) in the form

∂pgml = �l,mp + �m,lp
∂kgml = �l,mk + �m,lk

(12.26)

and the definition of the Christoffel symbol of the first kind (9.28) in the form

�m,np = 1
2

(
∂pgmn + ∂ngpm − ∂mgnp

)
. (12.27)

Using (12.26) and (12.27) we can calculate

gml∂k�
l
np = gml∂k

(
gls�s,np

)
=
(

gml∂kgls
)
�s,np + δs

m∂k�s,np

= −
(

gls∂kgml

)
�s,np + ∂k�m,np = −�l

np∂kgml + ∂k�m,np

= −�l
np
(
�l,mk + �m,lk

)+ 1
2

(
∂k∂pgmn + ∂k∂ngpm − ∂k∂mgnp

)
(12.28)

By interchanging the indices k ↔ p in (12.28) we also obtain

gml∂p�
l
nk = −�l

nk

(
�l,mp + �m,lp

)
(12.29)

+ 1
2

(
∂p∂kgmn + ∂p∂ngkm − ∂p∂mgnk

)
.

Substituting (12.28) and (12.29) into (12.25) we obtain

Rmnkp = −�l
np
(
�l,mk + �m,lk

)+ +�l
nk

(
�l,mp + �m,lp

)
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+ 1
2

(
∂k∂pgmn + ∂k∂ngpm − ∂k∂mgnp

)

− 1
2

(
∂p∂kgmn + ∂p∂ngkm − ∂p∂mgnk

)
(12.30)

+ �l
np�m,lk − �l

nk�m,lp,

or

Rmnkp = 1
2

(
∂k∂ngpm + ∂p∂mgnk − ∂k∂mgnp − ∂p∂ngkm

)
(12.31)

+ �l
nk�l,mp − �l

np�l,mk.

Finally, we obtain the alternative expression for the covariant curvature tensor in the form

Rmnkp = 1
2

(
∂k∂ngpm + ∂p∂mgnk − ∂k∂mgnp − ∂p∂ngkm

)
(12.32)

+ glj

(
�l

nk�
j
mp − �l

np�
j
mk

)
.

From the expression (12.32) we see that the covariant curvature tensor is antisymmetric
with respect to the interchange of both the first two indices (m ↔ n) and the last two
indices (k ↔ p). Thus, we have

Rmnkp = −Rnmkp Rmnkp = −Rmnpk . (12.33)

From the expression (12.32) we also see that the covariant curvature tensor is symmetric
with respect to the interchange of the first two indices and the last two indices (mn ↔ kp),
that is,

Rmnkp = Rkpmn. (12.34)

Furthermore, we note that the cyclic property (12.22) also remains valid after the contrac-
tion with the covariant metric tensor, such that we have

Rmnkp + Rmpnk + Rmkpn = 0. (12.35)

Using (12.33) and (12.34), it can also be shown that the cyclic properties analogous to
(12.35) are valid not only for the last three, but also for any three indices of the covariant
curvature tensor.

12.3 Commutator of Covariant Derivatives
In the Descartes coordinates, with Dk = ∂k, it is allowed to change the order of the
covariant differentiation with respect to the two different coordinates. In other words,
we may write

∂k∂mAp = ∂m∂kAp ⇒ DkDmAp = DmDkAp (12.36)
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or

(DkDm − DmDk)A
p = (∂k∂m − ∂m∂k)A

p = 0, (12.37)

where Ap is an arbitrary contravariant vector. Since Ap is an arbitrary contravariant vector,
it can be omitted and we can write the corresponding operator expression as follows:

DkDm − DmDk = [
Dm, Dk

] = [
∂m, ∂k

] = 0. (12.38)

The quantity
[
Dm, Dk

]
, introduced in (12.38), is called the commutator of the two oper-

ators Dm and Dk. This commutator is equal to zero in the Descartes coordinates. Let us
now calculate the commutator

[
Dm, Dk

]
in the arbitrary curvilinear coordinates. In order

to calculate this commutator, we first calculate

DkDmAp = Dk(∂mAp + �
p
mnAn)

DkDmAp = ∂k(∂mAp + �
p
mnAn)

+�p
kl(∂mAl + �l

mnAn)+ �l
km(∂lAp + �

p
lnAn)

DkDmAp = ∂k∂mAp + �
p
mn∂kAn + An∂k�

p
mn

+�p
kl∂mAl + �

p
kl�

l
mnAn − �l

km∂lA
p − �l

km�
p
lnAn

(12.39)

Analogously, we may write

DmDkAp = ∂m∂kAp + �
p
kn∂mAn + An∂m�

p
kn + �

p
ml∂kAl

+ �
p
ml�

l
knAn − �l

mk∂lA
p − �l

mk�
p
lnAn. (12.40)

If we now form the difference between the expressions (12.39) and (12.40), we see
that several terms cancel each other, that is, the first term cancels the first term, the
second term cancels the fourth term, the fourth term cancels the second term, the
sixth term cancels the sixth term and the seventh term cancels the seventh term. Thus,
we obtain

(DkDm − DmDk)A
p =

(
∂k�

p
mn − ∂m�

p
kn + �

p
kl�

l
mn − �

p
ml�

l
nk

)
An. (12.41)

Substituting now the definition of the curvature tensor (12.14), that is,

Rp
nkm = ∂k�

p
mn − ∂m�

p
kn + �l

mn�
p
kl − �l

nk�
p
ml, (12.42)

into (12.41), we obtain

(DkDm − DmDk)A
p = Rp

nkmAn. (12.43)

In line with the criterion for determining the character of a space, discussed above, we
conclude from (12.43) that the change of the order of the covariant differentiation is
allowed only in the Euclidean metric spaces with the zero curvature tensor, that is, with
Rp

nkm = 0.
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12.4 Ricci Tensor and Scalar
From the curvature tensor (12.14), by contraction of the single contravariant index with
the second covariant index, it is possible to construct a covariant second-order tensor,
called the Ricci tensor, as follows:

Rmn = Rp
mnp = −Rp

mpn. (12.44)

Using here the definition of the curvature tensor (12.14) we may write

Rmn = ∂n�
p
pm − ∂p�

p
mn + �l

mp�
p
nl − �

p
mn�

l
lp. (12.45)

It is easily verified that the Ricci tensor can only be defined as in (12.44). Let us, for
example, consider the alternative contracted tensor Rk

kmn, which can be written as follows:

Rk
kmn = δk

l Rl
kmn = gpkgplR

l
kmn = gpkRpkmn = 0. (12.46)

From the definition (12.46) we see that Rk
kmn is a scalar product of the symmetric metric

tensor gpk and the antisymmetric covariant curvature tensor Rpkmn, which is by definition
equal to zero. Using the symmetry properties (12.33) and (12.34) in the definition of the
Ricci tensor

Rmn = Rp
mnp = gpkRkmnp, (12.47)

and interchanging the dummy indices k ↔ p, we may write

Rmn = gpkRnpkm = gkpRnkpm = gpkRknmp = Rnm. (12.48)

Thus, the Ricci tensor is symmetric with respect to its two indices, that is,

Rmn = Rnm (m, n = 1, 2, . . . , N). (12.49)

Using the Ricci tensor (12.44), we can define the Ricci scalar as follows:

R = gmnRmn = gmngpkRkmnp. (12.50)

The Ricci tensor and Ricci scalar are extensively used in the general theory of relativity and
cosmology.

12.5 Curvature Tensor Components
The components of the curvature tensor are related to each other by means of the
symmetry relations (12.33)–(12.35). Thus, the components of the curvature tensor are not
all independent, and the number of the independent components of the curvature tensor
in the N-dimensional space is equal to

n = N2(N2 − 1)
12

. (12.51)

As this general result for the N-dimensional metric space will not be extensively
used and its derivation involves long and complex combinatorial manipulations,
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it will not be considered in detail here. We will only consider the two simplest
special cases, a two-dimensional metric space (N = 2) and a three-dimensional metric
space (N = 3).

In a two-dimensional metric space, the indices of the covariant curvature tensor Rkmnp,
that is, (k, m, n, p), can assume the values 1 and 2. Thus, the components of the covariant
curvature tensor can be presented by the following rectangular scheme:

[
Rkmnp

] =

np = 11 np = 12 np = 21 np = 22

km = 11 0 0 0 0
km = 12 0 R1212 −R1212 0
km = 21 0 −R1212 R1212 0
km = 22 0 0 0 0

(12.52)

From the scheme (12.52) we see that out of possible 24 = 16 components, the twelve
components with k = m or n = p or both are equal to zero due to the antisymmetry of
the covariant curvature tensor. The remaining four non-zero components with k �= m
and n �= p are related by antisymmetry relations as well. Thus, according to the expression
(12.51), we see that in a two-dimensional metric space there is just one independent
component of the covariant curvature tensor, that is,

n = 4(4 − 1)
12

= 1. (12.53)

The Ricci scalar is then defined by

R = gmngpkRkmnp = 2g11g22R1212 − 2g12g21R1212

R = 2
(

g11g22 − g12g21
)

R1212 = 2
∣∣gmn

∣∣R1212 = 2
g

R1212 (12.54)

The quantity R/2 is equal to the Gauss curvature of a surface, or the inverse of the product
of the main radii of the curvature.

Let us now consider a special case of the surface of the unit sphere, with the metric of
the form

ds2 = dθ2 + sin2 θdϕ2, (12.55)

or

ds2 = (dx1)2 + (sin x1)2(dx2)2. (12.56)

Thus, the covariant metric tensor can be written in the following matrix form:

[
gmn

] =
[

1 0
0 (sin x1)2

]
, (12.57)

and the contravariant metric tensor can be written in the following matrix form:

[
gmn] =

[
1 0
0 (sin x1)−2

]
. (12.58)
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In this case, the quantity R/2 should be equal to unity. In order to show that, we need to
calculate the only independent component of the curvature tensor, that is,

R1212 = −1
2
∂1∂1g22 + g11(�

1
12�

1
12 − �1

11�
1
22) (12.59)

+ g22(�
2
12�

2
12 − �2

11�
2
22).

On the other hand, the Christoffel symbols of the first kind are defined by

�m,np = 1
2
(∂pgmn + ∂ngpm − ∂mgnp). (12.60)

Substituting (12.56) into (12.60), we obtain

�1,11 = 0,

�1,12 = �1,21 = 0,

�1,22 = − 1
2 ∂1g22 = − sin x1 cos x1,

�2,11 = 0,

�2,12 = �2,21 = + 1
2∂1g22 = + sin x1 cos x1,

�2,22 = 0.

(12.61)

The Christoffel symbols of the second kind are defined as

�m
np = gml�l,np, (12.62)

and in our example, they are given by

�1
11 = g11�1,11 + g12�2,11 = 0,

�1
12 = �1

21 = g11�1,21 + g12�2,21 = 0,

�1
22 = g11�1,22 + g12�2,22 = − sin x1 cos x1,

�2
11 = g21�1,11 + g22�2,11 = 0,

�2
12 = �2

21 = g21�1,12 + g22�2,12 = +(sin x1)−1 cos x1,

�2
22 = g21�1,22 + g22�2,22 = 0.

(12.63)

Substituting the results (12.63) into (12.59), we obtain

R1212 = −1
2
∂1∂1g22 + g22(�

2
12)

2,

R1212 = (sin x1)2 − (cos x1)2 + (sin x1)2(sin x1)−2(cos x1)2, (12.64)

R1212 = (sin x1)2.

Finally, the Gauss curvature of the unit sphere is given by

R
2

= 1
g

R1212 = (sin x1)−2(sin x1)2 = 1, (12.65)

which proves that the Gauss curvature of the unit sphere is indeed equal to unity.
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In the case of the three-dimensional space (N = 3), in which the curvature tensor has
a total of 34 = 27 components, according to (12.51) there are six independent components
of the covariant curvature tensor.

n = 9(9 − 1)
12

= 6. (12.66)

There are also six independent components of the Ricci tensor Rmn. Using the suitable
Descartes coordinates in a given point, it is always possible to make three of these six
components equal to zero. In particular, it is possible to diagonalize the Ricci tensor and
define the curvature in any given point of a three-dimensional space by three independent
quantities. In the four-dimensional space there are 20 independent components of the
covariant curvature tensor.

n = 16(16 − 1)
12

= 20. (12.67)

The case of a four-dimensional space is particularly important in the general theory of
relativity and cosmology.



 PART 3

Special Theory of Relativity





13
Relativistic Kinematics

13.1 The Principle of Relativity
For the description of the motion of particles, it is necessary to have a system of reference.
By a system of reference we mean a coordinate system to which we attach a clock. The
coordinate system is used to determine the positions of particles in space and the clock is
used to measure the times at which the positions of particles in space are measured. There
are systems of reference where the free motion of a particle, that is, the motion of a particle
on which there is no action of any external forces, is such that the particle has a constant
velocity. Such systems of reference are called the inertial systems.

If two systems of reference are translated with a constant velocity with respect to each
other and one of them is an inertial system, then the other system of reference is also an
inertial system. Any free motion in that system of reference will also be along a straight
line with constant velocity.

Using the above definitions, we can write down the statement of the special principle
of relativity as follows:

All laws of nature are equal in all inertial systems of reference. In other words,
the equations which express the laws of nature are invariant with respect to the
transformations of spatial coordinates and time from one inertial system of reference
to another.

13.2 Invariance of the Speed of Light
Let us consider two bodies interacting with each other and let us assume that on one of
the bodies some event has occurred (explosion, distance increase, or some other change).
Then this event will be noticed at the position of the other body after the lapse of some
time. If the distance between these two bodies is divided by this time interval, we obtain
the maximum speed of interaction.

In nature, the motion of bodies with a speed higher than the maximum speed of
interaction is not allowed, since by means of such a body it would be possible to achieve
the interaction with a speed higher than the maximum speed of interaction. Based on
the special principle of relativity, we conclude that the maximum speed of interaction is
invariant with respect to the transformations of spatial coordinates and time from one
inertial system of reference to another. Thus, it is a universal constant of nature. It is shown
that this universal constant is equal to the speed of light in the vacuum, and its numerical
value is given by
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c = 2, 99792458 · 108 m
s

. (13.1)

The principle of invariance of the speed of light is therefore stated as one of the basic
principles of relativistic mechanics. According to this principle the speed of light is
independent on the motion of the light source, that is, on the choice of the system of
reference in which the motion of light is described. In the next section, the mathematical
formulation of this principle is presented.

13.3 The Interval between Events
An event in nature is determined by four coordinates. These include the three space
coordinates of the position where the event has taken place and the time coordinate when
the event has taken place. Each event is represented by a point, called the world point of
the event, with the coordinates

xm =
{

x0, x1, x2, x3
}

(m = 0, 1, 2, 3). (13.2)

The first coordinate is a time coordinate defined by x0 = ct and it has the dimension of
length. The other three coordinates are the spatial Descartes coordinates

xα = {
x, y, z

}
(α = 1, 2, 3). (13.3)

We will from now on use Latin indices for the coordinates of the four-dimensional space-
time (13.2), and Greek indices for the usual three-dimensional spatial coordinates (13.3).

The set of all world points constitutes a four-dimensional manifold called the world. To
each particle in such a world, there corresponds a line called the world line. The world line
of a particle at rest is a line parallel to the time axis.

In order to express the principle of invariance of the speed of light mathematically, let
us now consider two systems of reference denoted by K and K ′, which move with respect
to each other along the common x-axis with some constant velocity V . These coordinate
systems are shown in Figure 13.1. The times in coordinate systems K and K ′ are denoted by
t and t′, respectively. Consider now two events, where one event consists of a signal sent at
time t1, with a constant velocity equal to the speed of light, from the point with coordinates
{x1, y1, z1} in the coordinate system K . The other event consists of the same signal being
received at time t2 and at the point with coordinates {x2, y2, z2} in the coordinate system K .
In the coordinate system K , the coordinates of these two events are related by the following
equation:

c2(t2 − t1)
2 − (x2 − x1)

2 − (y2 − y1)
2 − (z2 − z1)

2 = 0. (13.4)

Due to the principle of invariance of the speed of light, in the coordinate system K ′ the
coordinates of these two events are related by the analogous equation

c2(t ′
2 − t ′

1)
2 − (x′

2 − x′
1)

2 − (y′
2 − y′

1)
2 − (z′

2 − z′
1)

2 = 0. (13.5)
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FIGURE 13.1 The coordinate systems K and K′.

If the coordinates
(
t1, x1, y1, z1

)
and

(
t2, x2, y2, z2

)
are the coordinates of any two events,

then the quantity

s12 =
[

c2(t2 − t1)
2 − (x2 − x1)

2 − (y2 − y1)
2 − (z2 − z1)

2
]1/2

(13.6)

is called the interval between these two events. Analogously to (13.6), the square of the
interval between two infinitesimally close events is determined by the metric

ds2 = c2 dt2 − dx2 − dy2 − dz2 = gmn dxm dxn, (13.7)

where (m, n = 0, 1, 2, 3), and the contravariant space-time coordinates in this four-
dimensional metric space are given by

xm =
{

x0, x1, x2, x3
}

= {
ct, x, y, z

}
. (13.8)

The components of the covariant metric tensor gmn are given by the following matrix:

[
gmn

] =

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦ . (13.9)

From (13.9) we conclude that the world is a four-dimensional pseudo-Euclidean metric
space. The determinant of the metric tensor gmn is g = −1. The matrix of cofactors of the
matrix (13.9) is
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[
Gmn] =

⎡
⎢⎢⎣

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ . (13.10)

Using (6.13), the inverse matrix to the matrix
[
gmn

]
is given by

[
gmn] = inv

[
gmn

] = adj
[
gmn

]
g

=
[
Gmn

]T
g

. (13.11)

We conclude that the components of the contravariant metric tensor gmn are the same as
the components of the covariant metric tensor (13.9), that is,

[
gmn] =

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦ . (13.12)

From (13.9) and (13.12) we see that

gmkgkn = δm
n (k, m, n = 0, 1, 2, 3). (13.13)

The covariant space-time coordinates in this four-dimensional metric space are given by

xm = gmnxn = {x0, x1, x2, x3} = {
ct, −x, −y, −z

}
(13.14)

Using (13.8) and (13.14) we see that

xmxm = gmnxmxn = c2t2 − x2 − y2 − z2. (13.15)

Using expressions (13.4) and (13.5) and the principle of invariance of the speed of light, we
conclude that an interval which is equal to zero in one inertial system of reference is also
equal to zero in any other inertial system of reference. On the other hand the quantities ds
and ds′ are two infinitesimally small quantities of the same order. Thus, we may write

ds = a ds′, (13.16)

where the coefficient a may depend only on the absolute value of the relative velocity
V of the two inertial systems of reference K and K ′. It may not depend on the spatial
coordinates or time due to the assumption of the homogeneity of space and time in the
inertial systems of reference. It may not depend on the direction of the relative velocity
V of the two inertial systems of reference K and K ′ either, due to the assumption of the
isotropic nature of space and time in the inertial systems of reference. Thus, as we may
write (13.16), we may also write

ds′ = a ds. (13.17)

From (13.16) and (13.17) we obtain a2 = 1 or a = ±1. On the other hand, from the special
case of the identity transformation with ds = ds′ we conclude that a = +1, so that we always
have

ds′ = ds. (13.18)
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Thus, we obtain the mathematical formulation of the principle of invariance of the
speed of light (13.18), which implies the invariance of the interval with respect to the
transformations from one inertial system of reference to another.

13.4 Lorentz Transformations
The objective of this section is to derive the formulae for transformations of coordinates
from one inertial system of reference to another. In other words, if we know the coordi-
nates of a certain event xm = {

ct′, x′, y′, z′} in some inertial system of reference K ′, we need
the expressions for the coordinates of that event zm = {

ct, x, y, z
}

in some other inertial
system of reference K . As xm is a contravariant vector, it is transformed according to the
transformation law

zm = ∂zm

∂xn xn = �m
n xn. (13.19)

The transformation (13.19) is a linear transformation and the coefficients �m
n are inde-

pendent on coordinates. The system �m
n is a mixed second-order tensor in the pseudo-

Euclidean metric space defined by the metric (13.7), since it is defined with respect to the
linear transformations (13.19).

In order to calculate the components of the tensor�m
n , we now introduce an imaginary

time coordinate

τ = ict i = √−1, (13.20)

and an imaginary metric

dσ = i ds i = √−1. (13.21)

Thus, the metric of the space becomes

dσ 2 = dτ2 + dx2 + dy2 + dz2, (13.22)

and we thereby define the four-dimensional Descartes coordinates. The linear transfor-
mation (13.19) must keep the metric ds or dσ invariant. As we have argued before, the
only transformations of Descartes coordinates that keep the metric form invariant are the
transformations of translation, rotation and inversion.

Parallel translation of four-dimensional Descartes coordinates is not a suitable can-
didate for the transformation (13.19), since it merely changes the origin of the spatial
coordinates and the origin for measurement of time. Similarly, the inversion of the
four-dimensional Descartes coordinates is not suitable either, since it merely changes the
sign of the spatial coordinates and time.

Thus, we conclude that the only suitable candidate for the transformation (13.19) is a
rotation of four-dimensional Descartes coordinates. We are looking for the formulae for
transformation from the coordinate system K ′ to the coordinate system K as shown in
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FIGURE 13.2 Rotations in the τx plane.

Figure 13.1. In that case we have y = y′ and z = z′ and we are only interested for the rotation
in the τx plane, as shown in Figure 13.2. From Figure 13.2, we immediately obtain the
remaining two transformation formulae

x = x′ cosψ − τ ′ sinψ ,

τ = x′ sinψ + τ ′ cosψ .
(13.23)

According to Figure 13.1, the coordinate system K ′ is moving with respect to the coordinate
system K with a constant velocity V . If we then consider the motion of the origin of the
coordinate system K ′ we then have x′ = 0. Then from (13.23) we obtain

tanψ = − x
τ

= i
V
c

. (13.24)

Using now the trigonometric formulae

cosψ = 1√
1 + tan2 ψ

, sinψ = tanψ√
1 + tan2 ψ

, (13.25)

we obtain

cosψ = 1√
1 − V 2

c2

, sinψ = i V
c√

1 − V 2

c2

. (13.26)

Substituting (13.26) into (13.23) we obtain

τ = τ ′ + i(V /c)x′√
1 − V 2

c2

t = t ′ + (V /c2)x′√
1 − V 2

c2
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x = x′ − i(V /c)τ ′√
1 − V 2

c2

x = x′ + Vt ′√
1 − V 2

c2

y = y′ y = y′
z = z′ z = z′

(13.27)

The results (13.27) are the well-known formulae for transformations of coordinates from
one inertial system of reference to another. They are called the Lorentz transformations.
In the special case when V � c, the Lorentz transformations are reduced into the so called
Galilei transformations of non-relativistic mechanics

t = t ′,

x = x′ + Vt,

y = y′,
z = z′.

(13.28)

Although the Galilei transformations are closer to our everyday experience than
the Lorentz transformations, they are not in accordance with the principle of rel-
ativity and they do not leave the metric form of the four-dimensional space-time
invariant.

Using (13.27), it is easy to construct the tensor of Lorentz transformations �m
n in the

following matrix form:

[
�m

n
] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1√
1− V 2

c2

V/c√
1− V 2

c2

0 0

V/c√
1− V 2

c2

1√
1− V 2

c2

0 0

0 0 1 0

0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (13.29)

The inverse of the tensor�m
n , denoted by (�m

n )
−1, is given in the following matrix form:

[
(�m

n )
−1
]

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1√
1− V 2

c2

− V/c√
1− V 2

c2

0 0

− V/c√
1− V 2

c2

1√
1− V 2

c2

0 0

0 0 1 0

0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (13.30)

and it is obtained from the tensor (13.29) by reversing the sign of the relative velocity V ,
that is, by putting V→− V . Thus, we may write
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∂xm

∂zn = (�m
n )

−1(V ) = �m
n (−V ). (13.31)

It is easily shown, by direct multiplication of the matrices (13.29) and (13.30), that

�m
k (�

k
n)

−1 = δm
n . (13.32)

13.5 Velocity and Acceleration Vectors
In the special theory of relativity, the time differential dt is not a scalar invariant, and the
usual definition of the three-dimensional velocity

vα = dxα

dt
(α = 1, 2, 3), (13.33)

is less useful, since it does not behave as a vector with respect to the transformations from
one inertial system of reference to another. Therefore, we introduce a four-velocity, as a
contravariant vector

um = Dxm

ds
= dxm

ds
(m = 0, 1, 2, 3). (13.34)

On the other hand, by definition, we have

ds2 = gmn dxm dxn = c2 dt2 + gαβ dxα dxβ

= c2dt2 − dx2 − dy2 − dz2, (13.35)

and the square of the intensity of the three-dimensional velocity is given by

v2 = dx2 + dy2 + dz2

d2
= −gαβvαvβ . (13.36)

From (13.35) with (13.36), we obtain

ds2 = c2 dt2
(

1 − v2

c2

)
= c2 dt2

(
1 + gαβvαvβ

c2

)
. (13.37)

Substituting (13.37) into (13.34), we obtain

um = dxm

c dt
√

1 − v2

c2

(m = 0, 1, 2, 3). (13.38)

The temporal zeroth component of the four-velocity is then given by

u0 = 1√
1 − v2

c2

, (13.39)

and the three spatial components of the four-velocity are given by

uα = vα

c
√

1 − v2

c2

. (13.40)
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From (13.39) and (13.40) we conclude that the components of four-velocity are not
independent on each other, but satisfy the equality

umum = gmnumun = gmn dxm dxn
ds2 = 1, (13.41)

since we have

ds2 = gmn dxm dxn. (13.42)

The four-acceleration of a particle is defined as a contravariant vector

wm = Dum

ds
= dum

ds
(m = 0, 1, 2, 3) (13.43)

Using here (13.38), we may write

wm = 1

c
√

1 − v2

c2

dum

dt
, (13.44)

or

wm = 1

c2
√

1 − v2

c2

d
dt

1√
1 − v2

c2

dxm

dt
. (13.45)

The temporal zeroth component of the four-acceleration is then given by

w0 = 1

c
√

1 − v2

c2

d
dt

1√
1 − v2

c2

, (13.46)

and the three spatial components of the four-acceleration are given by

wα = 1

c2
√

1 − v2

c2

d
dt

vα√
1 − v2

c2

. (13.47)

From (13.41), we conclude that the vector of four-acceleration is always orthogonal to the
vector of four-velocity. This can be shown by differentiating (13.41) with respect to the
metric, that is,

d
ds

(
gmnumun) = gmn

dum

ds
un + gmnum dun

ds
= 0,

gmn
dum

ds
un + gnm

dun

ds
um = 2gmn

dum

ds
un = 0, (13.48)

gmnwmun = wnun = 0.

Thus, the vectors wn and un are indeed orthogonal to each other.





14
Relativistic Phenomena

14.1 Introduction
The principle of relativity gives rise to a major change in our understanding of space and
time. This change is reflected in a number of relativistic phenomena that contradict our
everyday experience. The main idea behind all of these phenomena is the claim that the
observers, in relative motion with respect to each other, have different perceptions of
space and time. The objective of this chapter is to provide a brief discussion of some of
the most important relativistic phenomena.

14.2 Time Dilatation
According to the principle of relativity, two identical clocks attached to two different
observers, in relative motion with respect to each other, tick at different rates and
consequently provide different results for the time interval between two given events. The
relativistic time dilatation is the observation that the measured time interval between two
events appears to have a minimum value in the inertial system in which the measuring
clock is at rest. That minimum time interval in the rest frame of the clock is usually referred
to as proper time interval.

In order to describe the phenomenon of time dilatation mathematically, we consider
two systems of reference denoted by K and K ′, which move with respect to each other
along the common x-axis with some constant velocity V , as depicted in Figure 13.1.

The times in the two coordinate systems K and K ′ are denoted by t and t′, respectively,
and we assume that the origins of the coordinate systems K and K ′ coincide at a
synchronized time instant t = t′ = 0. Let us now attach a stationary clock to the origin of
the coordinate system K ′, moving with constant velocity V with respect to the origin of the
coordinate system K , along the common x-axis. In the coordinate system K ′ the stationary
clock ticks with the proper time period �t′ = t′

2 − t′
1. On the other hand, when observed

from the coordinate system K , the same clock ticks with some other period�t = t2 − t1.
Next we choose the first tick of the moving clock to occur at the time instant t = t′ = 0

when the origins of the two coordinate systems K and K ′ coincide, whereby we define the
first event (A) with coordinates

xm
A = {0, 0, 0, 0} , x

′m
A = {0, 0, 0, 0} , (14.1)

in reference frames K and K ′, respectively. As the second event (B), we choose the next tick
of the clock with coordinates
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xm
A = {c�t, V�t, 0, 0} , x

′m
A = {

c�t ′, 0, 0, 0
}

, (14.2)

in reference frames K and K ′, respectively. In the first of equations (14.2) we note
that in the coordinate system K , after the time period �t the moving clock has the x-
coordinate V�t. By definition (13.6) the metric intervals between the events A and B are
given by

sAB =
[

c2�t2 − V 2�t2
]1/2

, s′
AB = c�t ′, (14.3)

in reference frames K and K ′, respectively. By the principle of relativity (13.18) we know
that the metric interval is invariant such that

sAB = c�t

√
1 − V 2

c2 = c�t ′ = s′
AB, (14.4)

or

�t = �t ′√
1 − V 2

c2

> �t ′, 0 < V < c. (14.5)

From the result (14.18) we readily see that the time interval �t′ in the rest frame K ′ is
smaller than the corresponding time interval measured in any other reference frame K
moving with relative speed V (0 < V < c) with respect to K ′. Thereby we confirm that the
measured time interval between two given events indeed appears to have a minimum
value in the rest frame of the measuring clock.

For example, the result (14.18) implies that an Earth-bound observer (reference frame
K ) would measure a considerably longer duration �t of a trip taken by a very fast space
traveler (V ∼ c) as compared to the duration of the same trip �t′ measured by the clock
attached to the space traveler herself (reference frame K ′).

14.3 Length Contraction
Another interesting consequence of the principle of relativity is that the length of an object
does not have an absolute meaning. The length of an object depends on its motion with
respect to the coordinate system in which it is measured. The relativistic length contraction
is the observation that the length of a moving object, measured along the direction of
motion, appears to have a maximum value in the inertial system in which the object is
at rest. Such a maximum length in the rest frame of the object is usually called the proper
length of the object (l0).

In order to describe the phenomenon of length contraction mathematically, we again
consider the two systems of reference denoted by K and K ′, as depicted in Figure 13.1.
The times in the two coordinate systems K and K ′ are denoted by t and t′, respectively,
and we once more assume that the origins of the coordinate systems K and K ′ coincide
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at a synchronized time instant t = t′ = 0. Let us now place a thin object (a rod) of proper
length l0 at rest along the x-axis of the coordinate system K , such that the first end of the
rod (A) is situated at the origin of K and the second end of the rod (B) is situated at the
spatial position x = �x = l0 in K .

As the first event (A) we now choose the passing of the origin of K ′ by the first end of the
rod (A). This occurs when the two origins of K and K ′ coincide, such that the coordinates
of that event are given by

xm
A = {0, 0, 0, 0} , x

′m
A = {0, 0, 0, 0} , (14.6)

in reference frames K and K ′, respectively. As the second event (B), we choose the passing
of the origin of K ′ by the second end of the rod (B). This occurs when the origin of K ′ has
traveled the length of the rod l (l �= l0) that we expect to measure in K ′. The time �t′, that
it takes to travel the length l between the two ends of the rod with a constant velocity V , as
measured in K ′, is given by

�t ′ = l
V
(�x′ = 0), (14.7)

where we note that in K ′ both events occur at the origin and the distance along the x-axis
between the events A and B is equal to zero. The time �t, that it takes to travel the proper
length �x = l0 between the two ends of the rod with a constant velocity V , as observed
from K , is given by

�t = �x
V

= l0

V
. (14.8)

The coordinates of the second event (B) in reference frames K and K ′, respectively, are
then

xm
B = {c�t,�x, 0, 0} =

{
c

l0

V
, l0, 0, 0

}
, (14.9)

and

x
′m
A = {

c�t ′, 0, 0, 0
} =

{
c

l
V

, 0, 0, 0
}

. (14.10)

The metric intervals (13.6) between events A and B in reference frames K and K ′,
respectively, are given by

sAB =
[

c2 l2
0

V 2 − l2
0

]1/2

, s′
AB = c

l
V

, (14.11)

Since the metric interval is invariant, we have

sAB = c
l0

V

√
1 − V 2

c2 = c
l

V
= s′

AB, (14.12)
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or

l = l0

√
1 − V 2

c2 < l0, 0 < V < c. (14.13)

From the result (14.13) we readily see that the proper length of the object l0 in the rest
frame K is larger than the length l measured in any other coordinate system K ′ moving
moving with relative speed V (0<V <c) with respect to K . Thereby we confirm that the
length of a moving object, measured along the direction of motion, indeed appears to have
a maximum value in the rest frame of the object. In other words, the result (14.13) implies
that a very fast spaceship (V ∼ c) appears for an Earth-bound observer to be considerably
shorter (i.e., contracted) along the direction of motion.

14.4 Relativistic Addition of Velocities
Consider again the two systems of reference K and K ′ depicted in Figure 13.1. Now we
assume that a point particle is moving with some arbitrary velocity v′

x(t) along the x′-axis
of the coordinate system K ′. The coordinate system K ′ itself is moving along the x-axis of
the coordinate system K with some constant velocity V . In classical mechanics one would
expect that the two velocities V and v′

x add to a resulting velocity vx observed from the
reference frame K , such that

vx = V + v′
x. (14.14)

It is obvious that this result cannot be valid in the relativistic mechanics, since a very fast
object (v′

x ∼ c) moving in the very fast coordinate system K ′ (V ∼ c) would appear to move
faster than light in the reference frame K . In order to find the correct formula for relativistic
addition of velocities, we use the Lorentz transformations (13.27), where we note that V is
constant, whereby

dt = dt ′ + (V /c2)dx′√
1 − V 2

c2

, dx = dx′ + V dt ′√
1 − V 2

c2

. (14.15)

Then, by definition of velocity, we obtain

vx = dx
dt

= dx′ + V dt ′

dt ′ + (V /c2)dx′ = (dx′/dt ′)+ V
1 + (V /c2)(dx′/dt ′)

, (14.16)

or finally

vx = v′
x + V

1 + (V /c2)v′
x

, (14.17)

which is the required relativistic formula for addition of velocities. For V << c, it is reduced
to the approximate classical formula (14.14), since in such a case (V · v′

x/c2) can be
neglected compared to unity in the denominator of the formula (14.17). From (14.17) we
also note that the largest possible speed of the point particle remains the speed of light, in
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any inertial frame of reference. Even when both v′
x = c and V = c, the resulting velocity is

vx = c and does not exceed the speed of light.

14.5 The Twin Paradox
The phenomenon of time dilatation gave rise to an apparent paradox, known as the
twin paradox. Suppose that two twins Mary and Kate are separated in such a way that
Mary travels with a very fast spaceship (V = 0.98 c) to a nearby star and returns after
�t′ = 10 years according to a clock attached to herself and thereby to her ship (reference
frame K ′). On the other hand, Kate remains on Earth (reference frame K ) and according to
(14.18) measures the time of Mary’s trip to be

�t = �t ′√
1 − V 2

c2

≈ 10 years
0.2

= 50 years. (14.18)

If the two twins were 30 years old at the time of separation, upon her return Mary would
be 40 years old whereas Kate would be double that age, that is 80 years old. Even though
this outcome is very counter-intuitive and psychologically shocking for a layman, there is
really no paradox here at all. It is just an example of the effect of time dilatation. In other
words, it is simply the way nature really works according to the principle of relativity.

On the other hand, according to the principle of relativity, there is nothing special about
the system of reference K where Kate spent the time period �t, compared to the system
of reference K ′ where Mary spent the time interval �t′. Any inertial frame of reference
can be chosen as “stationary” such that every other inertial frame of reference is “moving”
with respect to it. Thus, at a first glance, it seems to be possible to claim the opposite to
the above description of the Mary’s trip. One could argue that it was not Mary traveling
with velocity V = 0.98 c with respect to “stationary” Kate, but it was instead Kate that was
traveling with velocity V = −0.98 c with respect to “stationary” Mary. In such a case Kate
should be younger than Mary after the trip instead, since the sign of the relative velocity is
irrelevant in the analysis of the time dilatation phenomenon.

This situation gave rise to an apparent dilemma as to which of the two twins is older
after the trip. In the case of an even faster spaceship, the question might read, which of the
two twins is alive after the trip, given the normal age of the human beings. This apparent
dilemma was considered as a paradox by some early critics of the theory of relativity. The
detailed quantitative analysis of the above example of Mary and Kate, based on a specific
choice of trajectory of Mary’s spaceship, is not included here.

However, such a detailed quantitative analysis is really not needed to settle the issue,
at least in principle. It is sufficient to realize that it is not possible for Mary to travel to a
nearby star and return to Earth while staying in an inertial system of reference throughout
her entire journey.

The reciprocity between the two frames of reference K and K ′, used in the above
description of the twin paradox, is only valid if both reference frames remain inertial
during the entire time between the two observed events (departure and return of Mary’s
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spaceship). This, in turn, requires that the two reference frames K and K ′ are translated
with constant velocity V relative to each other throughout the entire journey. This require-
ment obviously cannot be satisfied by Mary if she is ever to return to Earth. Mary needs
to decelerate her ship, stop and then accelerate again in the opposite direction along the
same straight line. Alternatively, Mary could travel along a curved trajectory (e.g., a circle).
In both cases, the reference frame K ′ does not remain inertial during the entire trip.

Thus, there is no reciprocity between the two frames of reference K and K ′, and a
proper analysis of the problem at hand requires the application of the principles of the
general theory of relativity covered in the Chapter 18 of the present book. In conclusion,
as Kate remained in an inertial reference frame K between the two events (departure and
return of the Mary’s spaceship), she has indeed aged more than Mary in agreement with
the time dilatation effect described earlier.



15
Relativistic Dynamics

15.1 Lagrange Equations
Let us consider a free particle, that is, a particle that is not under the influence of
any forces. The equations describing the motion of this particle are obtained using the
variational principle. The action integral is defined by (11.4), that is,

I =
∫ SB

SA

L
(

xn,
dxn

ds

)
ds =

∫ SB

SA

L
(
xn, un) ds, (15.1)

where un is the four-velocity of the particle. The equations of motion of the particle are
obtained using the variational principle, that is, the condition that the variation of the
action integral is equal to zero, δI = 0. The Lagrange equations of motion of the particle
are given by (11.12) in the form

∂L
∂xn − d

ds

(
∂L
∂un

)
= 0 (n = 0, 1, 2, 3). (15.2)

Let us now define the form of the Lagrangian function for a free particle. Equations (15.2),
derived using the variational principle applied to the action integral (15.1), are equal in
all inertial systems of reference and the action integral is a scalar invariant with respect to
the Lorentz transformations (13.29). Thus, the Lagrange function L itself is also a scalar
invariant. Due to the homogeneity of the four-dimensional space-time in the inertial
frames of reference, the Lagrange function cannot be a function of space-time coordinates
xn. Thus, we may write

L = L(un) (n = 0, 1, 2, 3). (15.3)

The only invariant which can be created using the four-velocity vector un is given by

unun = gknukun = 1 (k, n = 0, 1, 2, 3). (15.4)

Thus, the action integral of a free particle is simply proportional to the arc length in the
four-dimensional space-time manifold, that is,

I = −m c
∫ SB

SA

ds = −m c
∫ SB

SA

√
gkn

dxk

ds
dxn

ds
ds, (15.5)

where m is a mass parameter of the free particle. From (15.5) we see that the Lagrangian
function is given by the expression

L = −m c
√

gknukun. (15.6)
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Using the Lagrangian (15.6) we may write

∂L
∂un = ∂

∂un

[
−m c

(
gkju

kuj
)1/2

]

= −1
2

m c
(

gkju
kuj

)−1/2 (
gknuk + gnju

j
)

. (15.7)

Using here gkjukuj = 1 and the symmetry of the metric tensor gnj = gjn we obtain

∂L
∂un = −1

2
m c 2 gknuk = −m c gknuk = −m c un. (15.8)

Thus, we may write

− d
ds

∂L
∂un = m c

dun

ds
. (15.9)

Using the Lagrangian (15.6) we may also write

∂L
∂xn = 0. (15.10)

Substituting (15.9) and (15.10) into the Lagrange equations (15.2), we obtain

m c
dun

ds
= d

ds
(m c un) = 0. (15.11)

The equations of motion of a free particle are then given in the following form:

wn = dun

ds
= 0 (n = 0, 1, 2, 3). (15.12)

From (15.12) we see that a free particle moves along a straight line with constant velocity.
Let us now investigate the non-relativistic limit of the action integral (15.5) when the

particles are moving with low velocities (v � c). If we substitute (13.37) into (15.5) we
obtain

I = −m c2
∫ tB

tA

√
1 − v2

c2 dt =
∫ tB

tA

LT
(
xα, vα

)
dt, (15.13)

where LT is a Lagrangian defined with respect to the non-scalar time variable t, given by

LT
(
xα, vα

) = −m c2

√
1 − v2

c2 = −m c2

√
1 + gαβvαvβ

c2 (15.14)

In the non-relativistic limit of particles moving with low velocities (v � c), we may use the
approximation √

1 − v2

c2 ≈ 1 − v2

2 c2 . (15.15)

Substituting (15.15) into (15.13) we obtain

I =
∫ tB

tA

(
−m c2 + 1

2
m v2

)
dt. (15.16)
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Thus, the non-relativistic approximation of the Lagrangian LT can be written as follows:

LT
(
xα, vα

) ≈ 1
2

m v2 − m c2. (15.17)

As the non-relativistic Lagrangian is defined up to an arbitrary additive constant, the
second term in (15.17) does not contribute to the non-relativistic equations of motion and
can be dropped in the non-relativistic applications. Its physical significance in the special
theory of relativity will be discussed later in this chapter. Thus, the action integral (15.5)
has the proper non-relativistic limit.

15.2 Energy-Momentum Vector
15.2.1 Introduction and Definitions

In the non-relativistic mechanics there is a number of constants of motion. These include
the energy and the momentum of the particle. The objective of this section is to define the
energy and the momentum of a particle in the framework of the special theory of relativity.
Let us start with the action integral (15.13), in the form

I =
∫ tB

tA

LT
(
xα, vα

)
dt. (15.18)

The Lagrange equations of motion of a particle , analogous to (11.12), defined in terms of
the Lagrangian LT with the non-scalar time variable t as the parameter, are given by

∂LT

∂xα
− d

dt

(
∂LT

∂vα

)
= 0 (α = 1, 2, 3). (15.19)

Let us now calculate the total time derivative of the Lagrangian LT as follows:

dLT

dt
= ∂LT

∂xα
dxα

dt
+ ∂LT

∂vα
dvα

dt
. (15.20)

Using here the equations of motion (15.19) and the definition of the three-dimensional
velocity (13.33), we obtain

dLT

dt
= d

dt

(
∂LT

∂vα

)
vα + ∂LT

∂vα
dvα

dt
= d

dt

(
∂LT

∂vα
vα
)

. (15.21)

The result (15.21) can be rewritten in the form

d
dt

(
∂LT

∂vα
vα − LT

)
= 0. (15.22)

Thus, the quantity

E = ∂LT

∂vα
vα − LT = Constant (15.23)

is a constant of motion. The quantity (15.23) can be recognized from the non-relativistic
mechanics as the total energy of the particle. Let us also define the momentum pα ,
conjugate to the coordinate xα , as follows:
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�p = ∂LT

∂�v ⇒ pα = −gαβ
∂LT

∂vβ
⇒ pα = −∂LT

∂vα
(15.24)

where {
pα
} = {

px, py , pz
}

,
{

pα
} = {−px , −py , −pz

}
(15.25)

Substituting (15.24) into (15.23) we obtain

E = −pαvα − LT = −gαβ pαvβ − LT = �p · �v − LT . (15.26)

Using the definition (15.14) of the Lagrangian LT , we can calculate

pα = −∂LT

∂vα
= m c2 ∂

∂vα

(
1 + gνβvνvβ

c2

)1/2

, (15.27)

or

pα = m c2 1
2

(
1 + gνβvνvβ

c2

)−1/2
1
c2 gνβ

∂

∂vα
(
vνvβ

)
(15.28)

Using the symmetry of the metric tensor gνβ = gβν , we obtain

pα = m
1
2

(
1 + gνβvνvβ

c2

)−1/2

2 gαβvβ . (15.29)

Using vα = gαβ vβ , we finally obtain

pα = m vα√
1 − v2

c2

⇒ pα = m vα√
1 − v2

c2

. (15.30)

Substituting (15.30) and (15.14) into (15.26), we obtain the total energy of the particle as
follows:

E = − m vαvα√
1 − v2

c2

+ m c2

√
1 − v2

c2 = m v2√
1 − v2

c2

+ m c2

√
1 − v2

c2

= m c2√
1 − v2

c2

− m
(
c2 − v2

)
√

1 − v2

c2

+ m c2

√
1 − v2

c2

= m c2√
1 − v2

c2

− m c2

√
1 − v2

c2 + m c2

√
1 − v2

c2 = m c2√
1 − v2

c2

. (15.31)

Thus, the total energy of the particle is given by

E = m c2√
1 − v2

c2

. (15.32)

The particle at rest with v = 0 has the so-called rest energy E0 given by

E0 = m c2. (15.33)
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The kinetic energy of the particle is obtained if the rest energy (15.33) is subtracted from
the total energy (15.32). Thus, we obtain

EK = E − E0 = m c2

⎛
⎝ 1√

1 − v2

c2

− 1

⎞
⎠ . (15.34)

For the particles moving with low velocities (v � c), we may write

1√
1 − v2

c2

≈ 1 + v2

2 c2 . (15.35)

Substituting (15.35) into (15.34) we obtain

EK = 1
2

m v2. (15.36)

In the same approximation (v � c), the components of the momentum of the particle are
given by

pα = m vα . (15.37)

The approximate results (15.36) and (15.37) are the well-known non-relativistic expres-
sions for the kinetic energy and the momentum of a moving particle, respectively.

15.2.2 Transformations of Energy-Momentum

The results for the momentum of the free particle (15.30) and the energy of the free particle
(15.32) were derived from the Lagrangian LT , defined with respect to the non-scalar time
variable t, in a non-covariant way. Now we want to define the energy and momentum as
the constants of motion using the covariant Lagrangian L given by (15.6). In analogy with
the definitions (15.24), we now define the energy-momentum four-vector pn with following
covariant and contravariant components:

pn = − ∂L
∂un = m c un ⇒ pn = − ∂L

∂un
= m c un (15.38)

From (15.11) we see that the four components of the energy-momentum of a free particle
satisfy the equations

dpn

ds
= 0 (n = 0, 1, 2, 3). (15.39)

Thus, for a free particle the four components of the energy-momentum four-vector
are conserved. Using here (13.39), we obtain the temporal zeroth component of the
energy-momentum vector, which is proportional to the energy E of the particle, in
the form

p0 = m c u0 = m c√
1 − v2

c2

= E
c

, (15.40)
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where the energy of the particle is given by (15.32). Furthermore, using (13.40), we obtain
the three spatial components of the energy-momentum four-vector, which are equal to
the components of the three-dimensional momentum of the particle pα given by (15.30),
that is,

pα = m c uα = m vα√
1 − v2

c2

. (15.41)

From the results (15.40) and (15.41), we see that the energy and momentum of a particle
are not two independent quantities as in the non-relativistic mechanics. In the relativistic
mechanics they are components of the same four-vector. It should be noted that the
constant of motion analogous to the non-relativistic result (15.23), is identically equal
to zero

∂L
∂un un − L = −pnun − L ≡ 0. (15.42)

The energy-momentum vector as a four-vector, transforms with respect to the transforma-
tions from one inertial system of reference to another, according to the transformation law

pk = �k
np′n, (15.43)

where pk are the components of the energy-momentum tensor in the inertial system of
reference K , while p′k are the components of the energy-momentum tensor in the inertial
system of reference K ′ moving along the common x-axis with a velocity V with respect to
K . Using here the explicit form of the tensor�k

n given by (13.29), we obtain

E = 1√
1 − V 2

c2

(E ′ + Vp′
x
)

,

px = 1√
1 − V 2

c2

(
p′

x + V
c2 E ′

)
, (15.44)

py = p′
y ,

pz = p′
z.

Using (15.38) with (13.41) we obtain

pnpn = m2 c2 unun = m2c2. (15.45)

From (15.45) we may write

E2

c2 + pαpα = m2c2. (15.46)

From the results (15.25) for the components of the three-dimensional momentum vector,
we may write

pαpα = gαβpαpβ = −�p · �p = −p2. (15.47)
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Substituting (15.47) into (15.46), we obtain

E2

c2 − p2 = m2c2. (15.48)

The relation between the energy and the three-dimensional momentum of a particle then
becomes

E = c
√

p2 + m2c2. (15.49)

The function (15.49) is usually called the Hamiltonian of the particle and it is denoted by
H . Thus, we may write

H = c
√

p2 + m2c2 =
√

p2c2 + m2c4, (15.50)

being the most usual definition of the Hamiltonian of a particle.

15.2.3 Conservation of Energy-Momentum

The conservation law of the momentum of a particle is a consequence of the homogeneity
of space and the conservation law of the energy of a particle is a consequence of the
homogeneity of time. Due to the homogeneity of space-time, the mechanical properties
of a free particle remain unchanged after the translation of a particle from a point with
coordinates xn to a point with coordinates xn + λn, where λn is an infinitesimally small
constant four-vector. Thus, the Lagrange function must be invariant with respect to this
translation and its variation must be zero. Therefore, we may write

δL = ∂L

∂xk
δxk = ∂L

∂xk
λk = 0. (15.51)

Using here the equations of motion (15.2) we obtain

δL = d
ds

[
∂L

∂uk

]
λk = 0. (15.52)

Since λn is a non-zero infinitesimal four-vector, the expression (15.52) gives

− d
ds

[
∂L

∂uk

]
= 0. (15.53)

Using now (15.38) we obtain

− d
ds

∂L
∂un = m c

dun

ds
= dpn

ds
= 0. (15.54)

The expression (15.54) then gives

dpn

ds
= 1

c
√

1 − V 2

c2

dpn

dt
= 0 ⇒ pn = Constant. (15.55)
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Thus, we obtain the three-dimensional momentum conservation law

d�p
dt

= 0 ⇒ �p = Constant, (15.56)

and the energy conservation law

dE
dt

= 0 ⇒ E = Constant. (15.57)

15.3 Angular Momentum Tensor
In the relativistic mechanics the angular momentum tensor is defined by the expression

Mnk = xnpk − xkpn (k, n = 0, 1, 2, 3). (15.58)

Only the spatial components of the angular momentum tensor with (k, n = 1, 2, 3) have a
physical meaning and coincide with the usual definition of the angular momentum in the
non-relativistic mechanics. In the non-relativistic mechanics it is customary to form an
axial three-dimensional angular momentum vector

Mν = 1
2

eναβMαβ = eναβxαpβ (α,β = 1, 2, 3) (15.59)

or in the classical vector notation

�M =
∣∣∣∣∣∣

�1 �2 �3
x1 x2 x3
p1 p2 p3

∣∣∣∣∣∣ = �r × �p. (15.60)

The conservation law of the angular momentum tensor (15.58) is a consequence of
the isotropic nature of the four-dimensional space-time. The three-dimensional angular
momentum conservation law is a consequence of the isotropic nature of the three-
dimensional space. Due to the isotropic nature of the four-dimensional space-time,
the mechanical properties of a free particle remain unchanged after rotations in the
four-dimensional space-time. Let us consider the special case of a rotation for some
angle θ about the 3-axis in the three-dimensional space. Then the relation between the
coordinates zm in the rotated inertial system of reference K ′ and the coordinates xk in the
original inertial system of reference K is given by

zn = 
n
j xj (j, n = 0, 1, 2, 3). (15.61)

Using (5.40) we may rewrite (15.61) in the matrix form

⎡
⎢⎢⎣

z0

z1

z2

z3

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1 0 0 0
0 cos θ sin θ 0
0 − sin θ cos θ 0
0 0 0 1

⎤
⎥⎥⎦
⎡
⎢⎢⎣

x0

x1

x2

x3

⎤
⎥⎥⎦ . (15.62)

If we now consider the rotation for some infinitesimal angle δθ ≈ 0, then we have

cos δθ ≈ 1, sin δθ ≈ δθ . (15.63)
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Substituting (15.63) into (15.62) we obtain
⎡
⎢⎢⎣

z0

z1

z2

z3

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

1 0 0 0
0 1 δθ 0
0 −δθ 1 0
0 0 0 1

⎤
⎥⎥⎦
⎡
⎢⎢⎣

x0

x1

x2

x3

⎤
⎥⎥⎦ , (15.64)

or

zn = xn + δ
n
j xj = xn + δ
nkgkjx

j = xn + δ
nkxk, (15.65)

where δ
n
j is a mixed tensor defined by the following antisymmetric matrix:

[
δ
n

j

]
=

⎡
⎢⎢⎣

0 0 0 0
0 0 δθ 0
0 −δθ 0 0
0 0 0 0

⎤
⎥⎥⎦ . (15.66)

Using here (13.9) and (13.12), we obtain the covariant coordinates xk of the four-
dimensional space-time in matrix form

[
xk
] = [

gjk
] [

xj
]

=

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦
⎡
⎢⎢⎣

x0

x1

x2

x3

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

x0

−x1

−x2

−x3

⎤
⎥⎥⎦ . (15.67)

We can also calculate the components of the antisymmetric contravariant tensor δ
nk in
matrix form as follows: [

δ
nk
]

=
[

gjk
] [
δ
n

j

]
, (15.68)

or

[
δ
nk

]
=

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦
⎡
⎢⎢⎣

0 0 0 0
0 0 δθ 0
0 −δθ 0 0
0 0 0 0

⎤
⎥⎥⎦ . (15.69)

Thus, we finally obtain the matrix form of the antisymmetric contravariant tensor δ
nk as
follows:

[
δ
nk

]
=

⎡
⎢⎢⎣

0 0 0 0
0 0 −δθ 0
0 δθ 0 0
0 0 0 0

⎤
⎥⎥⎦ . (15.70)

For an arbitrary infinitesimal rotation, the contravariant tensor δ
nk has a more complex
form compared to the simple matrix (15.70), but it is always an antisymmetric tensor.
Thus, we always have

δ
nk = −δ
kn (k, n = 0, 1, 2, 3), (15.71)

and the most general infinitesimal rotation of the coordinates is given by the following
transformation relations:
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zn = xn + δxn, δxn = δ
nkxk. (15.72)

The most general infinitesimal rotation of four-velocity vector is given by the following
transformation relations:

u′n = un + δun, δun = δ
nkuk. (15.73)

The Lagrange function of a particle L(xn, un) must be invariant with respect to this
infinitesimal rotation, that is, we must have δL = 0. Let us now calculate the variation of
the Lagrangian L with respect to the infinitesimal rotations (15.72) and (15.73), that is,

δL = ∂L
∂xn δxn + ∂L

∂un δun = 0, (15.74)

or

δL = ∂L
∂xn δ


nkxk + ∂L
∂un δ


nkuk = 0. (15.75)

Substituting the equations of motion (15.2) into (15.75) we obtain

δL = δ
nk
[

d
ds

(
∂L
∂un

)
xk + ∂L

∂un uk

]
= 0. (15.76)

Using the definition of the energy-momentum four-vector (15.38) and the definition of the
four-velocity (13.34), we obtain

δL = −δ
nk
[

dpn

ds
xk + pn

dxk

ds

]
= − d

ds

(
δ
nkpnxk

)
= 0. (15.77)

Using here the antisymmetry of the tensor δ
nk, (15.77) becomes

δL = −1
2
δ
nk d

ds

(
pnxk − pkxn

) = 1
2
δ
nk dMnk

ds
= 0. (15.78)

From (15.78), as a direct consequence of the isotropic nature of the space-time, we obtain
the conservation law of the angular momentum tensor, that is,

dMnk

ds
= 0 ⇒ dMnk

dt
= 0 ⇒ Mnk = Constant (15.79)

The spatial part of this conservation law for (n, k = 1, 2, 3), that is,

Mν = eναβxαpβ = Constant (15.80)

is the usual conservation law of the three-dimensional angular momentum vector.



16
Electromagnetic Fields

16.1 Electromagnetic Field Tensor
The electromagnetic field in the four-dimensional space-time is described by a four-vector

An = An(xk), (16.1)

which is called the potential of the electromagnetic field. The temporal component of this
four-vector is defined by

A0 = ψ(xk)

c
, (16.2)

where ψ(xk) is the electric scalar potential. The three spatial components of this four-
vector

Aα = Aα(xk), (16.3)

constitute the so called magnetic vector potential. Thus, we may write

An =
{

1
c
ψ , Ax, Ay , Az

}

An = gnkAk =
{

1
c
ψ , −Ax, −Ay , −Az

}
. (16.4)

The action for a particle with mass m and charge q moving in the electromagnetic field
defined by An(xk) is then given by

I = IS + IQ, (16.5)

where IS is the action for a free particle given by

IS = −m c
∫ SB

SA

√
gknukun ds, (16.6)

and IQ is the action describing the interaction of the charged particle with the electro-
magnetic field defined by the four-vector An(xk). The simplest invariant action that can
be constructed using four-vectors An(xk) and un, describing the electromagnetic field and
the motion of the particle respectively, is given by

IQ = −q
∫ SB

SA

gknAkun ds = −q
∫ SB

SA

Anun ds. (16.7)

Substituting (16.6) and (16.7) into (16.5) we obtain

I = −
∫ SB

SA

(
m c

√
gknukun + qAnun

)
ds. (16.8)
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The Lagrangian of the charged particle moving in the electromagnetic field defined by
An(xk) is then given by

L = −m c
√

gknukun − qAnun. (16.9)

Using (16.9) we obtain

∂L

∂xk
= −q

∂An

∂xk
un, (16.10)

and

d
ds

(
∂L

∂uk

)
= − d

ds

(
m c uk + qAk

)
. (16.11)

Substituting (16.10) and (16.11) into the Lagrange equations (15.2) gives

d
ds

(
m c uk + qAk

) = q
∂An

∂xk
un, (16.12)

or

m c
duk

ds
= q

(
∂An

∂xk
− ∂Ak

∂xn

)
un. (16.13)

In (16.13) we define the covariant electromagnetic field tensor Fkn as follows:

Fkn = ∂An

∂xk
− ∂Ak

∂xn = ∂kAn − ∂nAk. (16.14)

By definition (16.14), the covariant electromagnetic field tensor Fkn is an antisymmetric
tensor and it satisfies

Fkn = −Fnk (k, n = 0, 1, 2, 3). (16.15)

Substituting (16.14) into (16.13) we obtain the equations of motion of a charged particle in
the electromagnetic field

m c
duk

ds
= q Fknun. (16.16)

Using the definition of four-momentum pk = m c uk in (16.16) we may write

dpk

ds
= q Fknun. (16.17)

Let us now demonstrate that the three spatial equations (16.17) in the three-
dimensional vector notation are equal to the well-known expression for the Lorentz force.
Equation (16.17) for the three spatial components (α = 1, 2, 3) has the form

dpα
ds

= q Fαnun = q Fα0u0 + q Fαβuβ . (16.18)

Using (13.37), (13.39), and (13.40) here, we obtain

dpα
dt

= q c Fα0 + q Fαβvβ . (16.19)
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We then define the three-dimensional electric field vector denoted by Eα and the three-
dimensional magnetic induction vector denoted by Bν , as follows:

Fα0 = Eα
c

, Fα0 = Eα

c
Fαβ = −eαβνBν , Fαβ = −eαβνBν (16.20)

where {
Eα
} = {

Ex, Ey , Ez
}

, {Eα} = {−Ex, −Ey , −Ez
}

(16.21){
Bα
} = {

Bx, By , Bz
}

, {Bα} = {−Bx, −By , −Bz
}

Substituting (16.20) into (16.19) we obtain

dpα
dt

= qEα − q eαβνvβBν . (16.22)

Using here pα = {−px, −py, −pz
}

, vα = {vx, vy , vz
}

and the expressions (16.21) for the com-
ponents of the vectors �E and �B, (16.22) gives

−dpx

dt
= −qEx − q

(
vyBz − vzBy

)

−dpy

dt
= −qEy − q (vzBx − vxBz) (16.23)

−dpz

dt
= −qEz − q

(
vxBy − vyBx

)

Thus, we obtain the familiar expression for the Lorentz force in the three-dimensional
vector notation, as follows:

d�p
dt

= q�E + q �v × �B. (16.24)

Using the definitions (16.20), the covariant electromagnetic field tensor Fkn can be
written in the following matrix form:

[
Fkn

] =

⎡
⎢⎢⎣

0 Ex/c Ey/c Ez/c
−Ex/c 0 −Bz By
−Ey/c Bz 0 −Bx
−Ez/c −By Bx 0

⎤
⎥⎥⎦ . (16.25)

The mixed electromagnetic field tensor Fk
n is given by

Fk
n = gkjFjn (j, k, n = 0, 1, 2, 3). (16.26)

and it can be written in the following matrix form:

[
Fk

n

]
=
[

gkj
] [

Fjn
] =

⎡
⎢⎢⎣

0 Ex/c Ey/c Ez/c
Ex/c 0 Bz −By
Ey/c −Bz 0 Bx
Ez/c By −Bx 0

⎤
⎥⎥⎦ (16.27)
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The contravariant electormagnetic field tensor Fkn is given by

Fkn = gkjFjlg
ln = Fk

l gln (j, k, l, n = 0, 1, 2, 3) (16.28)

and it can be written in the following matrix :

[
Fkn

]
=
[

Fk
l

] [
gln
]

=

⎡
⎢⎢⎢⎣

0 −Ex/c −Ey/c −Ez/c

Ex/c 0 −Bz By

Ey/c Bz 0 −Bx

Ez/c −By Bx 0

⎤
⎥⎥⎥⎦ (16.29)

As the next step, let us now calculate the electric field vector �E in terms of the potentials of
the electromagnetic field (16.1). By definition (16.14) of the tensor Fkn, we have

Eα = c Fα0 = c
(
∂A0

∂xα
− ∂Aα
∂x0

)
. (16.30)

Using now ψ = c A0 and x0 = c t we obtain

Eα = ∂ψ

∂xα
− ∂Aα

∂t
, (16.31)

or

Eα = gαβ
∂ψ

∂xβ
− ∂Aα

∂t
= (

gradψ
)α − ∂Aα

∂t
. (16.32)

The contravariant components of the four-dimensional gradient of a scalar functionψ are
given by

gkn ∂ψ

∂xn =
{

1
c
∂ψ

∂t
, −gradxψ , −gradyψ , −gradzψ

}
(16.33)

Using (16.33) for (α = 1, 2, 3), we obtain the relation between the electric field vector
�E and the potentials of the electromagnetic field (16.1), in the three-dimensional vector
notation

�E = −∂ �A
∂t

− gradψ . (16.34)

Let us now calculate the magnetic induction vector �B in terms of the potentials of the
electromagnetic field (16.1). By definition (16.14) of the tensor Fkn, we have

Fαβ = ∂αAβ − ∂βAα =
(
δσα δ

τ
β − δσβ δ

τ
α

)
∂σAτ =

eναβeνστ ∂σAτ = eαβνeνστ ∂σAτ = −eαβνBν
(16.35)

where we have used the identity (10.45) in the form

eναβeνστ = δσα δ
τ
β − δσβ δ

τ
α , (16.36)

From (16.35) we obtain

Bν = −eνστ ∂σAτ . (16.37)
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Using (16.37) and the definition of the curl of the vector �A, we may write

Bx = −
[
∂(−Az)

∂y
− ∂(−Ay)

∂z

]
= ∂Az

∂y
− ∂Ay

∂z
= curlx �A

By = −
[
∂(−Ax)

∂z
− ∂(−Az)

∂x

]
= ∂Ax

∂z
− ∂Az

∂x
= curly �A

Bz = −
[
∂(−Ay)

∂x
− ∂(−Ax)

∂y

]
= ∂Ay

∂x
− ∂Ax

∂y
= curlz �A (16.38)

Equations (16.38) written in the three-dimensional vector notation give

�B = curl�A. (16.39)

The result (16.39) is the familiar relation between the magnetic induction vector �B and the
magnetic vector potential of the electromagnetic field (16.3).

The temporal zeroth component of (16.16) gives

m c2 du0

ds
= q c F0αuα , (16.40)

or

d
dt

⎛
⎝ m c2√

1 − v2

c2

⎞
⎠ = d

dt

⎛
⎝ m c2√

1 − v2

c2

− m c2

⎞
⎠ = q c F0αvα . (16.41)

From (16.20) we see that c F0αvα = �E · �v. Thus, we finally obtain

dEK

dt
= q �E · �v. (16.42)

Equation (16.42) is the statement that the change of the kinetic energy EK of a charged
particle in the electromagnetic field is equal to the work done by the electric field �E. The
work done by the magnetic field is identically equal to zero, since the force of the magnetic
field q �v × �B is always perpendicular to the direction of the velocity �v.

16.2 Gauge Invariance
From the result (16.24) we see that, by measurements of the forces acting on a charged
particle in the electromagnetic field, we can measure the components of the three-
dimensional electric field vector �E and the three-dimensional magnetic induction vec-
tor �B. Thus, the components of the electromagnetic field tensor are observable physical
quantities which are uniquely defined. On the other hand, the components of the poten-
tial of the electromagnetic field (16.1) are not uniquely defined. From the definition of the
electromagnetic field tensor (16.14) we see that its components are invariant with respect
to the gauge transformations of the potential of the electromagnetic field

Ān = An + ∂φ

∂xn , (16.43)
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where φ is an arbitrary scalar function. Substituting (16.43) into (16.14), we obtain

F̄kn = ∂Ān

∂xk
− ∂Āk

∂xn = ∂An

∂xk
− ∂Ak

∂xn = Fkn. (16.44)

Thus, we need to impose an additional condition on the components of the potential of
the electromagnetic field in order to make it more precisely defined. Such condition is
usually called the gauge condition or simply the gauge of the theory. In the relativistic
electrodynamics the most commonly used gauge is the Lorentz gauge which requires that
the components of the potential of the electromagnetic field satisfy the equation

∂An

∂xn
= ∂An

∂xn = ∂A0

∂x0 + ∂Aα

∂xα
= div�A + 1

c2

∂ψ

∂t
= 0. (16.45)

When the Lorentz gauge (16.45) is adopted, then using (16.43) we obtain

∂Ān

∂xn
= ∂An

∂xn
+ ∂2φ

∂xn∂xn . (16.46)

As both potentials Ā(xk) and A(xk) satisfy the Lorentz condition (16.45), the arbitrary
function φ(xk)must satisfy the wave equation of the form

− ∂2φ

∂xn∂xn = ∇2φ − 1
c2

∂2φ

∂t2 = 0. (16.47)

Thus, φ(xk) is no longer an arbitrary scalar function but a solution to the wave equation
(16.47). It should be noted here that, even when we impose the Lorentz condition (16.45),
the components of the potential of the electromagnetic field are still not uniquely defined
and only the class of the allowed gauge transformations (16.43) is significantly reduced.

16.3 Lorentz Transformations and Invariants
The potential of the electromagnetic field Ak, as a four-vector, transforms with respect
to the transformations from one inertial system of reference to another according to the
transformation law

Ak = �k
nA′n (k, n = 0, 1, 2, 3), (16.48)

where Ak are the components of the energy-momentum tensor in the inertial system of
reference K , while A′n are the components of the energy-momentum tensor in the inertial
system of reference K ′ moving along the common x-axis with a velocity V with respect
to K . Using here the explicit form of the tensor�k

n given by (13.29), we obtain

ψ = 1√
1 − V 2

c2

(
ψ ′ + VA′

x
)

,

Ax = 1√
1 − V 2

c2

(
A′

x + V
c2ψ

′
)

, (16.49)

Ay = A′
y,

Az = A′
z.
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The transversal components of the vector �A remain unchanged and only the longitudinal
component is impacted by the transformation from the inertial system of reference K to
the inertial system of reference K ′, moving along the common x-axis with a velocity V with
respect to K .

The electromagnetic field tensor Fkn transforms from one inertial system of reference
to another, according to the law

Fjl = �k
j �

n
l F ′

kn (j, k, l, n = 0, 1, 2, 3), (16.50)

where Fjl are the components of the energy-momentum tensor in the inertial system
of reference K while F ′

kn are the components of the energy-momentum tensor in the
inertial system of reference K ′ moving along the common x-axis with a velocity V
with respect to K . Using here the explicit form of the tensor �k

n given by (13.29), we
obtain

F01 = �k
0�

n
1 F ′

kn = �0
0�

1
1F ′

01 +�1
0�

0
1F ′

10,

F02 = �k
0�

n
2 F ′

kn = �0
0�

2
2F ′

02 +�1
0�

2
2F ′

12,

F03 = �k
0�

n
3 F ′

kn = �0
0�

3
3F ′

03 +�1
0�

3
3F ′

13,

F23 = �k
2�

n
3 F ′

kn = �2
2�

3
3F ′

23,

F31 = �k
3�

n
1 F ′

kn = �3
3�

1
1F ′

31 +�3
3�

0
1F ′

30,

F12 = �k
1�

n
2 F ′

kn = �1
1�

2
2F ′

12 +�0
1�

2
2F ′

02.

(16.51)

Introducing here the notation

γ = 1√
1 − V 2

c2

⇒ γ 2
(

1 − V 2

c2

)
= 1, (16.52)

we may write

�0
0 = �1

1 = γ , �1
0 = �0

1 = V
c
γ , �2

2 = �3
3 = 1 (16.53)

Substituting (16.53) into (16.51), we obtain

F01 = γ 2
(

1 − V 2

c2

)
F ′

01 = F ′
01,

F02 = γF ′
02 + V

c γF ′
12,

F03 = γF ′
03 + V

c γF ′
13,

F23 = F ′
23,

F31 = γF ′
31 + V

c γF ′
30,

F12 = γF ′
12 + V

c γF ′
02.

(16.54)
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Using now the explicit form of the tensor Fkn given by (16.25), we have

Ex = E ′
x

Ey = γ
(

E ′
y − V B′

z

)
,

Ez = γ
(

E ′
z + V B′

y

)
,

Bx = B′
x

By = γ
(

B′
y + V

c2 E ′
z

)
,

Bz = γ
(

B′
z − V

c2 E ′
y

)
.

(16.55)

Thus, we finally obtain the transformation laws for the three-dimensional electric field
vector �E and the three-dimensional magnetic induction vector �B in the form

Ex = E ′
x, Ey = E ′

y − V B′
z√

1 − V 2

c2

, Ez = E ′
z + V B′

y√
1 − V 2

c2

(16.56)

Bx = B′
x, By = B′

y + V
c2 E ′

z√
1 − V 2

c2

, Bz = B′
z − V

c2 E ′
y√

1 − V 2

c2

(16.57)

The longitudinal components of the vectors �E and �B remain unchanged and only the
transversal components are impacted by the transformation from the inertial system of
reference K to the inertial system of reference K ′, moving along the common x-axis with a
velocity V with respect to K .

In order to find the invariants of the electromagnetic field, following the discussion
leading to (7.5), we form the secular equation for the electromagnetic field tensor in the
form

det(Fk
n − λδk

n) = 0, (16.58)

where λ is by definition a scalar invariant. Using here (16.27) and introducing for simplicity
a vector �e = �E/c, we obtain ∣∣∣∣∣∣∣∣

−λ ex ey ez
ex −λ Bz −By
ey −Bz −λ Bx
ez By −Bx −λ

∣∣∣∣∣∣∣∣
= 0. (16.59)

Expanding the expression (16.59) and adding together the terms of the same order in the
scalar parameter λ, we obtain

− λ
[
−λ

(
λ2 + B2

x

)
− Bz

(
λBz − BxBy

)− By
(
BzBx + λBy

)]

− ex

[
ex

(
λ2 + B2

x

)
− Bz

(−λey − Bxez
)− By

(−eyBx + λez
)]

+ ey
[
ex
(
λBz − BxBy

)+ λ
(−λey − Bxez

)− By
(
eyBy + ezBz

)]
− ez

[
ex
(
BzBx + λBy

)+ λ
(−eyBx + λez

)+ Bz
(
eyBy + ezBz

)] = 0 (16.60)
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or

λ4 + λ2B2
x + λ2B2

z − λBxByBz + λ2B2
y + λBxByBz

− λ2e2
x − e2

xB2
x − λexeyBz − exBxezBz − exBxeyBy + λexByez

+ λexeyBz − exBxeyBy − λ2e2
y − λBxeyez − e2

y B2
y − eyByezBz

− exBxezBz − λexByez + λBxeyez − λ2e2
z − eyByezBz − e2

z B2
z = 0. (16.61)

After regrouping and cancellation of all terms equal in magnitude but with opposite signs,
we obtain

λ4 + λ2
(

B2
x + B2

y + B2
z − e2

x − e2
y − e2

z

)
−
(

e2
xB2

x + e2
y B2

y

+e2
z B2

z + 2exBxeyBy + 2exBxezBz + 2eyByezBz

)
= 0. (16.62)

In the three-dimensional vector notation (16.62) becomes

λ4 + λ2
(

B2 − e2
)

−
(
�e · �B

)2 = 0. (16.63)

Using here �e = �E/c, we obtain

λ4 + λ2
(

B2 − E2

c2

)
−
( �E · �B

c

)2

= 0. (16.64)

Equation (16.64) can also be written in terms of the electromagnetic field tensor Fkn as
follows:

λ4 + λ2
(

1
2

FknFkn
)

−
(

1
8

ejklnFjkFln

)2

= 0. (16.65)

Since λ is an invariant absolute scalar, the quantity

1
2

FknFkn = B2 − E2

c2 = Invariant (16.66)

is an absolute invariant of the electromagnetic field. The quantity

1
8

ejklnFjkFln = �E · �B
c

= relative invariant (16.67)

is a relative invariant, since �B = curl�A is a relative axial vector. However, from (16.65) we see
that the square of the quantity (16.67) is also an absolute invariant of the electromagnetic
field. These are the only two scalar invariants that can be constructed using the electro-
magnetic field tensor Fkn.





17
Electromagnetic Field Equations

17.1 Electromagnetic Current Vector
Let us consider a system consisting of a number of charged particles moving in an
electromagnetic field specified by the electromagnetic potential four-vector

An = An(xk) (k, n = 0, 1, 2, 3). (17.1)

the electromagnetic field is a sum of terms (16.7), given by

IQ = −
∑
M

qM

∫ SB

SA

An dxn, (17.2)

where M is just a label for the Mth particle and not a tensor index. An explicit summation
sign is therefore required in (17.2). In the electromagnetic field theory it is usually assumed
that there is a continuous distribution of charges in the three-dimensional space, with the
charge density defined by

σ = dq
dV

, (17.3)

where the differential dV is an infinitesimal volume element of the three-dimensional
space. In such a case (17.2) can be written as follows:

IQ = −
∫

V
σdV

∫ SB

SA

An
dxn

dt
dx0

c
. (17.4)

Let us now introduce the four-dimensional volume element, defined by the expression

d� = dx0 dV = dx0 dx1 dx2 dx3. (17.5)

Since the four-dimensional space in the special theory of relativity is a pseudo-Euclidean
space, the four-dimensional volume element (17.5) is a scalar invariant. Substituting (17.5)
into (17.4), we obtain

IQ = −1
c

∫
�

σ
dxn

dt
An d�. (17.6)

Since the action integral (17.6) and the four-dimensional volume element (17.5) are both
scalar invariants and An is a covariant four-vector, the system defined by

Jn = σ
dxn

dt
, (17.7)

is a contravariant four-vector called the electromagnetic current vector. The temporal
component of the four-vector (17.7) is proportional to the charge density σ and is given
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by

J0 = c σ . (17.8)

The spatial components of the four-vector (17.7) constitute a three-dimensional current
density vector. It is the flux of the charge q through the element of the surface � that
surrounds the volume domain V of the three-dimensional space in which the charges are
distributed.

Jα = σvα = d3q
d�dt

. (17.9)

The components of the electromagnetic current vector can therefore be structured in the
form

Jn = {
cσ , Jx, Jy , Jz

}
,

Jn = gnkJk = {
cσ , −Jx , −Jy , −Jz

}
. (17.10)

Substituting (17.7) into (17.6) we obtain

IQ = −1
c

∫
�

JnAn d� = 1
c

∫
�

LQ d�, LQ = −JnAn, (17.11)

where LQ is the interaction Lagrangian density. Due to the electric-charge conservation
law, the charge density σ and the current density �J satisfy the continuity equation.
According to the electric-charge conservation law, the negative increment of the electric
charge q within a three-dimensional volume V is equal to the total flux of electric charges
through the boundary surface � of the volume V in the unit of time. Thus, in the three-
dimensional vector notation, we may write

− d
dt

∫
V
σdV =

∫
�

�J · d ��. (17.12)

Using here the three-dimensional Gauss theorem and regrouping, we obtain∫
V

(
∂σ

∂t
+ div�J

)
dV = 0. (17.13)

From (17.14), we obtain the differential continuity equation in the form

∂σ

∂t
+ div�J = 0. (17.14)

In the tensor notation, the result (17.14) becomes

∂Jn

∂xn = 0 (n = 0, 1, 2, 3). (17.15)

The continuity equation (17.15) is therefore related to the conservation law of the total
charge in the entire system, defined by

q =
∫

V
σ dV = 1

c

∫
V

J0 dV , (17.16)
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where V is the entire available volume of the system. Since there is no flux of electric
charges through the boundary surface� of the volume V of the entire system, the surface
integral in (17.12) vanishes and we see that the time derivative of the quantity (17.16) is
equal to zero.

17.2 Maxwell Equations
The objective of the present section is to derive the differential equations satisfied by the
electromagnetic field tensor and its components. From the definition of the electromag-
netic field tensor (16.14), that is,

Fkn = ∂An

∂xk
− ∂Ak

∂xn = ∂kAn − ∂nAk, (17.17)

we see that it satisfies the cyclic equation

∂jFkn + ∂nFjk + ∂kFnj = ∂j∂kAn − ∂j∂nAk

+∂n∂jAk − ∂n∂kAj + ∂k∂nAj − ∂k∂jAn = 0
(17.18)

Thus, the first differential equation satisfied by the electromagnetic field tensor is

∂Fkn

∂xj
+ ∂Fjk

∂xn + ∂Fnj

∂xk
= 0. (17.19)

When all three indices j, k and n are equal to each other (j = k = n), (17.19) is a trivial
identity since Fkn = 0 for k = n. When two of the indices j, k and n are equal to each
other (j = k or j = n or k = n), (17.19) is also a trivial identity due to the antisymmetry of
the electromagnetic field tensor Fkn = −Fnk. The only equations of interest are the four
equations obtained for j �= k �= n. Thus, we may write

∂F01

∂x2 + ∂F20

∂x1 + ∂F12

∂x0 = 0,

∂F01

∂x3 + ∂F30

∂x1 + ∂F13

∂x0 = 0, (17.20)

∂F02

∂x3 + ∂F30

∂x2 + ∂F23

∂x0 = 0,

∂F12

∂x3 + ∂F31

∂x2 + ∂F23

∂x1 = 0.

Using here the components of the covariant electromagnetic field tensor (16.25), we
obtain

∂Ex

∂y
− ∂Ey

∂x
+ ∂Bz

∂t
= 0,

∂Ex

∂z
− ∂Ez

∂x
+ ∂By

∂t
= 0, (17.21)
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∂Ey

∂z
− ∂Ez

∂y
+ ∂Bx

∂t
= 0,

∂Bz

∂z
+ ∂By

∂y
+ ∂Bx

∂x
= 0.

In the three-dimensional vector notation the result (17.21) gives the first pair of Maxwell
equations, that is,

curl�E + ∂ �B
∂t

= 0, div�B = 0. (17.22)

Thus, (17.19) is the four-dimensional form of the first pair of Maxwell equations.
In order to derive the second pair of Maxwell equations we need to define the action

of the electromagnetic field. The total action for a system consisting of a continuous
distribution of charged particles in the electromagnetic field is given by

I = IS + IQ + IF , (17.23)

where IS is the action for the free particle distribution that does not include the elec-
tromagnetic fields or potentials. Its explicit form is therefore not needed in the present
section. The term IQ is the action describing the interaction of the charge distribution
with the electromagnetic field and it is given by (17.11). The term IF is the action of the
free electromagnetic field which is an integral of an invariant scalar function called the
Lagrangian density LF over the entire three-dimensional volume V in the time interval
[tA, tB]. Thus, the action of the electromagnetic field is of the form

IF =
∫

V

∫ tB

tA

LF (An, ∂kAn) dV dt = 1
c

∫
�

LF (An, ∂kAn) d�. (17.24)

The invariant Lagrangian density function LF cannot depend on the potentials An as
they are not uniquely defined. It may only depend on the space-time derivatives of the
potentials ∂kAn, or in other words on the electromagnetic field tensor Fkn. Thus, we may
write

IF = 1
c

∫
�

LF (∂kAn) d� = 1
c

∫
�

LF (Fkn) d�. (17.25)

Furthermore, due to the linearity of the electromagnetic field equations, the invariant
Lagrangian density function LF must be at most a quadratic function of the electromag-
netic field tensor. The only field invariant that satisfies this condition is given by (16.66).
The invariant Lagrangian density LF is therefore given by

LF (Fkn) = − 1
4μ0

FknFkn = ε0E2

2
− B2

2μ0
. (17.26)

The invariant (16.66) can be multiplied by an arbitrary constant and we have chosen
this constant to be equal to (−2μ0)

−1 in order to secure the correct physical dimensions.

In (17.26) the quantities μ0 and ε0 = (
μ0c2)−1

are the vacuum magnetic permeabil-
ity and the vacuum electric permittivity, respectively. Substituting (17.26) into (17.25)
we obtain
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IF = − 1
4 cμ0

∫
�

FknFkn d� =
∫

V

∫ tB

tA

(
ε0E2

2
− B2

2μ0

)
dV dt. (17.27)

Substituting (17.11) and (17.27) into (17.23) we obtain the total action of the system in the
form

I = IS − 1
cμ0

∫
�

(
μ0JnAn + 1

4
FknFkn

)
d� = 1

c

∫
�

Ld�. (17.28)

During the derivation of the equations of motion of a charged particle in the electro-
magnetic field (16.16), we have assumed that the electromagnetic field is defined by four
given functions forming the four-vector An = An(xk). We have therefore only varied the
Lagrangian (16.9) with respect to the quantities describing the motion of the particle, that
is, the space-time coordinates xk and coordinates of the four-velocity uk. On the other
hand, in the present derivation of the electromagnetic field equations, we assume that
the motion of the charged particles or a continuous distribution of charges in space is
defined by given space-time coordinates xk and coordinates of the four-velocity uk. We
will therefore calculate the variations of the action (17.28) with respect to the quantities
describing the electromagnetic field, that is, the electromagnetic potential four-vector An

and the electromagnetic field tensor Fkn. Thus, the variation of the first term in (17.28)
is zero and this term does not contribute to the derivation of the electromagnetic field
equations. It can therefore be omitted from the action of the system. Furthermore, the
electromagnetic current four-vector Jn, as a function of a given charge distribution and its
motion in space, is also not varied. The variation of the action (17.28) is then given by

δI = 1
c

∫
�

δLd� = 0,
(17.29)

with

L (An, ∂kAn) = −JnAn − 1
4μ0

FknFkn. (17.30)

From (17.29) we may write

δI = 1
c

∫
�

[
∂L
∂An

δAn + ∂L
∂ (∂kAn)

δ (∂kAn)

]
d� = 0. (17.31)

Since we have δ (∂kAn) = ∂k (δAn), we may write

δI = 1
c

∫
�

{
∂L
∂An

− ∂k

[
∂L

∂ (∂kAn)

]}
δAn d�

+ 1
c

∫
�

∂k

[
∂L

∂ (∂kAn)
δAn

]
d� = 0.

(17.32)

Applying the Gauss theorem to the second integral on the right-hand side of (17.32), it
is reduced to the integral over the hypersurface which encloses the given domain � of
the four-dimensional space-time. On the other hand, the variation of the electromagnetic
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field variables is assumed to be zero on the boundary of the domain �, and this integral
vanishes. Equation (17.32) then becomes

δI = 1
c

∫
�

{
∂L
∂An

− ∂k

[
∂L

∂ (∂kAn)

]}
δAn d� = 0. (17.33)

Since the variation δAn is arbitrary, from (17.33) we obtain the electromagnetic field
equations in the following form:

∂L
∂An

− ∂k

[
∂L

∂ (∂kAn)

]
= 0. (17.34)

Using now the expression (17.30) we obtain

∂L
∂An

= −Jn, (17.35)

and

∂L
∂ (∂kAn)

= ∂L
∂Fjl

∂Fjl

∂ (∂kAn)
= ∂L
∂Fjl

∂

∂ (∂kAn)

(
∂jAl − ∂lAj

)

= ∂L
∂Fjl

(
δk

j δ
n
l − δk

l δ
n
j

)
= ∂L
∂Fkn

− ∂L
∂Fnk

= 2
∂L
∂Fkn

= 2
∂

∂Fkn

(
− 1

4μ0
FjlFjl

)
= − 1

2μ0

∂

∂Fkn

(
FjlFjl

)

= − 1
2μ0

Fjl
(
δk

j δ
n
l − δk

l δ
n
j

)
= − 1

2μ0

(
Fkn − Fnk

)
= − 1

μ0
Fkn. (17.36)

Substituting (17.35) and (17.36) into the field equations (17.34), we obtain

−Jn − ∂k

(
− 1
μ0

Fkn
)

= 0, (17.37)

or after regrouping

∂Fkn

∂xk
= μ0Jn (k, n = 0, 1, 2, 3). (17.38)

The temporal component of (17.38) gives

∂F0α

∂xα
= 1

c
∂Eα

∂xα
= 1

c
div�E = μ0J0 = μ0 c σ , (17.39)

or

div�E = μ0 c2 σ = σ

ε0
. (17.40)

The three spatial equations (17.38) give

∂F0α

∂x0 + ∂Fβα

∂xβ
= μ0Jα , (17.41)
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or

− 1
c2

∂Eα

∂t
− eβαω

∂Bω
∂xβ

= − 1
c2

∂Eα

∂t
+ eαβω

∂Bω
∂xβ

= μ0Jα . (17.42)

In the three-dimensional vector notation (17.42) is given by

curl�B − 1
c2

∂ �E
∂t

= μ0�J . (17.43)

Equations (17.40) and (17.43) are the second pair of Maxwell equations. Thus, the com-
plete system of electromagnetic field equations in the four-dimensional notation is
given by

∂Fkn

∂xj
+ ∂Fjk

∂xn + ∂Fnj

∂xk
= 0,

∂Fkn

∂xk
= μ0Jn, (17.44)

with the continuity equation

∂Jn

∂xn = 0. (17.45)

The four-dimensional formulation of Maxwell equations (17.44) with (17.45) is quite
compact and it nicely emphasizes the relativistic nature of these equations.

17.3 Electromagnetic Potentials
The objective of this section is to formulate the differential equations for the electro-
magnetic potentials An = An(xk) and to outline their solutions. In order to derive the
differential equations for the electromagnetic potentials, we substitute the definition of
the electromagnetic field tensor (16.14) into (17.38). Thus, we obtain

∂k

(
∂kAn − ∂nAk

)
= ∂k∂

kAn − ∂n∂kAk = μ0Jn. (17.46)

Using here the Lorentz gauge (16.45), the second term on the left-hand side vanishes, and
we obtain the differential equation for the potentials of the electromagnetic field in the
form

∂2An

∂xk∂xk
= μ0Jn. (17.47)

By expanding (17.47) we obtain

1
c2

∂2An

∂t2 − ∇2An = μ0Jn. (17.48)

or

∇2An − 1
c2

∂2An

∂t2 = −μ0Jn. (17.49)

The solution of this equation has the form

An(xk) = μ0

4π

∫
V̄

Jn(x0 − R, x̄α)
R

dV̄ , (17.50)
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where the integral is over the domain V̄ where the sources of the electromagnetic field
are distributed. The quantity R in (17.50) is the three-dimensional distance between the
position of the sources and the position where the potential is calculated, that is,

R =
√

|xα − x̄α |2. (17.51)

Thus, for a given electromagnetic current four-vector Jn(xk), we can calculate the electro-
magnetic potential four-vector An(xk) using the result (17.50). The electromagnetic field
tensor is then obtain using the definition (16.14).

17.4 Energy-Momentum Tensor
We have shown earlier that the momentum conservation law is a consequence of the
homogeneity of space and the energy conservation law is a consequence of the ho-
mogeneity of time. In the four-vector language, due to the homogeneity of space-time,
the physical properties of a free field remain unchanged with respect to the space-time
translations. Thus, the energy-momentum tensor of the electromagnetic field is a field
invariant defined with respect to the space-time translations. The Lagrangian of the free
electromagnetic field is given by (17.26), that is,

L (Fkn) = LF (Fkn) = − 1
4μ0

FknFkn. (17.52)

Furthermore, it is assumed that there are no sources of the electromagnetic field, that is,
that the electromagnetic current four-vector is equal to zero, Jn = 0. Thus, the interaction
Lagrangian LQ, defined by (17.11), vanishes. The second pair of Maxwell equations (17.38)
then gives

∂kFkn = 0. (17.53)

In order to define the energy-momentum tensor of the electromagnetic field, let us first
calculate the space-time derivatives of the Lagrangian density L as follows:

∂nL = ∂L
∂Aj

∂nAj + ∂L
∂
(
∂kAj

)∂n
(
∂kAj

)
. (17.54)

Using here the electromagnetic field equations (17.34), we obtain

∂nL = ∂k

[
∂L

∂
(
∂kAj

)
]
∂nAj + ∂L

∂
(
∂kAj

)∂k
(
∂nAj

)
, (17.55)

or

∂nL = ∂k

[
∂L

∂
(
∂kAj

)∂nAj

]
. (17.56)

On the other hand, by definition we may write

∂nL = δk
n∂kL. (17.57)
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From (17.56) and (17.57) we obtain

∂k

[
∂L

∂
(
∂kAj

) ∂nAj − δk
nL
]

= ∂kT k
n = 0, (17.58)

where Tk
n is the mixed energy-momentum tensor of the Electromagnetic field, defined by

T k
n = ∂L

∂
(
∂kAj

)∂nAj − δk
nL. (17.59)

Substituting (17.36) and (17.52) into (17.59) we obtain

T k
n = − 1

μ0
Fkj∂nAj + 1

4μ0
δk

nFjlFjl. (17.60)

The result (17.60) can be put into a more convenient form by writing

Fkj∂nAj = Fkj (∂nAj − ∂jAn
)+ Fkj∂jAn, (17.61)

or

Fkj∂nAj = FkjFnj + ∂j

(
FkjAn

)
− An∂jF

kj. (17.62)

The third term on the right-hand side of (17.62) vanishes due to the result (17.53). The
second term on the right hand of (17.61) side makes no contribution to the conservation
law (17.58) since we have

∂k∂j

(
FkjAn

)
= ∂k∂jV

kj
n ≡ 0. (17.63)

The expression (17.63) vanishes as a product of the symmetric tensor ∂k∂j and the tensor

V kj
n that is antisymmetric with respect to its two upper indices.

Thus, the second term does not contribute to the field invariants obtained from the
energy-momentum tensor (17.60). Therefore, we may replace Fkj∂nAj by FkjFnj in (17.60)
to obtain the final result for the energy-momentum tensor of the electromagnetic field in
the form

T k
n = − 1

μ0
FkjFnj + 1

4μ0
δk

nFjlFjl. (17.64)

The contravariant energy-momentum tensor is then given by

T nk = − 1
μ0

FkjFn
j + 1

4μ0
gnkFjlFjl, (17.65)

and the covariant energy-momentum is given by

Tnk = − 1
μ0

Fj
kFnj + 1

4μ0
gnkFjlFjl. (17.66)

Using the differential form of the energy-momentum conservation law (17.58), we may
write down the integral form as follows:

∫
V
∂kT nk dV = 1

c

∫
V

∂T n0

∂t
dV +

∫
V
∂αTβα dV = 0. (17.67)
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Applying the three-dimensional Gauss theorem to the second integral in (17.67),
we obtain

∫
V
∂kT nk dV = 1

c
d
dt

[∫
V

T n0 dV
]

+
∮
�

Tβα d�α = 0 (17.68)

where� is the closed surface surrounding the volume V . If we let the field domain V grow
to infinity (V → ∞), the surface integral in (17.67) vanishes and we have

∫
V
∂kT nk dV = d

dt

[
1
c

∫
V

T n0 dV
]

= dpn

dt
= 0. (17.69)

Thus, we obtain the definition of the conserved energy-momentum vector of the electro-
magnetic field

pn = 1
c

∫
V

T n0 dV = Constant. (17.70)

The energy of the electromagnetic field is then

E = c p0 =
∫

V
T 00 dV , (17.71)

and the components of the three-dimensional momentum of the electromagnetic field are
given by

pα = 1
c

∫
V

Tα0 dV = Constant. (17.72)

In order to calculate the energy (17.71) we first use (17.65) with (17.27) to calculate

T 00 = − 1
μ0

F0αF0
α −

(
ε0E2

2
− B2

2μ0

)
. (17.73)

Using the definitions of the mixed and contravariant electromagnetic field tensors (16.27)
and (16.29) respectively, we obtain

T 00 = − 1
μ0

(
−E2

c2

)
−
(
ε0E2

2
− B2

2μ0

)

= ε0E2 −
(
ε0E2

2
− B2

2μ0

)
, (17.74)

or

T 00 = ε0E2

2
+ B2

2μ0
. (17.75)

Substituting (17.75) into (17.71) we obtain the expression for the total energy of the
electromagnetic field

E =
∫

V

(
ε0E2

2
+ B2

2μ0

)
dV =

∫
V
ε dV , (17.76)
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where ε is the electromagnetic energy density given by

ε = T 00 = ε0E2

2
+ B2

2μ0
. (17.77)

In order to calculate the momentum (17.72) we first use (17.65) with (17.27) to calculate

Tα0 = − 1
μ0

F0jFαj − gα0
(
ε0E2

2
− B2

2μ0

)
. (17.78)

Using here gα0 = 0, we obtain

Tα0 = − 1
μ0

F0βFαβ = − 1
μ0

F0βgβνFνα = − 1
μ0

F0
ν Fαν . (17.79)

Using here (16.20) in the form

F0
ν = −1

c
Eν , Fνα = −eναωBω, (17.80)

we obtain

Tα0 = − 1
cμ0

eναωEνBω = + 1
cμ0

eανωEνBω. (17.81)

Using here the notation �D = ε0 �E and (cμ0)
−1 = cε0, the result (17.81 becomes

Tα0 = c
( �D × �B

)α
. (17.82)

Substituting (17.82) into (17.72) we obtain the expression for the total momentum of the
electromagnetic field

�p =
∫

V

( �D × �B
)

dV =
∫

V

�P dV , (17.83)

where �P is the electromagnetic momentum density given by

�P = 1
c

Tα0 = �D × �B. (17.84)

In order to calculate the spatial components of the electromagnetic energy-momentum
tensor in terms of the three-dimensional electric field vector �E and magnetic induction
vector �B, we use Fkj = −Fjk and (17.26) to rewrite the definition (17.64) as follows:

T k
n = 1

μ0

[
FnjF

jk − 1
2
δk

n

(
e2 − B2

)]

= 1
μ0

[
�k

n − 1
2
δk

n

(
e2 − B2

)]
, (17.85)

where we introduced the vector �e = �E/c and the tensor �k
n = FnjFjk to simplify the

calculations. The contravariant electromagnetic energy-momentum tensor is then
given by

T nk = gnjT k
j = 1

μ0

[
�nk − 1

2
gnk

(
e2 − B2

)]
. (17.86)
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We can now use the matrix forms of the covariant and contravariant electromagnetic field
tensors (16.25) and (16.29) respectively, to calculate the components of the tensor�k

n

[
�k

n

]
=

⎡
⎢⎢⎢⎢⎣

0 ex ey ez

−ex 0 −Bz By

−ey Bz 0 −Bx

−ez −By Bx 0

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

0 −ex −ey −ez

ex 0 −Bz By

ey Bz 0 −Bx

ez −By Bx 0

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

e2 eyBz − ezBy ezBx − exBz exBy − eyBx

−eyBz + ezBy e2
x − B2

y − B2
z exey + BxBy exez + BxBz

−ezBx + exBz eyex + ByBx e2
y − B2

x − B2
z eyez + ByBz

−exBy + eyBx ezex + BzBx ezey + BzBy e2
z − B2

x − B2
y

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

e2 (�e × �B)x (�e × �B)y (�e × �B)z
−(�e × �B)x e2

x + B2
x − B2 exey + BxBy exez + BxBz

−(�e × �B)y eyex + ByBx e2
y + B2

y − B2 eyez + ByBz

−(�e × �B)z ezex + BzBx ezey + BzBy e2
z + B2

z − B2

⎤
⎥⎥⎥⎥⎦ . (17.87)

The spatial part of the tensor�k
n is then given by the following matrix:

[
�αβ

]
=
⎡
⎢⎣

e2
x + B2

x − B2 exey + BxBy exez + BxBz

eyex + ByBx e2
y + B2

y − B2 eyez + ByBz

ezex + BzBx ezey + BzBy e2
z + B2

z − B2

⎤
⎥⎦ . (17.88)

The contravariant components of the three-dimensional system (17.88) are obtained from

�αβ = gβν�αν , (17.89)

or in the matrix form

[
�αβ

] =
⎡
⎢⎣

−e2
x − B2

x + B2 −exey − BxBy −exez − BxBz

−eyex − ByBx −e2
y − B2

y + B2 −eyez − ByBz

−ezex − BzBx −ezey − BzBy −e2
z − B2

z + B2

⎤
⎥⎦ (17.90)

From the matrix (17.90) we obtain

�αβ = −eαeβ − BαBβ − gαβB2 = −EαEβ

c2 − BαBβ − gαβB2. (17.91)

Substituting the result (17.91) into the spatial part of (17.86), we obtain

Tαβ = 1
μ0

[
−eαeβ − BαBβ − gαβB2 − 1

2
gαβ

(
e2 − B2

)]

= − 1
μ0

[
eαeβ + BαBβ + 1

2
gαβ

(
e2 + B2

)]
. (17.92)

Thus, we finally obtain the spatial components of the electromagnetic energy-momentum
tensor in terms of the three-dimensional electric field vector �E and magnetic induction
vector �B, as follows:
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Tαβ = −T αβ , (17.93)

where we define the Maxwell stress tensor T αβ by the equation

T αβ = ε0EαEβ + 1
μ0

BαBβ + gαβ
(
ε0E2 + B2

μ0

)
. (17.94)

Using the results (17.77) with (17.84) and (17.93) we may write the explicit matrix form of
the electromagnetic energy-momentum tensor as follows:

[
T nk

]
=

⎡
⎢⎢⎣

ε P1 P2 P3

P1 −T 11 −T 12 −T 13

P2 −T 21 −T 22 −T 23

P3 −T 31 −T 32 −T 33

⎤
⎥⎥⎦ . (17.95)

From the definition (17.94) we see that the three-dimensional Maxwell stress tensor
is a symmetric tensor. By examination of (17.95) we conclude that the complete four-
dimensional electromagnetic energy-momentum tensor is also a symmetric tensor, that
is, that we have

T nk = T kn, Tnk = Tkn. (17.96)

If the electromagnetic field is defined in a domain V with the boundary surface �, the
expression

Fα =
∫

V

∂T αβ

∂xβ
dV =

∮
�

T αβ d�β , (17.97)

defines the force due to the electromagnetic field pressure on the boundary surface�.





 PART 4

General Theory of Relativity





18
Gravitational Fields

18.1 Introduction
The special theory of relativity discussed in the last four chapters is based on the concept
of the inertial frames of reference. An inertial frame of reference is defined as a system
of reference where a free particle, that is, a particle on which there is no action of any
external forces, moves along the straight line with constant velocity. On the other hand,
the gravitational interaction, as one of the fundamental interactions in nature, is a long-
range interaction which cannot be screened. The concept of inertial frames of reference
is, therefore, not compatible with the gravitational phenomena. The only way to define
an approximately inertial frame of reference is to visualize it as being far away from any
matter. Given the influence of the force of gravity on the observations of various physical
phenomena, both on Earth and in the universe as a whole, the concept of inertial frames of
reference as a foundation for the formulation of the laws of nature is clearly not sufficient.
Since the force of gravity is an unscreened long-range force, it can be considered as an
intrinsic property of the space-time and related to the space-time geometry.

In the absence of matter we can define the inertial frames of reference where the
geometry of space-time is pseudo-Euclidean. The space-time metric is then given by

ds2 = gkn dxk dxn = c2 dt2 − dx2 − dy2 − dz2, (18.1)

such that the components of the metric tensor gmn are constant and given by the
following matrix:

[
gmn

] =

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦ . (18.2)

In the presence of matter it is not possible to find the four space-time coordinates xj such
that the metric of the space-time manifold is reduced to the pseudo-Euclidean expression
(18.1). Thus, the geometry of space-time in the presence of matter must be a pseudo-
Riemannian geometry, where the components of the metric tensor gkn are functions of
the coordinates xj, that is, we have

gkn = gkn(x
j) ( j, k, n = 0, 1, 2, 3). (18.3)

The components of the metric tensor of the given space-time manifold (18.3) can therefore
be considered as the gravitation field potentials and the gravitational effects are described
by the metric itself.
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From (18.2) we note that the determinant g = −1 of the pseudo-Euclidean metric
tensor of special theory of relativity is a negative constant number. In the general theory
of relativity g = g(xj)< 0 is a negative definite function of space-time coordinates. In
the ordinary positive-definite Riemannian metric spaces we have frequently used the
function

√
g to define the absolute tensors and invariants. In the pseudo-Euclidean and

pseudo-Riemannian space-times of the theory of relativity with g < 0, this function is
not a real function and it is generally replaced by

√−g which is a real function. In the
pseudo-Euclidean special theory of relativity we have

√−g = 1, so the relative tensors
and invariants were transformed as the absolute scalars and invariants and the explicit
appearance of the factor

√−g was not necessary.
In the presence of gravity it is not possible to reduce the metric of the space-time

to the pseudo-Euclidean expression (18.1) in the entire space. It is important to note
that the gravitational effects are understood as a deviation of the space-time metric
from the pseudo-Euclidean metric (18.1). The metric (18.3) is therefore a function of
the local distribution of matter as a source of the gravitational field and cannot be fixed
arbitrarily in the entire space. The metric tensor, as the gravitation field potential, is in this
context a solution of the gravitational field equations, which will be derived in the next
chapter.

Although we cannot transform away the gravity in the entire space, we can select the
local frames of reference falling freely in the gravitational field where the gravitational
effects are locally transformed away. In a small laboratory falling freely in a gravitational
field, the laws of nature are therefore the same as those observed in an inertial frame of
reference in the absence of gravity. The laboratory has to be small since the gravitational
fields are functions of coordinates and vary in magnitude and direction in different points
in space. The force of gravity can therefore be considered as uniform and transformed
away by a suitable choice of local frame of reference only in a sufficiently small space
domain.

Thus, we are in most cases able to cover the space-time with a patchwork of local
inertial frames of reference. The concept of local inertial frames of reference is very useful
in the general theory of relativity.

18.2 Time Intervals and Distances
In the general theory of relativity, the choice of the generalized coordinates used to
describe the four-dimensional space-time manifold is not restricted in any way. Thus,
the coordinates xj are in general not equal to the distances and time intervals between
events in the same way as in the special theory of relativity. Therefore, given a set of
generalized coordinates xj, we need to relate these coordinates to the actual distances and
time intervals between the observed events.

In the general theory of relativity we denote the proper time by τ . Let us now consider
two infinitesimally separated events which take place at exactly the same point in space.
Then we have dx1 = dx2 = dx3 = 0 and we may write
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ds2 = gkn dxk dxn = c2 dτ2 = g00

(
dx0

)2
. (18.4)

Thus, we obtain the relation between the element of the proper time dτ and the coordinate
differential dx0 as follows:

dτ = 1
c

√
g00 dx0, (18.5)

or for the proper time between any two events occurring at the same point in space

τ = 1
c

∫ √
g00 dx0. (18.6)

In the special theory of relativity the element dl of the spatial distance is defined as the
distance between two infinitesimally separated events taking place at the same time.
In the general theory of relativity we cannot use this definition, since the proper time
is a different function of coordinates at different points in space. In order to find the
element dl of the spatial distance, we consider two infinitesimally close points A and B
with coordinates xj and xj + dxj respectively. Let us suppose that a light signal is directed
from point A to point B and then back from point B to point A along the same path. The
time required by the light signal to travel from point A to point B and back, observed from
one point in space and multiplied by c, is double the distance between the two points. For
the two events representing the departure of the light signal at one point and the arrival
at the other point we know from (13.4) that the square of the interval ds2 is equal to zero.
Thus, we may write

ds2 = gkn dxk dxn = g00(dx0)2 + 2g0α dxα dx0 + gαβ dxα dxβ = 0. (18.7)

Equation (18.7) is a quadratic equation with respect to dx0 and its solutions are given by

(dx0)± = −g0α dxα

g00
± 1

g00

√(
g0αg0β − g00gαβ

)
dxα dxβ . (18.8)

The coordinate time required by the light signal to travel from point A to point B and back
is then given by

(dx0)+ − (dx0)− = 2
g00

√(
g0αg0β − g00gαβ

)
dxα dxβ . (18.9)

Using (18.5) we obtain the proper time required by the light signal to travel from point A
to point B and back, multiplied by c, as follows:

c dτ = √
g00

[
(dx0)+ − (dx0)−

]

= 2√
g00

√(
g0αg0β − g00gαβ

)
dxα dxβ . (18.10)

Thus, the spatial element dl between the two points A and B is a half of the proper time
interval (18.10) multiplied by c, that is,

dl = 1
2

c dτ =
√(

−gαβ + g0αg0β

g00

)
dxα dxβ . (18.11)
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Thus, the square of the space metric dl2 can be written in the form

dl2 = γαβ dxα dxβ , γαβ = −gαβ + g0αg0β

g00
. (18.12)

It should be noted that the metric tensor gkn in general depends on time coordinate.
The space metric dl2 is therefore also time-dependent and in general it does not make
sense to integrate the element of the spatial distance dl, as such an integral would depend
on the world line chosen between the two end points. Only when the metric tensor gkn

is not time dependent and the distance can be defined over a finite portion of space,
the integral of the element of the spatial distance dl along a space curve has a definite
meaning.

18.3 Particle Dynamics
In the special theory of relativity the motion of a free particle of mass m is defined by the
action integral (15.5). The action integral of a free particle is simply proportional to the arc
length in the four-dimensional space-time manifold, that is,

I = −m c
∫ SB

SA

ds = −m c
∫ SB

SA

√
gkn

dxk

ds
dxn

ds
ds, (18.13)

where m is a mass parameter of the free particle. From (18.13) we see that the Lagrangian
function is given by the expression

L = −m c
√

gknukun. (18.14)

The equations of motion of a particle in the gravitational field are obtained by variation
of the same action integral (18.13), since the introduction of the field of gravity is
nothing but the change of the space-time metric to a pseudo-Riemannian metric with
a coordinate-dependent metric tensor (18.3). On the other hand, except for the overall
constant multiplier −m c, the Lagrangian (18.14) is the same as the Lagrangian (11.14)
used to derive the geodesic equations (11.25). Thus, we conclude that a free particle in the
gravitational field moves along the geodesic lines and that the equations of motion are the
geodesic equations (11.25), that is,

d2xn

ds2 + �n
lk

dxl

ds
dxk

ds
= 0 (k, l, n = 0, 1, 2, 3) (18.15)

or

dun

ds
+ �n

lkuluk = 0 (k, l, n = 0, 1, 2, 3). (18.16)

In order to find the non-relativistic limit of (18.16), we first note that the non-relativistic
limit (v � c) of the components of the four velocity (13.39) and (13.40) is given by

u0 = 1√
1 − v2

c2

≈ 1, uα = vα

c
√

1 − v2

c2

≈ vα

c
. (18.17)
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Thus, the leading term on the right-hand side of the expression (18.16) is the one with
l = k = 0, such that we may write

dun

ds
= −�n

00 (n = 0, 1, 2, 3). (18.18)

For a static gravitational field with ∂0g00 = 0, the only non-trivial equations in (18.18) are
the spatial equations

duα

ds
= −�α00 (α = 1, 2, 3). (18.19)

Using here (18.17) and the zeroth-order non-relativistic approximation for the differential
of the parameter ds ≈ c dt, we further obtain

1
c2

dvα

dt
= −�α00 (α = 1, 2, 3). (18.20)

Let us now recall the definition of the Christoffel symbols of the first kind (9.28), that is,

�k,jp = 1
2

(
∂gkj

∂xp + ∂gpk

∂xj
− ∂gjp

∂xk

)
. (18.21)

For a static gravitational field with ∂0gjp = 0, we obtain

�k,00 = 1
2

(
∂gk0

∂x0 + ∂g0k

∂x0 − ∂g00

∂xk

)
= −1

2
∂g00

∂xk
. (18.22)

Using now the definition of the Christoffel symbols of the second kind (9.29), that is,

�n
jp = gnk�k,jp = 1

2
gnk

(
∂gkj

∂xp + ∂gpk

∂xj
− ∂gjp

∂xk

)
, (18.23)

we obtain

�n
00 = gnk�k,00 = −1

2
gnk ∂g00

∂xk
. (18.24)

The spatial components of (18.24) give

�α00 = −1
2

gαk ∂g00

∂xk
. (18.25)

For a static gravitational field with ∂0g00 = 0 we then obtain

�α00 = −1
2

gαβ
∂g00

∂xβ
. (18.26)

Substituting (18.26) into (18.20), we obtain

1
c2

dvα

dt
= 1

2
gαβ

∂g00

∂xβ
(α,β = 1, 2, 3). (18.27)

In order to find the non-relativistic approximation for the component g00 of the metric
tensor, let us consider the non-relativistic Lagrangian for a particle moving in the gravita-
tional field defined by the gravitational potential φ, given by

L = EK − V = 1
2

m v2 − mφ, φ = φ(xα). (18.28)
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We may always add a constant term to the non-relativistic Lagrangian without affecting
the dynamics. Thus, following the result (15.17) we add a constant −mc2 to the Lagrangian
(18.28) and obtain

L = −mc2 + 1
2

m v2 − mφ = −mc2 − 1
2

m gαβvαvβ − mφ, (18.29)

where gαβ are the spatial components of the pseudo-Euclidean metric tensor. In the
Descartes coordinates they are given by gαβ = −δαβ . Using (18.29) we obtain the non-
relativistic approximation to the action integral (18.13) in the form

I ≈ −m c
∫ tB

tA

(
c + φ

c
+ 1

2
gαβ

vα

c
dxβ

dt

)
dt, (18.30)

or after some regrouping

I = −m c
∫ SB

SA

ds

≈ −m c
∫ SB

SA

[(
1 + φ

c2

)
c dt + 1

2
gαβ

vα

c
dxβ

]
. (18.31)

From (18.31) we obtain the non-relativistic approximation for the line element ds as
follows:

ds ≈
(

1 + φ

c2

)
dx0 + 1

2
gαβ

vα

c
dxβ . (18.32)

The non-relativistic approximation to the metric of the space-time manifold is then
obtained by squaring the expression (18.32) and dropping the terms of the order v2/c2

and higher. Thus, we obtain

ds2 ≈
(

1 + φ

c2

)2

(dx0)2 +
(

1 + φ

c2

)
gαβ

dxα

dt
dxβ

dx0

c

+ 1
4

(
gαβ

vα

c
dxβ

)2

. (18.33)

Here, we may drop the last term as the term of higher order in v2/c2 to obtain

ds2 ≈
(

1 + φ

c2

)2

(dx0)2 +
(

1 + φ

c2

)
gαβ dxα dxβ . (18.34)

Assuming that the gravitational field is relatively weak, we may use the approximations

(
1 + φ

c2

)2

≈ 1 + 2φ
c2 , (18.35)

and
(

1 + φ

c2

)
gαβ dxα dxβ ≈ gαβ dxα dxβ . (18.36)
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Substituting (18.35) and (18.36) into (18.34), we finally obtain

ds2 ≈
(

1 + 2φ
c2

)
(dx0)2 + gαβ dxα dxβ . (18.37)

From the result (18.37) we obtain the non-relativistic approximation to the quantity g00 in
the form

g00 ≈ 1 + 2φ
c2 . (18.38)

Substituting (18.38) into (18.27), we obtain

dvα

dt
= gαβ

∂φ

∂xβ
(α,β = 1, 2, 3). (18.39)

Using here the pseudo-Euclidean spatial metric gαβ , consistent with the result (18.37), we
obtain in the three-dimensional vector form

d�v
dt

= −grad φ, φ = φ(�x). (18.40)

If we now recall the non-relativistic result for the gravitational potential φ, we may write

φ(�x) = −GM
r

⇒ grad φ = G M
r3

�r, (18.41)

where M is the mass of the of the source of the gravitational field, r is the three-
dimensional radial coordinate given by

r =
√

x2 + y2 + z2, (18.42)

and G is the gravitational constant given by

G = 6, 67 · 10−11 m3

kg s2 . (18.43)

Substituting (18.41) into (18.40) and multiplying by the mass of the test particle m, we
obtain the result for the non-relativistic gravitational force between two bodies with
masses M and m as follows:

�FG = m
d�v
dt

= −G M m
r3

�r. (18.44)

Thus, in the non-relativistic limit the equations of motion of a particle (18.16) are reduced
to the corresponding Newtonian non-relativistic equations of motion.

18.4 Electromagnetic Field Equations
The objective of the present section is to generalize the electromagnetic field equations,
derived in Chapter 17, to the pseudo-Riemannian metric space in the presence of gravity.
In the special theory of relativity the electromagnetic field tensor is defined by (16.14),
that is,

Fkn = ∂kAn − ∂nAk (k, n = 0, 1, 2, 3). (18.45)
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As the partial derivatives do not transform as vectors in the Riemannian metric spaces, the
expression (18.45) has to be modified to the covariant expression

Fkn = DkAn − DnAk (k, n = 0, 1, 2, 3). (18.46)

Using here the definition of the covariant derivatives (8.24), that is,

DkAn = ∂kAn − �
j
nkAj, DnAk = ∂nAk − �

j
knAj (18.47)

we obtain

Fkn = ∂kAn − �
j
nkAj − ∂nAk + �

j
knAj. (18.48)

Using here the symmetry of the Christoffel symbols of the second kind (9.9), that is,

�
j
nk = �

j
kn (k, m, p = 0, 1, 2, 3), (18.49)

the second and fourth terms on the right-hand side of (18.47) cancel each other and
we reproduce the pseudo-Euclidean result (18.45). Even in the presence of gravity the
definition of the electromagnetic field tensor (18.45) remains valid. Using the definition
of the covariant derivative of a second-order covariant tensor (8.33), we have

DjFkn = ∂jFkn − �l
kjFln − �l

njFkl,

DnFjk = ∂nFjk − �l
jnFlk − �l

knFjl,

DkFnj = ∂kFnj − �l
nkFlj − �l

jkFnl.

(18.50)

Using now the antisymmetry of the electromagnetic field tensor

Fln = −Fnl , Fkl = −Flk, Fjl = −Flj , (18.51)

and the symmetry of the Christoffel symbols of the second kind

�l
kj = �l

jk, �l
nj = �l

jn, �l
kn = �l

nk, (18.52)

we obtain from (18.50) the cyclic expression

DjFkn + DnFjk + DkFnj = ∂jFkn + ∂nFjk + ∂kFnj = 0. (18.53)

Thus, we conclude that the first pair of Maxwell equations remains unchanged in the
presence of gravity and has the form

∂Fkn

∂x j
+ ∂Fjk

∂xn + ∂Fnj

∂xk
= 0 ( j, k, n = 0, 1, 2, 3). (18.54)

In order to derive the second pair of Maxwell equations, let us consider the interaction
Lagrangian (17.6) in the form

IQ = −1
c

∫



σ
dxn

dt
An d
. (18.55)

The four-dimensional volume element, defined in the pseudo-Euclidean space-time of
special theory of relativity by the equation

d
 = dx0 dV = dx0 dx1 dx2 dx3 (18.56)
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is no longer an absolute scalar. Instead of (18.56) we define the invariant volume element
as

√−gd
. Thus, we rewrite the interaction Lagrangian (18.55) as follows:

IQ = −1
c

∫



c σ√−g
dxn

dx0 An
√−g d
 = −1

c

∫



JnAn
√−g d
. (18.57)

Since the action integral (18.57) and the four-dimensional volume element
√−gd
 are

both absolute invariants and An is a covariant four-vector, the system defined by

Jn = σ c√−g
dxn

dx0 (18.58)

is by definition the contravariant electromagnetic current four-vector. The temporal
component of the four-vector (18.58) is proportional to the charge density σ and is
given by

J0 = c
σ√−g

, (18.59)

and the three-dimensional current density vector is

Jα = σ√−g
vα . (18.60)

Given the definition (18.58) we can generalize the second pair of Maxwell equations (17.38)
by replacing the partial derivative ∂k by the covariant derivative Dk. The second pair of
Maxwell equations then becomes

DkFkn = μ0Jn (k, n = 0, 1, 2, 3). (18.61)

Using the definition of divergence of an arbitrary tensor with respect to one of its
contravariant indices (10.15), we obtain

DkFkn = 1√−g
∂

∂xk

(√−gFkn
)

= μ0Jn. (18.62)

In the same way we generalize the equation of continuity (17.45) to obtain

DnJn = 1√−g
∂

∂xn

(√−gJn) = 0. (18.63)

Thus, the complete system of electromagnetic field equations in the pseudo-Riemannian
space-time manifold, which includes the gravitational effects, is given by

∂Fkn

∂x j
+ ∂Fjk

∂xn + ∂Fnj

∂xk
= 0,

1√−g
∂

∂xk

(√−gFkn
)

= μ0Jn (18.64)

with the continuity equation

1√−g
∂

∂xn

(√−gJn) = 0. (18.65)

The pseudo-Riemannian four-dimensional formulation of Maxwell equations in the pres-
ence of gravity given by (18.64) with (18.65) is quite compact and it nicely illustrates the
general prescription for the introduction of gravity in the laws of physics.
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In general, the laws of physics must be valid in all systems of reference and expressed as
covariant tensor equations. The field equations of physics, which involve the derivatives
of the field variables, must therefore be rewritten such that the ordinary derivatives are
replaced by the covariant derivatives. Even if we are working in a flat space-time described
by some curvilinear coordinates, we need to use the covariant derivatives if we want the
field equations to be valid in all coordinate systems.

If we assume that a physical object described by a set of pseudo-Euclidean equations
does not represent an appreciable source of the gravitational field, then it does not
significantly influence the components of the metric tensor gkn(xj) as the potentials of
the gravitational field. In such a case the geometry of the four-dimensional space-time
manifold is rigidly determined by some massive external sources of the gravitational field.
Then the effect of the physical object under consideration on the geometrical structure
may be neglected. Under these circumstances the set of pseudo-Euclidean equations
describing the physical object can readily be generalized to incorporate the effects of
gravity by making the substitution

d → D, ∂k → Dk, d
 → √−g d
. (18.66)

Thus, the prescriptions (18.66) can be used to generalize any pseudo-Euclidean equation,
used to describe a physical object which is small in comparison to the sources of the
gravitational field, to incorporate the gravitational effects and to be valid in all systems
of reference.
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Gravitational Field Equations

19.1 The Action Integral
In Chapter 18, we have concluded that the components of the metric tensor of a given
space-time manifold are the potentials of the field of gravity and the gravitational effects
are described by the metric itself. The metric tensor is therefore a system of functions of
the local distribution of matter as a source of the gravitational field and cannot be fixed
arbitrarily in the entire space. The metric tensor as the field potential is therefore a solution
of the gravitational field equations. The objective of the present chapter is to derive the
gravitational field equations from the suitable action integral of the gravitational field.
The total action integral for a system consisting of a continuous distribution of matter
as the source of the gravitational field and the gravitational field itself is given by

I = IG + IM, (19.1)

where IG is the action of the gravitational field in the empty space, where there are no field
sources, and IM is the action describing the interaction of the matter distribution with the
gravitational field. The action of the gravitational field in the empty space can be written
in the form

IG = 1
c

∫
�

LG
(
gkn, ∂jgkn

)√−g d�, (19.2)

where LG is the invariant Lagrangian density of the gravitational field which is integrated
over the invariant four-dimensional domain �. The action describing the interaction of
the matter distribution with the gravitational field can be written as follows:

IM = 1
c

∫
�

LM
(
gkn, ∂jgkn

)√−g d�, (19.3)

whereLM is the invariant Lagrangian density of the source fields. For example, if the source
of the gravitational field is the electromagnetic field, then LM is the Lagrangian density of
the electromagnetic field (17.52), that is,

LM
(
gkn

) = − 1
4μ0

gkjgnlF
knFjl. (19.4)

It should be noted that the electromagnetic field Fkn in (19.4) is taken as the given source
of the gravitational field and the Lagrangian LM is varied with respect to the gravitational
field potentials gkn.

In order to construct the invariant Lagrangian density of the gravitational field LG, we
note that it is a function of the metric tensor gkn and its first derivatives ∂jgkn only. On the
other hand, by using (9.25) in the form
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∂jgkn = �n,kj + �k,nj = gnl�
l
kj + gkl�

l
nj, (19.5)

we see that the first derivatives of the metric tensor ∂jgkn can always be expressed in
terms of the suitable metric tensors and Christoffel symbols of the second kind. Thus,
the invariant Lagrangian density of the gravitational field LG can be seen as a function

of the metric tensor gkn and the Christoffel symbols of the second kind �
j
kn. Thus, we

may write

LG = LG

(
gkn,�j

kn

)
. (19.6)

The only non-trivial tensors that can be created from the metric tensor gkn and the

Christoffel symbols �j
kn are the curvature tensor R j

lkn defined by (12.14) as follows:

R j
knl = ∂n�

j
kl − ∂l�

j
kn + �

p
kl�

j
pn − �

p
kn�

j
pl, (19.7)

and the tensors obtained by contractions of the curvature tensor, for example, the Ricci
tensor Rkn defined by (12.44) as follows:

Rkn = R j
knj = ∂n�

j
kj − ∂j�

j
kn + �

p
kj�

j
pn − �

p
kn�

j
pj, (19.8)

and the Ricci scalar R defined by (12.50) as R = gknRkn.
Thus, a suitable candidate for the invariant Lagrangian density LG is proportional to

the Ricci scalar R. In such a case we may choose

LG = − c4

16π G
R, (19.9)

where G is the gravitational constant given by (18.43). The factor of proportionality in
(19.9) is added to ensure the correct dimensions of the physical quantities. The action
integral (19.2) may then be written in the form

IG = − c3

16π G

∫
�

R
√−g d�. (19.10)

However, from the above definitions we note that the Ricci scalar R depends not only on
the metric tensor gkn and its first derivatives ∂jgkn, but also on the first-order derivatives

of the Christoffel symbols ∂l�
j
kn and thereby also on the second-order derivatives of

the metric tensor. On the other hand the gravitational field equations must contain up
to the second-order derivatives of the metric tensor as the gravitational field potential.
As these equations are obtained by the variations of the action (19.2), the Lagrangian
density LG must not contain the derivatives of the metric tensor of the higher order than
the first.

In order to resolve this difficulty, we need to analyze the structure of the Ricci scalar R.
If it can be shown that the terms containing the second-order derivatives of the metric
tensor do not contribute to the variations of the action integral (19.10), then we could
proceed using the action integral (19.10) in the derivation of the gravitational field
equations. Since the Ricci scalar is the only available non-trivial scalar invariant created
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using metric tensor gkn and the Christoffel symbols of the second kind �j
kn, it is important

to show that the above assumption is indeed valid. Let us therefore calculate the quantity√−gR, as follows:
√−gR = √−ggknRkn = √−ggkn∂n�

j
kj

−√−ggkn∂j�
j
kn +√−ggkn

(
�

p
kj�

j
pn − �

p
kn�

j
pj

)

= ∂n

(√−ggkn�
j
kj

)
− ∂j

(√−ggkn�
j
kn

)
− ∂n

(√−ggkn
)
�

j
kj

+ ∂j

(√−ggkn
)
�

j
kn −√−ggkn

(
�

p
kn�

j
pj − �

p
kj�

j
pn

)
. (19.11)

Interchanging the dummy indices n ↔ j in the first term on the right-hand side of (19.11),
we obtain √−gR = ∂j

(√−ggkj�n
kn −√−ggkn�

j
kn

)

+√−g �j
kn

1√−g
∂j

(√−ggkn
)

−√−g �j
kj

1√−g
∂n

(√−ggkn
)

−√−ggkn
(
�

p
kn�

j
pj − �

p
kj�

j
pn

)
. (19.12)

Here, we note the result (9.48) in the form

gjn�k
jn = − 1√−g

∂n

(√−ggkn
)

, (19.13)

and we calculate
1√−g

∂j

(√−ggkn
)

= gkn∂j
(
ln
√−g

)+ ∂jg
kn. (19.14)

Using here the result (9.36) in the form

�
p
jp = ∂j

(
ln
√−g

)
, (19.15)

we obtain
1√−g

∂j

(√−ggkn
)

= gkn�
p
jp + ∂jg

kn. (19.16)

Using further the result (8.29) applied to the metric tensor gkn and the property that the
covariant derivative of the metric tensor is equal to zero, we have

Djg
kn = ∂jg

kn + �n
pjg

kp + �k
pjg

np = 0, (19.17)

or

∂jg
kn = −�n

pjg
kp − �k

pjg
np. (19.18)

Substituting (19.18) into (19.16) we obtain

1√−g
∂j

(√−ggkn
)

= gkn�
p
jp − �n

pjg
kp − �k

pjg
np. (19.19)
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Substituting (19.13) and (19.19) into (19.12) we obtain
√−gR = ∂j

(√−ggkj�n
kn −√−ggkn�

j
kn

)

+√−g �j
kn

(
gkn�

p
jp − �n

pjg
kp − �k

pjg
np
)

+√−g �p
kp gjn �k

jn −√−ggkn
(
�

p
kn�

j
pj − �

p
kj�

j
pn

)
(19.20)

or after regrouping
√−gR = ∂j

(√−ggkj�n
kn −√−ggkn�

j
kn

)

+√−g
(
�

j
kn gkn �

p
jp + �

p
kp gjn �k

jn

)
−√−g �j

kn

(
�n

pjg
kp + �k

pjg
np
)

−√−ggkn
(
�

p
kn�

j
pj − �

p
kj�

j
pn

)
. (19.21)

Interchanging the dummy indices k ↔ j in the second term on the right-hand side of
(19.21), gives

√−gR = ∂j

(√−ggkj�n
kn −√−ggkn�

j
kn

)

+√−ggkn
(
�

j
kn�

p
jp + �

p
jp�

j
kn

)
−√−g

(
�

j
kn�

n
pjg

kp + �
j
kn�

k
pjg

np
)

−√−ggkn
(
�

p
kn�

j
pj − �

p
kj�

j
pn

)
. (19.22)

Interchanging now all dummy indices in the third term on the right-hand side of (19.22),
we obtain √−gR = ∂j

(√−ggkj�n
kn −√−ggkn�

j
kn

)
+ 2

√−ggkn �
j
kn�

p
jp

−√−g
(
�

p
kj�

j
npgkn + �

p
jk�

j
npgkn

)

−√−ggkn
(
�

p
kn�

j
pj − �

p
kj�

j
pn

)
. (19.23)

Using now the symmetry of the Christoffel symbols of the second kind with respect to its
two lower indices (9.9), the result (19.23) becomes

√−gR = ∂j

(√−ggkj�n
kn −√−ggkn�

j
kn

)
+ 2

√−ggkn �
j
kn�

p
jp

− 2
√−ggkn �

p
kj�

j
pn −√−ggkn

(
�

p
kn�

j
pj − �

p
kj�

j
pn

)
(19.24)

or √−gR = ∂j

(√−ggkj�n
kn −√−ggkn�

j
kn

)
+ 2

√−ggkn
(
�

j
kn�

p
jp − �

p
kj�

j
pn

)

−√−ggkn
(
�

p
kn�

j
pj − �

p
kj�

j
pn

)
. (19.25)
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Now we note that the second term on the right-hand side of (19.24) is twice the third term
with a positive sign. Thus, we obtain

√−gR = ∂j

(√−ggkj�n
kn −√−ggkn�

j
kn

)

+√−ggkn
(
�

p
kn�

j
pj − �

p
kj�

j
pn

)
. (19.26)

The final result for the quantity
√−gR can therefore be written in the form

√−gR = ∂jw
j +√−g �, (19.27)

where we define

� = gkn
(
�

p
kn�

j
pj − �

p
kj�

j
pn

)
, (19.28)

and

w j = √−g
(

gkj�n
kn − gkn�

j
kn

)
. (19.29)

Here, we note that the quantity � depends only on the metric tensor gkn and its first
derivatives ∂jgkn, while the terms containing the second-order derivatives of the metric
tensor in the Ricci scalar R are collected into an expression which has the form of the
divergence of a vector, that is, ∂jw j. Substituting (19.29) into (19.10) we obtain

IG = − c3

16π G

∫
�

�
√−g d�− c3

16π G

∫
�

∂jw
j d�.

(19.30)

According to the Gauss theorem the second integral on the right-hand side of (19.30) can
be transformed into an integral over a hypersurface surrounding the domain� over which
the integration is carried out in the first integral. Thus, the variation of the second integral
vanishes due to the variational principle which requires that the variations of the fields at
the limits of the domain� are equal to zero. Consequently, we have

δIG = − c3

16π G
δ

∫
�

R
√−g d� = − c3

16π G
δ

∫
�

�
√−g d�. (19.31)

It should be noted that the variation of the action (19.31) is a scalar invariant, although the
integral

− c3

16π G

∫
�

�
√−g d�, (19.32)

and the quantity � defined by (19.28) are not scalar invariants. Thus, we have shown that
the terms in the Ricci scalar R containing the second-order derivatives of the metric tensor
do not contribute to the variations of the action integral (19.10) and that we may use the
action integral (19.10) in the derivation of the gravitational field equations.
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19.2 Action for Matter Fields
The variation of the total action (19.1) of the gravitational field in the presence of matter is
given by

δI = δIG + δIM = 0. (19.33)

Thus, we need to calculate the variations δIG and δIM. In this section we consider the
variation of the action integral of matter fields IM, that is,

δIM = 1
c

∫
�

δ
(√−gLM

)
d�, (19.34)

or

δIM = 1
c

∫
�

[
∂
(√−gLM

)
∂gkn

δgkn + ∂
(√−gLM

)
∂
(
∂jgkn

) δ
(
∂jg

kn
)]

d�. (19.35)

Integrating the second term in the integral (19.35) by parts and dropping the integral over
the hypersurface boundary of the domain of integration�, following the same steps as in
the case of the electromagnetic field, we obtain

δIM = 1
c

∫
�

{
∂
(√−gLM

)
∂gkn

− ∂j

[
∂
(√−gLM

)
∂
(
∂jgkn

)
]}

δgkn d�. (19.36)

Let us now define the energy-momentum tensor Tkn of the matter fields as follows:

1
2

√−gTkn = ∂j

[
∂
(√−gLM

)
∂
(
∂jgkn

)
]

− ∂
(√−gLM

)
∂gkn

. (19.37)

Substituting (19.37) into (19.36) we obtain

δIM = − 1
2c

∫
�

Tknδgkn√−g d�. (19.38)

Using here the result δ
(

gkngjn

)
= δδk

j = 0, we may write

Tknδgkn = gklT
ljgnjδgkn = −gklT

ljgknδgnj

= −δn
l T ljδgnj = −T njδgnj = −T knδgkn. (19.39)

Substituting (19.39) into (19.38) we obtain

δIM = 1
2c

∫
�

T knδgkn
√−g d�. (19.40)

Let us now calculate the energy-momentum tensor for the electromagnetic field with LM

given by (19.4). In the case of the electromagnetic field the Lagrangian LM is a function of
the metric tensor gkn only and not of its derivatives ∂jgkn. Thus, using (19.37) we obtain the
contravariant energy-momentum tensor in the form

T kn = − 2√−g

∂
(√−gLM

)
∂gkn

= −2
∂LM

∂gkn
− 2√−g

∂
√−g
∂gkn

LM. (19.41)
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Using here the result

2√−g
∂
√−g
∂gkn

= 1
g
∂g
∂gkn

= Gkn

g
= gkn, (19.42)

we obtain from (19.41)

T kn = −2
∂LM

∂gkn
− gknLM. (19.43)

Using now (19.4) we may write

∂LM

∂gkn
= − 1

4μ0
FpqFjl ∂

∂gkn

(
gpjgql

) = + 1
4μ0

FpqFlj2δk
pδ

n
j gql

= + 1
2μ0

FkqFlngql = + 1
2μ0

FkqFn
q . (19.44)

Substituting (19.4) and (19.44) into (19.43), we obtain

T kn = − 1
μ0

FkjFn
j + 1

4μ0
gknFjlFjl. (19.45)

The result (19.45) is identical to the result (17.65) obtained by other means in the special
theory of relativity with pseudo-Euclidean geometry.

As a next example, let us now consider a continuous distribution of non-interacting
particles with a total mass m and a rest-energy E0 in a three-dimensional domain of
volume V . If we denote the mass density of the matter distribution by ρ, we may write

m =
∫

V
ρ dV , E0 =

∫
V
ρc2 dV . (19.46)

The action integral of the given matter distribution can be written in the form

IK = −m c
∫ SB

SA

ds = −c
∫

V
ρ dV

∫ B

A

√
gjldxjdxl (19.47)

or

IK = −c
∫

V

∫ tB

tA

ρ√−g

√
gjl

dxj

dt
dxl

dt

√−gdV dt. (19.48)

Introducing here a system�n, as follows:

�n = ρ√−g
dxn

dt
, (19.49)

the action integral (19.48) can be written in the form

IK = 1
c

∫
�

LMK
√−gd�, LMK = −c

√
gjl�

j�l. (19.50)

Since LMK is the invariant Lagrangian density, we see from (19.50) that the system �n is
a contravariant four-vector. The temporal component of the vector �n is proportional to
the mass density ρ and is given by
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�0 = ρ c√−g
. (19.51)

The spatial components of the vector �n are proportional to the flux of mass through a
unit of the boundary surface d	 of the volume V in the unit of time, that is,

�α = ρ√−g
vα = d3m

d	αdt
. (19.52)

The definitions (19.51) and (19.52) are fully analogous to their respective electromagnetic
counterparts (17.59) and (17.60). In analogy with the electromagnetic result (18.63) the
mass conservation law gives the following continuity equation:

Dn�
n = 1√−g

∂

∂xn

(√−g�n) = 0. (19.53)

In the three-dimensional vector notation the continuity equation (19.53) has the form

∂ρ

∂t
+ div

(
ρ�v) = 0. (19.54)

Integrating over the volume of the three-dimensional domain V and using the Gauss
theorem, we obtain the integral form of the mass conservation law

− d
dt

∫
V
ρdV =

∫
	

ρ�v · d �	. (19.55)

According to the mass conservation law (19.55), the negative increment of mass m within
a three-dimensional volume V is equal to the total mass flux through the boundary surface
	 of the volume V in the unit of time. Using now (19.48), we may write

√−gLMK = −ρ c
ds
dt

√
gjlu jul = −ρ c

ds
dt

. (19.56)

Using (19.41) we obtain the energy-momentum tensor of the given mass distribution as
follows:

T kn = − 2√−g

∂
(√−gLMK

)
∂gkn

= ρ c√−g
ds
dt

ukun. (19.57)

In the pseudo-Euclidean case we note that the component T00 gives the correct result for
the energy density

T 00 = ρ c2√
1 − v2

c2

, (19.58)

and the components T0α give the correct result for the momentum density

T 0α = ρ vα√
1 − v2

c2

, (19.59)

For a weak gravitational field at low velocities, the following limits can be used:

g0α = gα0 → 0, gαβ → −δαβ , (19.60)
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and

ds → √
g00c dt,

√−g → √
g00. (19.61)

Substituting (19.61) into (19.57), we obtain

T kn
(K ) = ρ c2ukun. (19.62)

The energy-momentum tensor (19.62) can be considered as the kinetic energy-
momentum tensor which does not include the contribution from the internal energy
of the given matter distribution. In order to include the contribution from the internal
energy of the matter distribution, we may use the result for the differential of the internal
energy dU = −p dV , where p is the pressure within the matter distribution. Thus, we
obtain the action integral corresponding to the internal energy in the form

IU = −
∫ tB

tA

U dt = 1
c

∫
�

LMU
√−g d�, (19.63)

where the Lagrangian density LMU is given by

LMU = −dU
dV

= p. (19.64)

As the Lagrangian densityLMU does not include any dependence on the metric tensor gkn,
we use the constraint

1 −
√

gjlu jul = 0 (19.65)

to create a Lagrangian function f = f (uk, λ)with the constraint

f
(

uk,λ
)

= p
√

gjlu jul + λ

(
1 −

√
gjlu jul

)
. (19.66)

Using the method of Lagrange multipliers the equations for the parameter λ and the
variables uk are given by

∂f
∂λ

= 1 −
√

gjlu jul = 0 ⇒
√

gjlu jul = 1, (19.67)

and

∂f

∂uk
= 1

2

(
p − λ

)√
gjlu jul2gkju

j = 0 ⇒ λ = p. (19.68)

Using (19.68) we obtain the suitable Lagrangian density for the calculation of the energy-
momentum tensor

LMU = p + p
(

1 −
√

gjlu jul

)
= p. (19.69)

The contribution to the energy-momentum tensor from the Lagrangian density (19.69) is
obtained using (19.43) as follows:

T kn
(U) = −2

∂LM

∂gkn
− gknLM = p

(
ukun − gkn

)
, (19.70)
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where we used (19.69) to calculate

∂LM

∂gkn
= − p

2
√

gjlu jul
ukun = −1

2
p ukun. (19.71)

Putting together the results (19.62) and (19.70), we obtain the total energy-momentum
tensor of a matter distribution in the form

T kn = T kn
(K ) + T kn

(U) =
(

p + ρ c2
)

ukun − gknp. (19.72)

The result (19.72) is the most commonly used form of the energy-momentum tensor
of a matter distribution in the general theory of relativity. It should be noted that the
quantity T00 is always positive, and in most practical calculations the contribution from
the pressure terms can be neglected.

19.3 Einstein Field Equations
In this section, we consider the variation of the action integral IG in (19.33), which
describes the gravitational field itself, and derive the gravitational field equations. Using
the result (19.31) we have

δIG = − c3

16π G
δ

∫
�

R
√−gd�. (19.73)

In order to calculate the variation (19.73) we need to calculate

δ
(√−gR

) = δ
(√−ggknRkn

)

= δ
(√−g

)
R +√−gδgknRkn +√−ggknδRkn. (19.74)

Using here the results (9.35) and (9.40), we may write

δg = ggknδgkn = −ggknδgkn, (19.75)

and we have

δ
(√−g

) = − 1
2
√−g

δg = − 1
2
√−g

(
−ggknδgkn

)
, (19.76)

or

δ
(√−g

) = −
√−g

2
gknδgkn. (19.77)

Substituting (19.77) into (19.74), we obtain

δ
(√−gR

) = √−g
(

Rkn − 1
2

gknR
)
δgkn +√−ggknδRkn. (19.78)

Next, we calculate the expression gknδRkn as follows:

gknδRkn = gknδ
(
∂n�

j
kj + ∂j�

j
kn + �

p
kj�

j
pn − �

p
kn�

j
pj

)

= gknδ
(
∂n�

j
kj − ∂j�

j
kn

)
− gknδ�

p
kn�

j
pj − gkn�

p
knδ�

j
pj

+ gknδ�
p
kj�

j
pn + gkn�

p
kjδ�

j
pn + gkn�

j
njδ�

p
kp − gkn�

j
njδ�

p
kp, (19.79)
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where we have added the term

gkn�
j
njδ�

p
kp − gkn�

j
njδ�

p
kp = 0 (19.80)

at the end of (19.78). Regrouping the terms, (19.79) becomes

gknδRkn = gknδ
(
∂n�

j
kj − ∂j�

j
kn

)
+ gkn

(
�

j
njδ�

p
kp − �

j
pjδ�

p
kn

)

+ gkn�
p
kjδ�

j
pn + gknδ�

p
kj�

j
pn − gkn�

p
knδ�

j
pj − gkn�

j
njδ�

p
kp. (19.81)

Renaming the dummy indices, we obtain

gknδRkn = gknδ
(
∂n�

p
kp − ∂p�

p
kn

)
+ gkn

(
�l

nlδ�
p
kp − �l

plδ�
p
kn

)
−

+ gkn�l
kpδ�

p
nl + gknδ�l

kp�
p
nl − gkn�

p
knδ�

l
pl − gkn�l

nlδ�
p
kp (19.82)

or

gknδRkn = gknδ
(
∂n�

p
kp − ∂p�

p
kn

)
+ gkn

(
�l

nlδ�
p
kp − �l

plδ�
p
kn

)
−

+ gjn�k
jpδ�

p
nk + gkj�n

jpδ�
p
kn − gjn�k

jnδ�
p
kp − gkj�n

jnδ�
p
kp. (19.83)

Using the symmetry of the Christoffel symbols with respect to the lower two indices, we
may rewrite (19.83) as follows:

gknδRkn = gknδ
(
∂n�

p
kp − ∂p�

p
kn

)
+ gkn

(
�l

nlδ�
p
kp − �l

plδ�
p
kn

)

−
(
−gjn�k

jp − gkj�n
jp

)
δ�

p
kn +

(
−gjn�k

jn − gkj�n
jn

)
δ�

p
kp. (19.84)

From the results Dpgkn = 0 and Dngkn = 0, we have

∂pgkn = −�k
jpgjn − �n

jpgkj,

∂ngkn = −�k
jngjn − �n

jngkj. (19.85)

Substituting (19.85) into (19.84) we obtain

gknδRkn = gkn∂n

(
δ�

p
kp

)
− gkn∂p

(
δ�

p
kn

)

− δ�
p
kn∂pgkn + δ�

p
kp∂ngkn + gkn

(
�l

nlδ�
p
kp − �l

plδ�
p
kn

)
(19.86)

or

gknδRkn = ∂n

(
gknδ�

p
kp

)
− ∂p

(
gknδ�

p
kn

)

+ �l
nl

(
gknδ�

p
kp

)
− �l

pl

(
gknδ�

p
kn

)
. (19.87)

Interchanging the dummy indices k ↔ p in the first and third term on the right-hand side
of (19.87), we obtain

gknδRkn = ∂p

(
gkpδ�n

kn − gknδ�
p
kn

)

+ �l
pl

(
gkpδ�n

kn − gknδ�
p
kn

)
(19.88)
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Introducing here a four-vector ωp as follows:

ωp = gkpδ�n
kn − gknδ�

p
kn, (19.89)

and using �l
pl = ∂p ln

√−g, the result (19.88) becomes

gknδRkn = ∂pω
p + �l

plω
p = ∂pω

p + 1√−g
∂p
(√−g

)
ωp (19.90)

or

gknδRkn = 1√−g
∂p
(√−gωp) . (19.91)

Substituting (19.91) into the result (19.78) we obtain

δ
(√−gR

) = √−g
(

Rkn − 1
2

gknR
)
δgkn + ∂p

(√−gωp) . (19.92)

Substituting further (19.92) into (19.73) we obtain

δIG = − c3

16π G

∫
�

(
Rkn − 1

2
gknR

)
δgkn√−g d�

− c3

16π G

∫
�

∂p
(√−gωp) d�.

(19.93)

The second integral in (19.93) can, by means of the Gauss theorem, be transformed into
an integral of ωp over the hypersurface surrounding the entire four-dimensional domain
�. When we vary the action IG, the variation of the second integral vanishes due to the
variational principle which requires that the variations of the fields at the limits of the
domain � are equal to zero. Thus, the second integral in (19.93) can be dropped and we
obtain the final result for the variation of the action integral for the gravitational field in
the form

δIG = − c3

16π G

∫
�

(
Rkn − 1

2
gknR

)
δgkn√−g d�.

(19.94)

Using now the result (19.33), that is, −δIG = δIM with (19.38) and (19.94), we obtain

c3

16π G

∫
�

(
Rkn − 1

2
gknR

)
δgkn√−g d�

= − 1
2c

∫
�

Tknδgkn√−g d�. (19.95)

Since the variations of the metric tensor are arbitrary, the result (19.95) gives Einstein field
equations for the gravitational fields in the form

Rkn − 1
2

gknR = −8π G
c4 Tkn. (19.96)
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The field equations (19.96) with mixed tensors Rk
n and Tk

n are given by

Rk
n − 1

2
δk

nR = −8π G
c4 T k

n . (19.97)

Contracting (19.97), we obtain

Rn
n − 1

2
δn

nR = R − 2R = −R = −8π G
c4 T . (19.98)

Substituting (19.98) into (19.96), we obtain an alternative form for the gravitational field
equations

Rkn = −8π G
c4

(
Tkn − 1

2
gknT

)
. (19.99)

In empty space we have Tkn = 0 and (19.99) give Rkn = 0. The result Rkn = 0, however, does
not mean that the space-time is flat (i.e., pseudo-Euclidean). The condition for the space-

time to be pseudo-Euclidean is that the curvature tensor R j
kln is identically equal to zero,

that is, R j
kln = 0.





20
Solutions of Field Equations

In Chapter 19, we have derived the gravitational field equations. The gravitational field
equations are non-linear equations and they include the self-interaction, that is, the
interaction of the gravitational field with itself. The principle of superposition, which
is valid for the electromagnetic fields in the special theory of relativity, is therefore not
valid for the gravitational fields. However, in most practical cases we work with weak
gravitational fields for which the field equations can be linearized and the principle of
superposition is approximately valid. In this chapter we discuss the non-relativistic limit
of the gravitational field equations and the simplest solution of the complete gravitational
field equations for the static spherically symmetric field produced by a spherical mass M at
rest, known as the Schwarzschild solution. The Schwarzschild solution has played a major
role in the early development of the general theory of relativity and is still regarded as a
solution of fundamental importance.

20.1 The Newton Law
In order to find the non-relativistic limit of the gravitational field equations (19.96) or
(19.99), we start with the definition of the Ricci tensor (19.8), that is,

Rkn = ∂n�
j
kj − ∂j�

j
kn + �

p
kj�

j
pn − �

p
kn�

j
pj. (20.1)

In the non-relativistic limit in the static gravitational field, with the approximate metric
given by (18.37), the only non-trivial equation (20.1) is the one with k = n = 0. Thus, we
calculate

R00 = ∂0�
j
0j − ∂j�

j
00 + �

p
0j�

j
p0 − �

p
00�

j
pj ≈ −∂α�α00. (20.2)

For the static gravitational field with ∂0gkn = 0 we may use the approximation (18.26) with
(18.38), such that we have

�α00 = −1
2

gαβ∂βg00 = − 1
c2 ∂

αφ. (20.3)

Substituting (20.3) into (20.2), we obtain

R00 ≈ −∂α�α00 = 1
c2 ∂α∂

αφ. (20.4)

From the result for the energy-momentum tensor of a matter distribution (19.72), in the
static non-relativistic case under consideration, we obtain

T00 ≈ ρc2u0u0 ≈ ρc2, T ≈ ρc2gknukun = ρc2. (20.5)
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Thus, we obtain

T00 − 1
2

g00T = 1
2
ρc2. (20.6)

Substituting the results (20.4) and (20.6) into the gravitational field equation (19.99) with
k = n = 0, we obtain

R00 = 1
c2 ∂α∂

αφ = −8π G
c4

(
T00 − 1

2
g00T

)
= −4π G

c2 ρ, (20.7)

or

−∂α∂αφ = ∇2φ = 4π Gρ. (20.8)

Thus, we obtain the non-relativistic gravitational field equation for the gravitational
potential φ in the form

∇2φ = 4π Gρ. (20.9)

The solution of (20.9) is given by

φ
(�r) = −G

∫
V

ρdV
R

, (20.10)

where R is the three-dimensional distance between the position of the sources and the
position where the potential is calculated, that is,

R =
√

|xα − x̄α |2. (20.11)

For a uniform mass distribution over the volume V , we obtain

φ
(�r) = −G

R

∫
V
ρdV = −GM

R
. (20.12)

The result (20.12) agrees with the result (18.41) which leads to the Newton law of gravity
(18.44). Thus, the gravitational field equations (19.96) or (19.99) have the correct non-
relativistic limit (20.9) which leads to the Newton law of gravity.

20.2 The Schwarzschild Solution
The Schwarzschild solution is a solution of the complete gravitational field equations for
a static spherically symmetric field produced by a spherical mass M at rest. The static
condition requires that all the components of the metric tensor gkn are independent on x0

or time t. Furthermore, we must have gα0 = g0α = 0. The spherical symmetry suggests the
choice of the spatial coordinates as the three-dimensional spherical coordinates (r, θ , ϕ).
The most general spherically symmetric metric satisfying the above conditions can be
written in the form

ds2 = e2ν(r)c2 dt2 − e2λ(r) dr2 − r2
(

dθ2 + sin2 θdϕ2
)

, (20.13)
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where ν = ν(r) and λ = λ(r) are yet unspecified functions of the radial coordinate
r. In the metric (20.13) we are using the exponential functions in order to secure the
right signature of all terms. Thus, the covariant metric tensor of a static and spherically
symmetric gravitational field is given by

[
gmn

] =

⎡
⎢⎢⎣

e2ν 0 0 0
0 −e2λ 0 0
0 0 −r2 0
0 0 0 −r2 sin2 θ

⎤
⎥⎥⎦ . (20.14)

The contravariant metric tensor is then given by

[
gmn] =

⎡
⎢⎢⎣

e−2ν 0 0 0
0 −e−2λ 0 0
0 0 −r−2 0
0 0 0 −r−2 sin−2 θ

⎤
⎥⎥⎦ . (20.15)

The Christoffel symbols of the first kind for the metric (20.13) can now be calculated using
the definition (9.28), that is,

�j,kn = 1
2

(
∂gjk

∂xn + ∂gnj

∂xk
− ∂gkn

∂xj

)
. (20.16)

The results for the Christoffel symbols of the first kind for the metric (20.13) are summa-
rized in the following list:

�0,00 = 1
2
(∂0g00 + ∂0g00 − ∂0g00) = 0,

�0,01 = �0,10 = 1
2
(∂r g00 + ∂0g10 − ∂0g01) = ν′(r) exp(2ν),

�0,02 = �0,20 = 1
2
(∂θg00 + ∂0g20 − ∂0g02) = 0,

�0,03 = �0,30 = 1
2
(∂ϕg00 + ∂0g30 − ∂0g03) = 0,

�0,11 = 1
2
(∂rg01 + ∂rg10 − ∂0g11) = 0,

�0,12 = �0,21 = 1
2
(∂θg01 + ∂rg20 − ∂0g12) = 0,

�0,13 = �0,31 = 1
2
(∂ϕg01 + ∂rg30 − ∂0g13) = 0,

�0,22 = 1
2
(∂θg02 + ∂θg20 − ∂0g22) = 0,

�0,23 = �0,32 = 1
2
(∂ϕg02 + ∂θg30 − ∂0g23) = 0

�0,33 = 1
2
(∂ϕg03 + ∂ϕg30 − ∂0g33) = 0

�1,00 = 1
2
(∂0g10 + ∂0g01 − ∂rg00) = −ν′(r) exp(2ν),

�1,01 = �1,10 = 1
2
(∂r g10 + ∂0g11 − ∂rg01) = 0,
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�1,02 = �1,20 = 1
2
(∂θg10 + ∂0g21 − ∂rg02) = 0,

�1,03 = �1,30 = 1
2
(∂ϕg10 + ∂0g31 − ∂rg03) = 0,

�1,11 = 1
2
(∂rg11 + ∂rg11 − ∂rg11) = −λ′(r) exp(2λ),

�1,12 = �1,21 = 1
2
(∂θg11 + ∂rg21 − ∂rg12) = 0,

�1,13 = �1,31 = 1
2
(∂ϕg11 + ∂rg31 − ∂rg13) = 0,

�1,22 = 1
2
(∂θg12 + ∂θg21 − ∂rg22) = r,

�1,23 = �1,32 = 1
2
(∂3g12 + ∂θg31 − ∂rg23),

�1,33 = 1
2
(∂ϕg13 + ∂ϕg31 − ∂rg33) = r sin2 θ ,

�2,00 = 1
2
(∂0g20 + ∂0g02 − ∂θg00) = 0,

�2,01 = �2,10 = 1
2
(∂rg20 + ∂0g12 − ∂θg01) = 0,

�2,02 = �2,20 = 1
2
(∂θg20 + ∂0g22 − ∂θg02) = 0,

�2,03 = �2,30 = 1
2
(∂ϕg20 + ∂0g32 − ∂θg03) = 0,

�2,11 = 1
2
(∂rg21 + ∂rg12 − ∂θg11) = 0,

�2,12 = �2,21 = 1
2
(∂θg21 + ∂rg22 − ∂θg12) = −r,

�2,13 = �2,31 = 1
2
(∂ϕg21 + ∂rg32 − ∂θg13) = 0,

�2,22 = 1
2
(∂θg22 + ∂θg22 − ∂θg22) = 0,

�2,23 = �2,32 = 1
2
(∂ϕg22 + ∂θg32 − ∂θg23) = 0,

�2,33 = 1
2
(∂ϕg23 + ∂ϕg32 − ∂θg33) = r2 sin θ cos θ ,

�3,00 = 1
2
(∂0g30 + ∂0g03 − ∂ϕg00) = 0,

�3,01 = �3,10 = 1
2
(∂rg30 + ∂0g13 − ∂ϕg01) = 0,

�3,02 = �3,20 = 1
2
(∂θg30 + ∂0g23 − ∂ϕg02) = 0,

�3,03 = �3,30 = 1
2
(∂ϕg30 + ∂0g33 − ∂ϕg03) = 0,

�3,11 = 1
2
(∂rg31 + ∂rg13 − ∂ϕg11) = 0,

�3,12 = �3,21 = 1
2
(∂θg31 + ∂rg23 − ∂ϕg12) = 0,
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�3,13 = �3,31 = 1
2
(∂ϕg31 + ∂rg33 − ∂ϕg13) = −r sin2 θ ,

�3,22 = 1
2
(∂θg32 + ∂θg23 − ∂ϕg22) = 0,

�3,23 = �3,32 = 1
2
(∂ϕg32 + ∂θg33 − ∂ϕg23) = −r2 sin θ cos θ ,

�3,33 = 1
2
(∂ϕg33 + ∂ϕg33 − ∂ϕg33) = 0. (20.17)

The Christoffel symbols of the second kind for the metric (20.13) can be calculated using
the definition (9.29), that is,

�
p
kn = gpj�j,kn. (20.18)

The results for the Christoffel symbols of the second kind for the metric (20.13) are
summarized in the following list:

�0
00 = g0j�j,00 = g00�0,00 = 0,

�0
01 = �0

10 = g0j�j,01 = g00�0,01 = ν′(r),

�0
02 = �0

20 = g0j�j,02 = g00�0,02 = 0,

�0
03 = �0

30 = g0j�j,03 = g00�0,03 = 0,

�0
11 = g0j�j,11 = g00�0,11 = 0,

�0
12 = �0

21 = g0j�j,12 = g00�0,12 = 0,

�0
13 = �0

31 = g0j�j,13 = g00�0,13 = 0,

�0
22 = g0j�j,22 = g00�0,22 = 0,

�0
23 = �0

32 = g0j�j,23 = g00�0,23 = 0,

�0
33 = g0j�j,33 = g00�0,33 = 0,

�1
00 = g1j�j,00 = g11�1,00 = ν′(r) exp(2ν − 2λ),

�1
01 = �1

10 = g1j�j,01 = g11�1,01 = 0,

�1
02 = �1

20 = g1j�j,02 = g11�1,02 = 0,

�1
03 = �1

30 = g1j�j,03 = g11�1,03 = 0,

�1
11 = g1j�j,11 = g11�1,11 = λ′(r),

�1
12 = �1

21 = g1j�j,12 = g11�1,12 = 0,

�1
13 = �1

31 = g1j�j,13 = g11�1,13 = 0,

�1
22 = g1j�j,22 = g11�1,22 = −r exp(−2λ),

�1
23 = �1

32 = g1j�j,23 = g11�1,23 = 0,
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�1
33 = g1j�j,33 = g11�1,33 = −r sin2 θ exp(−2λ),

�2
00 = g2j�j,00 = g22�2,00 = 0,

�2
01 = �2

10 = g2j�j,01 = g22�2,01 = 0,

�2
02 = �2

20 = g2j�j,02 = g22�2,02 = 0,

�2
03 = �2

30 = g2j�j,03 = g22�2,03 = 0,

�2
11 = g2j�j,11 = g22�2,11 = 0

�2
12 = �2

21 = g2j�j,12 = g22�2,12 = 1
r

�2
13 = �2

31 = g2j�j,13 = g22�2,13 = 0,

�2
22 = g2j�j,22 = g22�2,22 = 0,

�2
23 = �2

32 = g2j�j,23 = g22�2,23 = 0,

�2
33 = g2j�j,33 = g22�2,33 = − sin θ cos θ

�3
00 = g3j�j,00 = g33�3,00 = 0,

�3
01 = �3

10 = g3j�j,01 = g33�3,01 = 0,

�3
02 = �3

20 = g3j�j,02 = g33�3,02 = 0,

�3
03 = �3

30 = g3j�j,03 = g33�3,03 = 0,

�3
11 = g3j�j,11 = g33�3,11 = 0,

�3
12 = �3

21 = g3j�j,12 = g33�3,12 = 0,

�3
13 = �3

31 = g3j�j,13 = g33�3,13 = 1
r

,

�3
22 = g3j�j,22 = g33�3,22 = 0,

�3
23 = �3

32 = g3j�j,23 = g33�3,23 = cos θ
sin θ

= cot θ ,

�3
33 = g3j�j,33 = g33�3,33 = 0. (20.19)

From the results listed in (20.19) we can make the following conclusions:

[
�α0β

]
=
[
�αβ0

]
=
⎡
⎢⎣
�1

10 �1
20 �1

30

�2
10 �2

20 �2
30

�3
10 �3

20 �3
30

⎤
⎥⎦ ≡ 0, (20.20)

[
�0
αβ

]
=
[
�0
βα

]
=
⎡
⎢⎣
�0

11 �0
12 �0

13

�0
21 �0

22 �0
23

�0
31 �0

32 �0
33

⎤
⎥⎦ ≡ 0, (20.21)
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where (α,β = 1, 2, 3). Furthermore, we can calculate

�
j
0j = �0

00 + �1
01 + �2

02 + �3
03 = 0,

�
j
1j = �0

10 + �1
11 + �2

12 + �3
13 = ν′ + λ′ + 2

r
,

�
j
2j = �0

20 + �1
21 + �2

22 + �3
23 = cot θ ,

�
j
3j = �0

30 + �1
31 + �2

32 + �3
33 = 0. (20.22)

Using the results (20.22) we note that

[
∂β�

j
αj

]
=

⎡
⎢⎢⎢⎣
∂r�

j
1j ∂r�

j
2j ∂r�

j
3j

∂θ�
j
1j ∂θ�

j
2j ∂θ�

j
3j

∂ϕ�
j
1j ∂ϕ�

j
2j ∂ϕ�

j
3j

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎣
∂r�

j
1j 0 0

0 ∂θ�
j
2j 0

0 0 0

⎤
⎥⎥⎦ (20.23)

or

∂β�
j
αj = 0 for α �= β. (20.24)

From the results listed in (20.19) we also have

�1
12 = �1

13 = �1
23 = 0 ⇒ ∂r�

1
αβ = 0 for α �= β,

�2
12 = 1

r
, �2

13 = �2
23 = 0 ⇒ ∂θ�

2
αβ = 0 for α �= β,

�3
12 = �3

13 = �3
23 = 0 ⇒ ∂ϕ�

3
αβ = 0 for α �= β (20.25)

or

∂ω�
ω
αβ = 0 for α �= β. (20.26)

The Ricci tensor for the metric (20.13) can be calculated using the definition (19.8), that is,

Rkn = ∂n�
j
kj − ∂j�

j
kn + �

p
kj�

j
pn − �

p
kn�

j
pj. (20.27)

From the result (12.48) we see that the Ricci tensor is a symmetric tensor Rkn = Rnk and
that it has only ten independent components. The formulae for the components of the
Ricci tensor for the metric (20.13) are summarized in the following list:

R00 = ∂0�
j
0j − ∂j�

j
00 + �

p
0j�

j
p0 − �

p
00�

j
pj,

R01 = R10 = ∂r�
j
0j − ∂j�

j
01 + �

p
0j�

j
p1 − �

p
01�

j
pj,

R02 = R20 = ∂θ�
j
0j − ∂j�

j
02 + �

p
0j�

j
p2 − �

p
02�

j
pj,

R03 = R30 = ∂ϕ�
j
0j − ∂j�

j
03 + �

p
0j�

j
p3 − �

p
03�

j
pj,

R11 = ∂r�
j
1j − ∂j�

j
11 + �

p
1j�

j
p1 − �

p
11�

j
pj,

R12 = R21 = ∂θ�
j
1j − ∂j�

j
12 + �

p
1j�

j
p2 − �

p
12�

j
pj,

R13 = R31 = ∂ϕ�
j
1j − ∂j�

j
13 + �

p
1j�

j
p3 − �

p
13�

j
pj,
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R22 = ∂θ�
j
2j − ∂j�

j
22 + �

p
2j�

j
p2 − �

p
22�

j
pj,

R23 = R32 = ∂ϕ�
j
2j − ∂j�

j
23 + �

p
2j�

j
p3 − �

p
23�

j
pj,

R33 = ∂ϕ�
j
3j − ∂j�

j
33 + �

p
3j�

j
p3 − �

p
33�

j
pj. (20.28)

The results for all ten individual components of the Ricci tensor for the metric (20.13) can
be obtained from the above list (20.28). However, the calculation process can be facilitated
using some of the general results (20.20)-(20.26). Thus, for α = 1, 2, 3 we may use (20.27)
to calculate

Rα0 = ∂0�
j
αj − ∂j�

j
α0 + �

p
αj�

j
p0 − �

p
α0�

j
pj. (20.29)

Using here the condition for the static metric ∂0�
j
kn ≡ 0, we obtain

Rα0 = −∂β�βα0 − �0
α0�

j
0j − �

β

α0�
j
βj + �

p
αj�

j
p0. (20.30)

Using here �βα0 = 0 and �j
0j = 0 from (20.20) and (20.22) respectively , the result (20.30)

becomes

Rα0 = �
p
αj�

j
p0 = �0

α0�
0
00 + �0

αβ�
β
00 + �

β
α0�

0
β0 + �βαω�

ω
β0. (20.31)

Using here �0
00 = 0, �βα0 = 0 and �0

αβ = 0 from (20.19), (20.20) and (20.21) respectively, we
see that all four terms on the right-hand side of (20.31) vanish. Thus, we obtain

Rα0 = R0α ≡ 0 (α = 1, 2, 3). (20.32)

Furthermore, for α,β = 1, 2, 3 and α �= β, we may use (20.27) to calculate

Rαβ = ∂β�
j
αj − ∂j�

j
αβ + �

p
αj�

j
pβ − �

p
αβ�

j
pj. (20.33)

From (20.24) and (20.26) we see that the first two terms on the right-hand side of (20.33)
for α �= β vanish. Using (20.22) we then obtain

Rαβ = �
p
αj�

j
pβ − �0

αβ�
j
0j − �1

αβ�
j
1j − �2

αβ�
j
2j . (20.34)

Using here �0
αβ = 0 and �1

αβ = 0 for α �= β from (20.21) and (20.25) respectively, we have

Rαβ = �
p
αj�

j
pβ − δ1

αδ
2
β

cot θ
r

. (20.35)

Thus, the second term on the right-hand side of (20.35) is not equal to zero only for
(αβ) = (12). Let us now calculate the first term on the right-hand side of (20.35), as follows:

�
p
αj�

j
pβ = �

p
α0�

0
pβ + �

p
αω�

ω
pβ , (20.36)

or

�
p
αj�

j
pβ = �0

α0�
0
0β + �σα0�

0
σβ + �0

αω�
ω
0β + �σαω�

ω
σβ . (20.37)

From (20.19) we see that the only non-zero term of type �0
α0 or �0

0β is �0
01 = ν′(r). Thus, for

α �= β the first term on the right-hand side of (20.37) is zero. Furthermore, using (20.20)
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and (20.21), we see that the second and third term on the right-hand side of (20.37) are
also equal to zero. Thus, we have

�
p
αj�

j
pβ = �σαω�

ω
σβ = �1

αω�
ω
1β + �2

αω�
ω
2β + �3

αω�
ω
3β

= �1
α1�

1
1β + �1

α2�
2
1β + �1

α3�
3
1β + �2

α1�
1
2β + �2

α2�
2
2β + �2

α3�
3
2β

+ �3
α1�

1
3β + �3

α2�
2
3β + �3

α3�
3
3β . (20.38)

Using the result (20.38) we can show by direct calculation that

�
p
αj�

j
pβ = δ1

αδ
2
β�

3
13�

3
32 = δ1

αδ
2
β

cot θ
r

. (20.39)

Substituting (20.39) into (20.35) we finally obtain

Rαβ = Rβα ≡ 0, (α �= β). (20.40)

From the results (20.32) and (20.40) we conclude that all off-diagonal components of the
Ricci tensor are identically equal to zero

Rkn = Rnk ≡ 0 (k �= n). (20.41)

Thus, the only nontrivial components of the Ricci tensor are the diagonal components.

Using the static property of the metric ∂0�
j
kn ≡ 0 and the results (20.20)-(20.26), they can

be calculated as

R00 = −∂r�
1
00 − �1

00�
j
1j + 2�1

00�
0
10

=
(

−ν′′ + ν′λ′ − ν′2 − 2
r
ν′
)

exp(2ν − 2λ)

R11 = ∂r�
j
1j − ∂r�

1
11 − �1

11�
j
1j +

(
�0

10

)2 +
(
�1

11

)2

+
(
�2

12

)2 +
(
�3

13

)2 = ν′′ − ν′λ′ + ν′2 − 2
r
λ′

R22 = ∂θ�
j
2j − ∂r�

1
22 + 2�1

22�
2
12 +

(
�3

23

)2 − �1
22�

j
1j

= (
1 + rν′ − rλ′) exp(−2λ)− 1

R33 = −∂r�
1
33 − ∂θ�

2
33 − �1

33�
j
1j − �2

33�
j
2j + 2�1

33�
3
13

+ 2�2
33�

3
23 = sin2 θ

[(
1 + rν′ − rλ′) exp(−2λ)− 1

]
(20.42)

From the results (20.42) we see that R33 = R22 sin2 θ . As sin2 θ is in general different
from zero, substitution of these two components of the Ricci tensor into the vacuum
gravitational field equations Rkn = 0 gives the same differential equation for ν and λ. Thus,
the vacuum gravitational field equations Rkn = 0 give only three independent equations
for ν and λ, that is,

−ν′′ + ν′λ′ − ν′2 − 2
r
ν′ = 0,
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ν′′ − ν′λ′ + ν′2 − 2
r
λ′ = 0,

(
1 + rν′ − rλ′) exp(−2λ) = 1. (20.43)

Adding together the first two equations in (20.43) gives

−2
r

(
ν′ + λ′) = 0 ⇒ d

dr
(ν + λ) = 0. (20.44)

From (20.44) we see that the quantity ν+λmust be a constant. On the other hand, for large
values of radial coordinate r the space-time is approximately flat and both ν and λ tend to
zero as r → ∞. Thus, the constant ν + λmust be equal to zero, and we have

ν + λ = 0 ⇒ λ = −ν. (20.45)

Substituting (20.45) into the third of (20.43), we obtain

(
1 + 2rν′) exp(2ν) = d

dr

[
r exp(2ν)

] = 1. (20.46)

Integrating (20.46) we obtain

r exp(2ν) = r − rG, (20.47)

where the integration constant rG is called the gravitational radius of the body. Thus, we
obtain

g00 = exp(2ν) = 1 − rG

r
,

g11 = exp(2λ) =
(

1 − rG

r

)−1
. (20.48)

The gravitational radius of the body is defined using the Newtonian limit (18.38) with
(20.12) as

g00 → 1 + 2φ
c2 = 1 − 2 G M

c2 r
. (20.49)

Comparing (20.49) with the first of (20.48) we find

rG = 2 G M
c2 . (20.50)

Thus, the final result for the Schwarzschild space-time metric is given by

ds2 =
(

1 − rG

r

)
c2dt2 −

(
1 − rG

r

)−1
dr2 − r2

(
dθ2 + sin2 θdϕ2

)
. (20.51)

From the Schwarzschild solution (20.51) we conclude that the empty space outside a
spherically symmetric distribution of matter can be described by a static metric. Fur-
thermore, it should be noted that the solution (20.51) is also valid for moving masses as
long as the motion preserves the required symmetry, for example, a centrally symmetric
pulsation. We note also that the metric (20.51) depends only on the total mass of the
body which is a source of the gravitational field, just as in the case of the Newtonian
theory. If we put dt = 0 in the metric (20.51) we obtain the three-dimensional space with a
line element
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dl2 =
(

1 − rG

r

)−1
dr2 + r2

(
dθ2 + sin2 θdϕ2

)
. (20.52)

As the Schwarzschild metric tensor gkn is not time dependent, the distances can be defined
over a finite portion of space and the integral of the element of the spatial distance dl along
a space curve has a definite meaning. In other words it is possible to split the space-time
into the space and time with definite meaning. If we can turn the mass M of the source
down to zero, the metric (20.51) reduces to the pseudo-Euclidean metric of the flat space-
time in the spherical coordinates

ds2 = c2dt2 − dr2 − r2
(

dθ2 + sin2 θdϕ2
)

. (20.53)

Turning the M on again, we introduce a distortion into both the four-dimensional space-
time continuum and the three-dimensional space itself and neither of them is flat any
more. The level of distortion is proportional to the dimensionless quantity rG/r. In the flat
space-time described by the metric (20.53) the radial coordinate r is the measure of the
radial distance from the origin of the coordinates. In the curved space-time it is no longer
the case and r is just a space coordinate which does not measure the radial distance from
the origin. From the line element (20.52) we obtain the square of the infinitesimal radial
distance dR for dθ = dϕ = 0, as follows:

dR2 =
(

1 − rG

r

)−1
dr2. (20.54)

Thus, we see that the actual radial distance increment dR is larger than the coordinate
differential dr, that is, dR>dr. The distance between two points r1 and r2 is then
obtained as

R21 =
∫ r2

r1

(
1 − rG

r

)−1/2
dr =

=
[√

r (r − rG)+ rG ln
(√

r + √
r − rG

)]r2

r1
> r2 − r1. (20.55)

From the result (20.55) it can be shown that for small rG/r the distance between the two
points r1 and r2 tends to r2 − r1. If we take the sphere in space with r = Constant, then the
three-dimensional space metric (20.52) becomes the metric of a two-dimensional sphere
of radius r embedded in the Euclidean space, that is,

dl2 = r2
(

dθ2 + sin2 θdϕ2
)

. (20.56)

The infinitesimal tangential distances are therefore the same as in the Euclidean space

dl = r
√

dθ2 + sin2 θdϕ2. (20.57)

Let us now consider the element of the proper time dτ given by (18.5) as follows:

dτ = √
g00 dt =

√
1 − rG

r
dt < dt. (20.58)

The proper time between any two events occurring at the same point in space is then
given by



182 TENSORS, RELATIVITY, AND COSMOLOGY

τ =
∫ t2

t1

√
1 − rG

r
dt < t2 − t1. (20.59)

Thus in the curved space-time near the massive sources of the gravitational field there is
a slowing down of time, compared to the time that would be measured in the pseudo-
Euclidean limit at the infinite distance from the sources of the gravitational field, that is,
when r tends to infinity.

It should be noted that the Schwarzschild metric (20.51) becomes singular at r = rG,
where g00 = 0 and g11 =−∞. However, for most of the observable bodies in the universe the
gravitational radius lies well inside them, where the Schwarzschild metric is not applicable
anyway. For example for the Sun the gravitational radius is rG = 2.9 km and for the Earth
the gravitational radius is rG = 0.88 cm. Furthermore, the singularity of the Schwarzschild
metric can be shown to be more a consequence of the choice of the space-time coordi-
nates than of the space-time itself. Nevertheless for a few bodies in the universe that are
actually smaller than their gravitational radius, some physically interesting things do hap-
pen at the boundary r = rG . For example, matter and energy may fall into the region where
r < rG but neither matter nor energy (including the light signals) can escape from the re-
gion where r < rG . Such a region is called a black hole and will be discussed in Chapter 21.



21
Applications of the Schwarzschild
Metric

In Chapter 20 we have derived the static Schwarzschild solution of the gravitational field
equations for a static spherically symmetric field produced by a spherical mass M at rest.
In this chapter we discuss two applications of the Schwarzschild solution to explain two
physical phenomena which cannot be explained within the framework of the classical
Newtonian theory of gravitation.

21.1 The Perihelion Advance
According to the Newtonian theory of gravitation, the orbit of a planet around the Sun is
a closed ellipse with the Sun at one of the two foci. Thus the point, which is called the
Perihelion and where the planet is closest to the Sun, is fixed. However, the experimental
evidence shows that the perihelion of the planets is not fixed, but gradually rotates around
the Sun. This rotation, although very slow, is cumulative and can be measured over a long
period of time. In the classical mechanics the Lagrangian of a planet in the central field of
the Sun is given by

L = Ek − mφ(r) = mv2

2
+ G M m

r
. (21.1)

The conserved energy of the planet is

E = ∂L
∂vα

vα − L = mv2

2
− GM m

r
= Constant. (21.2)

From (21.1) we may write in the spherical coordinates

L = m
[

1
2

(
ṙ2 + r2θ̇2 + r2 sin2 θϕ̇2

)
+ G M

r

]
, (21.3)

where the dots denote the time differentiation of coordinates. Since the classical motion
of the planet in the central field of the Sun is confined to the plane of the orbit, which we
take to be the equatorial plane of the spherical coordinates, we have θ =π/2 and θ̇ = 0.
From (21.3) we then obtain

L = m
[

1
2

(
ṙ2 + r2ϕ̇2

)
+ G M

r

]
. (21.4)
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The Lagrangian equation with respect to the angular variable ϕ is given by

d
dt

(
∂L
∂ϕ̇

)
= ∂L
∂ϕ

. (21.5)

Substituting (21.4) into (21.5) we obtain

d
dt

(
m r2 ϕ̇

)
= 0, (21.6)

or

m r2 ϕ̇ = h = Constant ⇒ r2 ϕ̇ = h
m

, (21.7)

where h is the conserved angular momentum of the planet. Substituting (21.7) into (21.2)
in the polar coordinates, we obtain

E = m
2

[
ṙ2 + h2

m2r2 − 2 G M
r

]
. (21.8)

From (21.8) we may write

ṙ2 = 2E
m

− h2

m2 r2 + 2 G M
r

. (21.9)

Dividing now ṙ2 from (21.9) by r4 ϕ̇2 from (21.7), we obtain

1
r4

(
dr
dϕ

)2

= m2

h2

(
2E
m

− h2

m2 r2 + 2 G M
r

)
, (21.10)

or
[

d
dϕ

(
1
r

)]2

= 2 m E
h2 −

(
1
r

)2

+ 2 G M m2

h2

(
1
r

)
. (21.11)

Introducing here a new variable u = 1/r, we obtain

(
du
dϕ

)2

+ u2 = 2 m E
h2 + 2 G M m2

h2 u, (21.12)

or
(

du
dϕ

)2

= 2 m E
h2 + G2 M2 m4

h4 −
(

G M m2

h2 − u
)2

. (21.13)

Introducing here the following notation:

e2

p2 = 2 m E
h2 + G2 M2 m4

h4 ,
1
p

= G M m2

h2 , (21.14)

where

e2 = 1 + 2 E h2

G2 M2 m3 , p = h2

G M m2 , (21.15)

we may rewrite (21.13) as follows:
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(
du
dϕ

)2

= e2

p2 −
(

1
p

− u
)2

. (21.16)

The well-known solution of the differential equation (21.16) is given by

u = 1 + e cosϕ
p

, (21.17)

The validity of (21.17) is easily confirmed by direct substitution. Using (21.17) we can
calculate (

1
p

− u
)2

= e2

p2 cos2 ϕ,
(

du
dϕ

)2

= e2

p2 sin2 ϕ. (21.18)

Substituting (21.18) into (21.16) and using cos2 ϕ+ sin2 ϕ = 1 we obtain the identity. Thus,
(21.17) is a correct solution of the differential equation (21.16). Using here u = 1/r we
finally obtain

r = p
1 + e cos ϕ

. (21.19)

It is the equation of an ellipse in the polar coordinates. The length of the major axis of this
ellipse, denoted by 2a, is given by

2a = r(ϕ = 0)+ r(ϕ = π) = p
1 + e

+ p
1 − e

= 2p
1 − e2 . (21.20)

Thus, we may express the parameter p as

p = a
(

1 − e2
)

. (21.21)

Thus, according to the Newtonian theory of gravitation the orbit of a planet around the
Sun is indeed a closed ellipse with the Sun at one of the two foci and the perihelion is fixed.
Let us now consider the motion of the planet in the Schwarzschild space-time within the
framework of the general theory of relativity. The equations of motion are the geodesic
equations (11.25), that is,

d2xn

ds2 + �n
lk

dxl

ds
dxk

ds
= 0 (k, l, n = 0, 1, 2, 3). (21.22)

Using the non-zero Christoffel symbols of the second kind in the Schwarzschild metric
(20.19) we obtain the four equations of motion

d2t
ds2 + 2�0

01
dt
ds

dr
ds

= 0,

d2r
ds2 + c2�1

00

(
dt
ds

)2

+ �1
11

(
dr
ds

)2

+ �1
22

(
dθ
ds

)2

+ �1
33

(
dϕ
ds

)2

= 0,

d2θ

ds2 + 2�2
12

dr
ds

dθ
ds

+ �2
33

(
dϕ
ds

)2

= 0,

d2ϕ

ds2 + 2�3
13

dr
ds

dϕ
ds

+ 2�3
23

dθ
ds

dϕ
ds

= 0. (21.23)
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In (21.23) the factor of two appears before each of the off-diagonal terms as they appear
twice in the sum due to the symmetry of the Christoffel symbols of the second kind with
respect to its two lower indices. The Schwarzschild metric is a spherically symmetric
metric and the motion of the planets around the Sun is still confined to the plane of the
orbit, which we may take to be the equatorial plane of the spherical coordinates. Thus, we
still have θ =π/2 and θ̇ = 0. The third of the equations of motion (21.23) for the angular
variable θ becomes therefore trivial and the other three equations are reduced to the
following equations:

d2t
ds2 + 2�0

01
dt
ds

dr
ds

= 0,

d2r
ds2 + c2�1

00

(
dt
ds

)2

+ �1
11

(
dr
ds

)2

+ �1
33

(
dϕ
ds

)2

= 0,

d2ϕ

ds2 + 2�3
13

dr
ds

dϕ
ds

= 0. (21.24)

Substituting the actual values for the Christoffel symbols of the second kind from (20.19)
in the first and the third of (21.24) we obtain

d2t
ds2 + 2ν′(r)dr

ds
dt
ds

= 0,

d2ϕ

ds2 + 2
r

dr
ds

dϕ
ds

= 0, (21.25)

or

exp (−2ν)
d
ds

(
exp (2ν)

dt
ds

)
= 0,

1
r2

d
ds

(
r2 dϕ

ds

)
= 0. (21.26)

Thus, we obtain two constants of motion

exp 2ν
dt
ds

=
(

1 − rG

r

) dt
ds

= 1
c

√
1 + 2E

m c2 = Constant,

r2 dϕ
ds

= h
m c

= Constant. (21.27)

The form of the constants on the right-hand side of (21.27) is chosen in such a way to
secure the correct classical analogy. From (21.27) we may write

c2
(

dt
ds

)2

=
(

1 − rG

r

)−2
(

1 + 2E
m c2

)
,

(
r2 dϕ

ds

)2

= h2

m2 c2 . (21.28)
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Using now the result for the Schwarzschild metric (20.51) with θ = π/2 and θ̇ = 0, we have

ds2 =
(

1 − rG

r

)
c2dt2 −

(
1 − rG

r

)−1
dr2 − r2dϕ2 (21.29)

or

1 =
(

1 − rG

r

)
c2
(

dt
ds

)2

−
(

1 − rG

r

)−1
(

dr
ds

)2

− 1
r2

(
r2 dϕ

ds

)2

. (21.30)

Substituting (21.28) into (21.30) we obtain

1 =
(

1 − rG

r

)−1
(

1 + 2E
m c2

)

−
(

1 − rG

r

)−1
(

dr
ds

)2

− h2

m2 c2 r2 , (21.31)

or

1 − rG

r
= 1 + 2E

m c2 −
(

dr
ds

)2

− h2

m2 c2 r2

(
1 − rG

r

)
. (21.32)

Using (21.27) we may calculate

dr
ds

= 1
r2

dr
dϕ

r2 dϕ
ds

= − h
m c

d
dϕ

(
1
r

)
. (21.33)

Substituting (21.33) into (21.32) we obtain

h2

m2 c2

[
d

dϕ

(
1
r

)]2

+ h2

m2 c2 r2 = 2E
m c2 + rG

r
+ h2 rG

m2 c2 r3 . (21.34)

Using here the result (20.50) for rG and introducing a new variable u = 1/r, we obtain

h2

m2 c2

[(
du
dϕ

)2

+ u2

]
= 2E

m c2 + 2 G M
c2 u + h2 rG

m2 c2 u3 (21.35)

or (
du
dϕ

)2

+ u2 = 2 m E
h2 + 2 G M m2

h2 u + rGu3. (21.36)

Using again the result (20.50) for rG, we finally obtain
(

du
dϕ

)2

+ u2 = 2 m E
h2 + 2 G M m2

h2 u + 2 G M
c2 u3. (21.37)

Comparing (21.37) with the Newtonian equation (21.12) we see that the only difference is
an additional non-linear term proportional to u3 which vanishes for c → ∞. This term can
therefore be considered as a small perturbation of the Newtonian equation (21.12) which
introduces the general-relativistic corrections to the Newtonian results. Differentiating
both sides of (21.37) with respect to the angular variable ϕ, we obtain

2
du
dϕ

(
d2u
dϕ2 + u

)
= 2

du
dϕ

(
G M m2

h2 + 3 G M
c2 u2

)
. (21.38)
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If we disregard the solution du/dϕ = 0, which represents the circular orbit with
r = Constant, we obtain the non-linear differential equation for u in the form

d2u
dϕ2 + u = G M m2

h2 + 3 G M
c2 u2. (21.39)

The solution to the corresponding Newtonian linear equation

d2u(0)

dϕ2 + u(0) = G M m2

h2 , (21.40)

is given by (21.17), that is,

u(0) = 1 + e cos ϕ
p

. (21.41)

Using the perturbation method, we may construct an approximate solution of the non-
linear equation (21.39) in the form

u = u(0) + u(1), u(1) � u(0). (21.42)

Using (21.42) with (21.41) we may write

d2u
dϕ2 = d2u(0)

dϕ2 + d2u(1)

dϕ2 = d2u(1)

dϕ2 − e
p

cos ϕ, (21.43)

and

u = u(0) + u(1) = u(1) + e
p

cos ϕ + 1
p

. (21.44)

Combining the results (21.43) and (21.44) and using the definition (21.14) we obtain

d2u
dϕ2 + u = d2u(1)

dϕ2 + u(1) + G M m2

h2 . (21.45)

Substituting the result (21.45) into (21.39) and putting u = u(0) in the non-linear term, we
obtain the equation for the perturbation u(1) in the form

d2u(1)

dϕ2 + u(1) = 3 G M
c2

(
u(0)

)2
. (21.46)

Substituting the result (21.41) into (21.46) we obtain

d2u(1)

dϕ2 + u(1) = 3 G M
c2 p2 (1 + e cos ϕ)2 , (21.47)

or

d2u(1)

dϕ2 + u(1) = 3 G M
c2 p2 + 6 G M

c2 p2 e cosϕ + 3 G M
c2 p2 e2 cos2 ϕ. (21.48)

Considering orbits with small eccentricity e the term of the order e2 can be neglected. The
contribution from the constant term is negligible as well. The only term that produces an
observable effect is the one proportional to cosϕ with the contribution which increases
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continuously after each revolution. Dropping the constant term and the term proportional
to e2, we obtain

d2u(1)

dϕ2 + u(1) = 6 G M
c2 p2 e cosϕ. (21.49)

The solution of the differential equation (21.49) is given by

u(1) = 3 G M
c2 p2 e ϕ sinϕ, (21.50)

which is easily shown by direct substitution into (21.49). Substituting (21.41) and (21.50)
into (21.42), we obtain

u = 1 + e cos ϕ
p

+ 3 G M
c2 p

e
p
ϕ sinϕ. (21.51)

Let us now introduce the increment
ϕ as follows:


ϕ = 3 G M
c2 p

ϕ = 3 G M

c2 a
(
1 − e2

) ϕ, (21.52)

where we have used the result (21.21) for the parameter p. Thus, we may rewrite (21.51) as
follows:

u = 1 + e cosϕ + e
ϕ sinϕ
p

. (21.53)

Using now the trigonometric formula

cos (ϕ −
ϕ) = cos ϕ cos
ϕ + sinϕ sin
ϕ, (21.54)

and the approximations for the trigonometric functions of a small angle
ϕ, given by

cos
ϕ ≈ 1, sin
ϕ ≈ 
ϕ, (21.55)

we obtain

cos ϕ +
ϕ sinϕ ≈ cos (ϕ −
ϕ) . (21.56)

Substituting (21.56) into (21.53) , we finally obtain

u = 1 + e cos (ϕ −
ϕ)

p
. (21.57)

From (21.57) we see that while a planet moves through an angle ϕ, the perihelion advances
for a fraction of the revolution angle equal to


ϕ

ϕ
= 3 G M

c2 a
(
1 − e2

) . (21.58)

For a complete revolution (ϕ = 2π) the perihelion advances for an angle


ϕ = 6π G M

c2 a
(
1 − e2

) . (21.59)
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For the planet of Mercury the theoretical result for the relativistic perihelion shift is equal
to 
ϕ = 43.03 seconds of arc per century, while the observed perihelion shift is equal to

ϕ = 43.11 ± 0.45 seconds of arc per century. The perihelion shift of the planet Mercury
could not be explained in the Newtonian theory of gravitation. This remarkable agreement
of the theoretical result from the general theory of relativity with the observational data
was the first major experimental confirmation of the theory.

21.2 The Black Holes
In Chapter 20 we mentioned the singularity of the Schwarzschild metric (19.51) at the
gravitational radius of the spherical body r = rG and the possibility of the existence of
bodies in the universe which are actually smaller than their gravitational radius rG. The
region where r< rG around such bodies is called the black hole. A number of physically
interesting phenomena occurs at the boundary r = rG . For example, we have argued that
matter and energy may fall into the region r< rG of a black hole, but neither matter nor
energy (including the light signals) can escape from that region. In order to prove this
assertion, let us consider a particle falling radially into a black hole with a radial velocity
u1 = dr/ds. As the particle is falling radially, we have u2 = u3 = 0. The motion of the particle
is described by the geodesic equations (11.25), that is,

dun

ds
+ �n

lkuluk = 0. (21.60)

Using u2 = u3 = 0 and the results for the Christoffel symbols of the second kind (20.19),
we may write the temporal equation of motion as follows:

du0

ds
= −�0

lkuluk = −2�0
10u1u0, (21.61)

or

du0

ds
= −2

dν
dr

dr
ds

u0 = −2
dν
ds

u0, (21.62)

where the factor of two appears because the term proportional to �0
10 = �0

01 appear twice
in the sum. Thus, we obtain

du0

ds
+ 2

dν
ds

u0 = exp(−2ν)
d
ds

(
exp(2ν)u0

)
= 0. (21.63)

Equation (21.63) can be integrated to give

exp(2ν)u0 = g00u0 = K = Constant, (21.64)

where K is the integration constant which is equal to the value of g00 at the point where
the particle starts to fall towards the black hole. Using the identity gknukun ≡ 1, we may
also write

1 = gknukun = g00(u0)2 + g11(u1)2. (21.65)
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Multiplying by g00 and using (21.64) as well as g00g11 = −1, we obtain

g00 = (g00)
2(u0)2 + g00g11(u1)2 = K 2 − (u1)2, (21.66)

or

(u1)2 = K 2 − g00 = K 2 − 1 + rG

r
. (21.67)

For the radially falling body we have u1 <0, and we may write

u1 = −
(

K 2 − 1 + rG

r

)1/2
. (21.68)

Using (21.64) and (21.68) we may calculate the ratio dt/dr as follows:

dt
dr

= u0

c u1 = − K
c g00

(
K 2 − 1 + rG

r

)−1/2
, (21.69)

or

dt
dr

= −K
c

(
1 − rG

r

)−1 (
K 2 − 1 + rG

r

)−1/2
. (21.70)

If we now assume that the particle falling radially into a black hole is close to the
gravitational radius rG, then we may write r = rG + ε with ε � rG . Equation (21.70) then
becomes

dt
dr

= −K
c

[
1 −

(
1 + ε

rG

)−1
]−1

×
[

K 2 − 1 +
(

1 + ε

rG

)−1
]−1/2

. (21.71)

Using now the approximation
(

1 + ε

rG

)−1

≈ 1 − ε

rG
, (21.72)

in (21.71), we obtain

dt
dr

≈ −K rG

c ε

[
K 2 − ε

rG

]−1/2

≈ − rG

c ε
, (21.73)

or

dt
dr

≈ − rG

c (r − rG)
. (21.74)

Integrating (21.74) we obtain

t ≈ −rG ln (r − rG)+ Constant. (21.75)

From (21.75) we note that as r → rG we have t → ∞. Let us now consider an observer
traveling with the particle. The proper time measured by the observer in its own rest frame
is given by (18.5), that is,

dτ = 1
c

ds = √
g00dt. (21.76)
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Thus, we may write

dτ = 1
c

ds = 1
c

ds
dr

dr = 1
c u1 dr, (21.77)

or

dτ = −dr
c

(
K 2 − 1 + rG

r

)−1/2
. (21.78)

If we again assume that the observer traveling radially into a black hole is very close to
the gravitational radius rG, then we have r = rG + ε with dr = dε. Equation (21.78) then
becomes

dτ = −dε
c

(
K 2 − ε

rG + ε

)−1/2

, (21.79)

or

dτ ≈ −dε
c

(
K 2 − ε

rG

)−1/2

. (21.80)

Integrating from the starting point ε to the point ε= 0 where the observer reaches the
gravitational radius rG , we obtain

τ ≈ − 1
c

∫ 0

ε

(
K 2 − ε

rG

)−1/2

dε

= 2rGK
c

(
1 − ε

K 2 rG

)1/2
∣∣∣∣∣
0

ε

= 2rGK
c

[
1 −

√
1 − ε

K 2 rG

]
, (21.81)

or

τ ≈ ε

K c
= r − rG

K c
, ε � rG . (21.82)

From the result (21.82) we conclude that the observer reaches the point r = rG after the
lapse of a finite proper time according to his own clock. Thus, the singularity at r = rG is not
a real unphysical singularity, but merely a coordinate singularity which is a consequence
of the choice of the coordinate system. Let us now assume that, during the radial fall, the
observer is sending light signals to a distant counterpart at precisely regular time intervals
according to his own clock. Using the definition of the differential of the proper time (18.5),
the differential of the coordinate time is given by

dt = dτ√
g00

= dτ
(

1 − rG

r

)−1/2
, (21.83)

and from the point of view of the distant receiver the light signals are red-shifted by a factor
proportional to

(
g00
)−1/2 =

(
1 − rG

r

)−1/2
. (21.84)



Chapter 21 • Applications of the Schwarzschild Metric 193

Thus, although the traveling observer passes the point r = rG after the lapse of a finite
proper time, from the point of view of the distant receiver the time intervals between light
signals become longer and longer as the traveling observer approaches the point r = rG.
The distant receiver never sees the traveling observer after his passing below the point
r = rG , which is in line with the initial assertion that neither matter nor energy (including
the light signals) can escape from the region with r< rG.

The lack of communication with the outside world is a basic property of black holes.
The boundary r = rG is called an event horizon. Just as the curved earth creates a horizon
limiting the range of vision of an ocean navigator, the strongly curved geometry in the
vicinity of a black hole creates an event horizon hiding the space-time of the interior of
the region with r ≤ rG from the external observer. Nevertheless, the black holes do exert
influence on the external observers by their gravitational effects on external bodies arising
from the Schwarzschild metric for r> rG.

Another interesting feature of the black holes is that inside the region r< rG there
can be no static bodies. Only the dynamic bodies can exist inside the region r< rG. This
property is obvious from the unphysical negative result for the square of the world line
element of a body at rest, for which we have dr = dθ = dϕ = 0, that is,

ds2 = c2dτ2 = c2
(

1 − rG

r

)
dt2 < 0. (21.85)

At this point we want to examine how bodies move inside a black hole. In particular it is of
interest to find out if they are moving towards or away from the central mass. We first note
that by virtue of the principle of invariance of the speed of light, the world line element ds
of a light ray is always equal to zero. The equation ds = 0 defines the two light cones. As an
illustration consider a pseudo-Euclidean metric described by the Descartes coordinates,
where dy = dz = 0. The light cones are then defined by

ds2 = c2dt2 − dx2 = 0, (21.86)

or

xQ − xP = ±c(tQ − tP). (21.87)

Equation (21.87) is the equation of the cross section of two cones with the y-plane or
the z-plane. All world lines of a light ray in the four-dimensional space-time, passing
through an arbitrary world point P, must lie on these two light cones where ds = 0. All
other permissible world lines of arbitrary bodies with ds2 > 0 must lie within the two light
cones, since otherwise the slope of the actual world line would be larger than c indicating
a body moving faster than the speed of light with ds2 < 0. All world lines within one of the
two cones point into the future compared to the world point P, while all world lines in the
other of the two cones point into the past compared to the world point P.

As we have argued before, if we want to explain how bodies are moving inside a black
hole, the usual set of four coordinates (t, r, θ , ϕ) is not adequate and we need to introduce
a more suitable new set of coordinates. The simplest way to achieve this goal is to keep the
three spatial coordinates and just introduce a new time coordinate w, defined by
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w = t + rG

c
ln

∣∣∣∣ r
rG

− 1

∣∣∣∣ , (21.88)

From (21.88) we obtain

dt = dw − rG

c r

(
1 − rG

r

)−1
dr. (21.89)

The square of the original coordinate time differential dt as a function of the new
coordinate time differential dw defined by (21.89) is then given by

dt2 = dw2 − 2 rG

c r

(
1 − rG

r

)−1
dwdr

+ r2
G

c2 r2

(
1 − rG

r

)−2
dr2. (21.90)

On the other hand for the light cones of a radial motion, where we have dθ = dϕ = 0, the
result for the metric gives

ds2 =
(

1 − rG

r

)
c2dt2 −

(
1 − rG

r

)−1
dr2 = 0, (21.91)

or

dt2 = 1
c2

(
1 − rG

r

)−2
dr2. (21.92)

Substituting (21.92) into (21.90), we can remove the dependency on dt2 and obtain a
quadratic equation in dw/dr as follows:

(
1 − rG

r

)(dw
dr

)2

− 2 rG

c r
dw
dr

− 1
c2

(
1 + rG

r

)
= 0. (21.93)

The two solutions of the quadratic equation (21.93) are given by

dw
dr

= 1
c

( rG

r
± 1

)(
1 − rG

r

)−1
, (21.94)

or

dw
dr

= −1
c

,
dw
dr

= 1
c

(
1 + rG

r

)(
1 − rG

r

)−1
. (21.95)

The first of (21.95) shows that outside the black hole for r> rG some world lines have a
decreasing coordinate distance r with increasing coordinate time w, that is, the light rays
move towards the central mass. The second of (21.95) for r> rG shows that some world
lines have increasing r with increasing coordinate time w, that is, the light rays move away
from the central mass. On the other hand inside the black hole for r< rG both equations
(21.95) show that all world lines have decreasing coordinate distance r with increasing
coordinate time w, that is, the light rays always move towards the central mass. Based on
the earlier conclusion that all other permissible world lines of arbitrary bodies with ds2> 0
must lie within the two light cones, we see that all matter and energy (including the light
signals) within a black hole for r< rG can only move towards the central mass and can
never escape from the region where r< rG.
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The above discussion of the properties of black holes would be only academic unless
there were reasons to believe that such objects exist in the universe. It is today generally
believed that the black holes do exist and that they are created by gravitational collapse in
the final stage of the evolution of massive stars with a mass larger than 10 times the solar
mass. This type of black holes is expected to have a mass in a range of 2-3 solar masses.
Some stellar objects that may be candidates for this type of black holes have already been
studied. The supermassive black holes comprising thousands, millions or billions of solar
masses may also exist. It has also been suggested that in the early stages of the creation
of the universe, due to a high density of the hot matter, some small material objects could
have been squeezed sufficiently to form the so called mini-black holes.





22
Gravitational Waves

22.1 Introduction
The relativistic theory of gravitational fields includes the possibility of propagation of
gravitational waves with a finite speed, the speed of light (13.1), in source-free space.
It turns out that the linearized gravitational field equations (19.96) allow for wave-like
solutions that represent the propagating gravitational waves.

22.2 Linearized Einstein Field Equations
Let us first consider the non-linear field equations (19.96) in the form

Rkn − 1
2

gknR = −8π G
c4 Tkn (k, n = 0, 1, 2, 3). (22.1)

Equation (22.1) determines future values of the metric tensor gmn from given initial
values. Relativistic theory of gravitational fields is invariant under any possible coordinate
transformations

xm → zm(xk) (k, n = 0, 1, 2, 3), (22.2)

where zm = zm(xk) are invertible and differentiable functions with differentiable inverses.
Under the transformations (22.2), the metric tensor gmn(xk) transforms as follows:

gmn(xk) → g ′
mn(z

k) = ∂xp

∂zm

∂xq

∂zn gpq(xk). (22.3)

In order to linearize (22.1), we first assume that there exists a reference frame in which, in
a sufficiently large space-time region, we can write

gmn(xk) = ηmn + hmn(xk), |hmn| << 1, (22.4)

where ηmn is the metric tensor of the pseudo-Euclidean space-time with components
displayed in the matrices (13.9) and (13.12), that is,

[
ηmn

] = [ηmn] =

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦ . (22.5)

In the linear theory based on the approximation (22.4), we assume that the indices of all
tensors are lowered and raised using ηmn and ηmn, respectively. The correction arising
from the presence of hmn and hmn, respectively, can be neglected as being of higher order
in the perturbation tensor hmn. Thus, we can calculate
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gmn = ηmkgkp η
pn = ηmk(ηkp + hkp)η

pn

= ηmk + ηmkhkpη
pn = ηmn + hmn. (22.6)

The components of the covariant perturbation tensor hkm are as of yet unknown func-
tions of the space-time coordinates, that can be displayed as elements of the following
matrix:

[
hmn

] = [ηmn] =

⎡
⎢⎢⎣

h00 h01 h02 h03
h10 h11 h12 h13
h20 h21 h22 h23
h30 h31 h32 h33

⎤
⎥⎥⎦ , (22.7)

The components of the corresponding contravariant tensor hkm can be calculated using
the following matrix equation:

[
hmn] =

[
ηmk

] [
hkp
] [
ηpn]

=

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦
⎡
⎢⎢⎣

h00 h01 h02 h03
h10 h11 h12 h13
h20 h21 h22 h23
h30 h31 h32 h33

⎤
⎥⎥⎦
⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦

=

⎡
⎢⎢⎣

h00 −h01 −h02 −h03
−h10 h11 h12 h13
−h20 h21 h22 h23
−h30 h31 h32 h33

⎤
⎥⎥⎦ , (22.8)

where we note that the order of the tensors in (22.6) has been chosen to reflect the correct
order of matrices in the corresponding matrix product (22.8). While the order of matrices
in a matrix product is essential for the correct result, the order of tensors in a tensor
product can be chosen arbitrarily, as long as all indices are correct.

In the linear approximation (22.4), the coordinate transformations (22.3) become the
pseudo-Euclidean Lorentz transformations (13.29), and we can rewritte (22.3) as follows:

gmn(xk) → g ′
mn(z

k) = �
p
m gpq(xk)�

q
n, (22.9)

or

ηmn + h′
mn(z

k) = �
p
mηpq�

q
n +�

p
m hpq(xk)�

q
n

= ηmn +�
p
m hpq(xk)�

q
n, (22.10)

such that the perturbation tensor hmn transforms as

h′
mn(z

k) = �
p
m hpq(xk)�

q
n. (22.11)

In (22.10) we used the result

�
p
m ηpq �

q
n = ηmn ⇒

[
�

p
m

] [
ηpq
] [
�

q
n

]
= [ηmn

]
, (22.12)

which is easily verified using (13.29) for�p
m and�q

n as well as (13.9) for ηpq, and performing
the matrix multiplications in given order.
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As a next step, we now use the definition (9.28) with (22.4) to calculate the Christoffel
symbols of the first kind

�m,np = 1
2

(
∂pgmn + ∂ngpm − ∂mgnp

)

= 1
2

(
∂phmn + ∂nhpm − ∂mhnp

)
, (22.13)

where we note that ηmn are components of a constant tensor that do not contribute to the
result (22.13). Christoffel symbols of the second kind are then obtained by means of the
definition (9.29), as follows:

�m
np = gmk�k,np = 1

2

(
ηmk + hmk

) (
∂phkn + ∂nhpk − ∂kgnp

)

= 1
2
ηmk (∂phmn + ∂nhpm − ∂khnp

)+ O[(hmn)
2], (22.14)

where O[(hmn)
2] denotes the terms of at least second order in the small perturbation

|hmn| << 1, that can be neglected in the present context. Using further the definition
(12.20), we can calculate the linearized curvature tensor

Rk
mnp = ∂n�

k
mp − ∂p�

k
mn + �l

mp�
k
ln − �l

mn�
k
lp, (22.15)

where we note that the products of Christoffel symbols (22.14) are always of order
O[(hmn)

2] and can be neglected, such that

Rk
mnp = ∂n�

k
mp − ∂p�

k
mn + O[(hmn)

2] ≈ ∂n�
k
mp − ∂p�

k
mn. (22.16)

The Ricci tensor (12.44) then becomes

Rmn = Rp
mnp = ∂n�

p
mp − ∂p�

p
mn + O[(hmn)

2], (22.17)

or, neglecting the higher order perturbations,

Rmn = 1
2
ηpk∂n

(
∂phkm + ∂mhkp − ∂khmp

)

−1
2
ηpk∂p

(
∂nhkm + ∂mhnk − ∂khmn

)

= 1
2
(∂n∂php

m + ∂n∂mη
pkhpk − ∂n∂

phmp

−∂p∂nhp
m − ∂p∂mhp

n + ηpk∂p∂khmn) (22.18)

or

Rmn = −1
2

(
∂p∂nhp

m + ∂p∂mhp
n − ∂n∂m h − �hmn

)
, (22.19)

where we introduced the notation

� = ηpk∂p∂k = ηpk∂
p∂k = 1

c2

∂2

∂t2 − ∇2, (22.20)

h = ηpkhpk = ηpkhpk. (22.21)

Contracting again with ηmn, we obtain the Ricci scalar (12.50), as follows:
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R = ηmnRmn

= −1
2

(
ηmn∂p∂nhp

m + ηmn∂p∂mhp
n − ηmn∂m∂nh − �ηmnhmn

)
(22.22)

Interchanging the dummy indices m ↔ n in the first term in the bracket on the right-hand
side of (22.22) and using symmetry of the pseudo-Euclidean metric tensor (ηmn = ηnm),
we obtain

R = −1
2

(
2ηmn∂p∂mhp

n − 2�h
)

= −∂p∂khpk + �h. (22.23)

Substituting the results (22.18) and (22.23) into (22.1) gives the linearized Einstein field
equations in the form

Rmn − 1
2

gmnR = −1
2
(∂p∂nhp

m + ∂p∂mhp
n − ∂n∂mh

− �hmn − ηmn ∂p∂khpk + ηmn �h) = −8πG
c4 Tmn. (22.24)

Equations (22.24) are the equations for the potentials of the gravitational field, since the
components of the metric tensor gmn define the potentials of the gravitational field, as
indicated in (18.38).

As in the case of the electromagnetic fields, the components of the gravitational
potentials hmn are not uniquely defined. The uniquely defined gravitational field forces,
being the observable physical quantities described by means of the space-time curvature
tensor (22.16), are therefore invariant with respect to the following gauge transformations:

hmn → h̃mn = hmn − ∂mχn − ∂nχm. (22.25)

The invariance of the space-time curvature tensor (22.16), with respect to the gauge
transformations (22.25), is easily proven by substituting (22.25) into the formula for
Christoffel symbols of the first kind (22.13), whereby we obtain

�̃m,np = 1
2

(
∂ph̃mn + ∂nh̃pm − ∂mh̃np

)

= 1
2

[
∂p(hmn − ∂mχn − ∂nχm)+ ∂n(hpm − ∂pχm − ∂mχp)

−∂m(hnp − ∂nχp − ∂pχn)
] = 1

2

(
∂phmn + ∂nhpm − ∂mhnp

)

+ 1
2
(−∂p∂mχn − ∂p∂nχm − ∂n∂pχm − ∂n∂mχp

+ ∂m∂nχp + ∂m∂pχn) = �m,np − 2∂p∂nχm. (22.26)

By definition (22.14), we then obtain the Christoffel symbols of the second kind

�̃k
np = gkm�̃m,np = �k

np − 2∂p∂nχ
m. (22.27)

Substituting (22.27) into (22.16), we obtain

R̃k
mnp = ∂n�̃

k
mp − ∂p�̃

k
mn = ∂n(�

k
mp − 2∂p∂mχ

k)

− ∂p(�
k
mn − 2∂n∂mχ

k) = ∂n�
k
mp − ∂p�

k
mn = Rk

mnp, (22.28)
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and the result (22.28) shows that the components of the space-time curvature are indeed
invariant with respect to the gauge transformations (22.25). As in the case of the electro-
magnetic fields, we can now choose a specific gauge condition for linearized gravitational
fields. It is common to adopt the harmonic gauge condition, where we use the result (9.43)
to require that

gkn�m
kn = gkngmp

(
∂ngkp − 1

2
∂pgkn

)
= 0. (22.29)

In the linearized case, the gauge condition (22.29) becomes

ηknηmp
(
∂nhkp − 1

2
∂phkn

)
= ηmp

[
∂nhn

p − 1
2
∂p(η

knhkn)

]

= ηmp
(
∂nhn

p − 1
2
∂ph
)

= 0, (22.30)

or

∂nhn
p = 1

2
∂ph. (22.31)

Let us now recall the linearized Einstein field equations (22.24), in the form

∂n∂php
m + ∂m∂php

n − ∂n∂mh − �hmn − ηmnη
pj∂p∂khk

j

+ ηmn�h = 16πG
c4 Tmn. (22.32)

Substituting the gauge condition (22.31) into (22.32), we obtain

1
2
∂n∂mh + 1

2
∂m∂nh − ∂n∂mh − �hmn − 1

2
ηmnη

pj∂p∂jh

+ ηmn�h = 16πG
c4 Tmn. (22.33)

By inspection of (22.33) we readily see that the first three terms on the left-hand side cancel
each other, while the fifth term is equal to minus a half of the sixth term. Thus, (22.33) can
be significantly simplified to read

−�hmn + 1
2
ηmn�h = 16πG

c4 Tmn, (22.34)

or

�
(

hmn − 1
2
ηmnh

)
= −16πG

c4 Tmn. (22.35)

The linearized gravitational field equations (22.35) can be further simplified if we intro-
duce the so-called trace-reverse tensor as follows:

h̄mn = hmn − 1
2
ηmnh, (22.36)

such that

h̄ = ηmnh̄mn = ηmnhmn − 1
2
ηmnηmnh = h − 1

2
4h = −h, (22.37)
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where we used the property the diagonal tensors (22.5),

ηmnηmn = η00η00 + η11η11 + η22η22 + η33η33 = 4. (22.38)

Using the definition (22.36), (22.35) become

�h̄mn = −16πG
c4 Tmn. (22.39)

Equations (22.39) are linear wave equations for the potentials of the weak gravitational
fields. They allow for the solutions that represent the propagating gravitational waves.

22.3 Plane-wave Solutions
In vacuum, far away from the field sources (where Tmn = 0), the linearized gravitational
field equations (22.39) become

�h̄mn =
(

1
c2

∂2

∂t2 − ∇2
)

h̄mn = 0. (22.40)

Equations (22.40) have the plane-wave solutions of the form

h̄mn = Amneikqxq = Amnei(ωt−�k·�r), (22.41)

where Amn is a constant symmetric covariant tensor and

kq = {ω
c

, �k} ⇒ kq = ηqpkp = {ω
c

, −�k}, (22.42)

is a constant four-vector, known as the wave vector. Substituting the solutions (22.41) into
the wave equations (22.40), we obtain

∂2h̄mn

∂xp∂xp
= Amnη

ps ∂2

∂xp∂xs

(
eikqxq

)
= Amneikqxq

ηps(ikp)(iks)

= −h̄mnkpkp = 0, (22.43)

which leads to the following condition for the components of the wave vector kp,

kpkp = ω2

c2 − |�k|2 = 0 ⇒ |�k| = ω

c
. (22.44)

The condition (22.44) is analogous to the corresponding condition for the electromagnetic
plane waves (e.g., light), and it implies that kp is a null four-vector as in the case of
light rays. Thus, the gravitational plane waves propagate with the speed of light (13.1) in
vacuum. The constant covariant tensor Amn defines the polarizations of the gravitational
plane waves. In order to specify the components of the tensor Amn, let us first recall the
harmonic gauge condition for the linearized gravitational fields (22.31), in the form

∂mhm
p − 1

2
∂ph = ∂m

(
hm

p − 1
2
δm

p h
)

= ∂mh̄m
p = 0, (22.45)
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where we note that the mixed metric tensor of the pseudo-Euclidean space is equal to the
unit δ-tensor,

gm
p = gpqgqm = ηpqη

qm = δm
p , (22.46)

such that the mixed trace-reverse tensor (22.36) is defined by

h̄m
p = hm

p − 1
2
δm

p h, (22.47)

in agreement with (22.45). Substituting the solution (22.41) into the condition (22.45), we
obtain

∂mh̄m
p = ηpn∂mh̄mn = i(kmAmn)ηpneikqxq = 0. (22.48)

Thus, the harmonic gauge condition (22.45) requires that Amn is orthogonal (transverse)
to the direction of wave vector km, that is

kmAmn = 0, (n = 0, 1, 2, 3). (22.49)

In general, an arbitrary rank-2 tensor Amn in the four-dimensional pseudo-Euclidean
space-time has 16 independent components. The symmetry of the tensor Amn, that is,
the condition Amn = Anm, reduces the number of the independent components of Amn

to ten. Each of the six components of the matrix [Amn] below the main diagonal are
equal to a corresponding component above the main diagonal. The four gauge conditions
(22.49) reduce the number of independent components of the tensor Amn to only six. As a
final step, we can now recall the contravariant form of the gauge transformations (22.25),
that is,

hmn → h̃mn = hmn − ∂mθn − ∂nθm, (22.50)

such that

∂mh̃mn = ∂mhmn − �θn − ∂n(∂mθ
m) = 0. (22.51)

Thus, if we can find a four-vector θn(xp) such that �θn and ∂mθ
m vanish, then the gauge

transformation (22.50) preserves the harmonic boundary condition

∂mh̃mn = ∂mhmn = 0. (22.52)

A suitable four-vector θn(xp) can be written in the form

θm = iCmeikqxq
, (22.53)

where Cm is a constant transverse four-vector perpendicular to the wave vector kp. Using
now the condition (22.44), we readily obtain

�θm = −(kpkp)θm = 0, (22.54)

and, since kmCm = 0, we also have

∂mθ
m = −(kmCm)eikqxq = 0, (22.55)
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such that the condition (22.52) is indeed satisfied. Using further (22.50), with (22.41) and
(22.53), we can write

˜̄hmn = (Amn + kmCn + knCm)eikqxq = Ãmneikqxq
. (22.56)

Thus, we conclude that with a suitable choice of the constant transverse four-vector Cm,
we can impose four more conditions to the components of the tensor Amn. This reduces
the number of independent components of Amn to just two, and these two independent
components of Amn represent the two polarizations of the gravitational waves. For exam-
ple, by choosing

Ãm0 = Ã0m = Am0 + kmC0 + k0Cm = 0, (22.57)

we can fix that all temporal components of the tensor Amn vanish. From (22.57) with
m = 0, we readily obtain

Ã00 = A00 + 2k0C0 = 0 ⇒ C0 = − A00

2k0
, (22.58)

while for m = α (α = 1, 2, 3), we obtain

Ãα0 = Ã0α = Aα0 + kαC0 + k0Cα = 0, (22.59)

or

Cα = −A0α

k0
− kα

k0
C0 = −A0α

k0
+ kα

2(k0)2
A00. (22.60)

For the four-vector Cm given by (22.58) and (22.60), we can calculate

kmCm = k0C0 + kαCα = −A00

2
− kαA0α

k0
+ kαkα

2(k0)2
A00. (22.61)

Using here kαkα = −k2
0 by (22.44), we obtain

kmCm = −A00 − kαA0α

k0
= − 1

k0

(
k0A00 + kαA0α

)
= 0. (22.62)

where we used (22.49) with n = 0, to confirm that the above choice of the four-vector Cm

is indeed perpendicular to the wave vector km. Thus, we see that we can always put all
temporal components of the tensor Amn to zero. This leaves us with nine space-oriented
components for m, n = 1, 2, 3. In order to specify these components, without loss of
generality, we can choose the direction of the wave propagation to be along the z-axis
(m = 3). Such a choice gives the following wave vector:

kp = {ω
c

, 0, 0, k}, k = ω

c
, (22.63)

whereby we can again use (22.49) to write

kmAmn = k0A0n + k3A30 + k3A3α = kA3α = 0, (22.64)

which implies that the longitudinal components (m, n = 3) of the tensor Amn are all zero.
Since now both temporal and longitudinal components of Amn can be put to zero, the
symmetric tensor Amn itself can be displayed as the following matrix:
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[Amn] = [Amn] =

⎡
⎢⎢⎣

0 0 0 0
0 Axx Axy 0
0 Axy Ayy 0
0 0 0 0

⎤
⎥⎥⎦ . (22.65)

As a final step, we adopt the so-called transverse traceless (TT) gauge where we require that

h̄ = ηmnAmn = −(Axx + Ayy) = 0, (22.66)

which specifies the final condition on one of the three remaining independent compo-
nents of Amn, as specified in (22.65). Thus, we have Ayy = −Axx, and

[Amn] = [Amn] =

⎡
⎢⎢⎣

0 0 0 0
0 Axx Axy 0
0 Axy −Axx 0
0 0 0 0

⎤
⎥⎥⎦ . (22.67)

In the traceless gauge we have h̄ = h = 0 and there is no need distinguish between the
traceless tensors h̄mn and hmn. Thus, the plane-wave solution has the form

[
hmn

] =

⎡
⎢⎢⎣

0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

⎤
⎥⎥⎦ ei(ωt−kz), (22.68)

where we introduced the notation h+ = Axx and h× = Axy for the amplitudes of the two
polarization states of gravitational waves in z-direction. These two polarization states can
be describes by means of two polarization tensors

[
ε+mn

] =

⎡
⎢⎢⎣

0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

⎤
⎥⎥⎦ ,

[
ε×mn

] =

⎡
⎢⎢⎣

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

⎤
⎥⎥⎦ , (22.69)

such that the plane-wave solution can finally be written as follows:

hmn = (h+ε+mn + h×ε×mn
)

ei(ωt−kz). (22.70)

22.4 Effects of Gravitational Waves on Particles
The detection of gravitational waves is based on the possibilities to measure the tiny
relative displacements of test particles due to the interactions with gravitational radiation.
It is therefore important to investigate the effects of gravitational waves on point particles.
We therefore consider a single test particle at rest for s = 0, and use the geodesic equa-
tions (11.25),

d2xn

ds2 + �n
jl

dxj

ds
dxl

ds
= 0. (22.71)
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At s = 0, the particle is at rest, such that
(

dxm

ds

)
s=0

=
{

dx0

ds
, 0, 0, 0

}
= {c, 0, 0, 0} , (22.72)

and (22.71) becomes (
d2xn

ds2

)
s=0

= −
(
�n

jl
dxj

ds
dxl

ds

)
s=0

= −c2�n
00. (22.73)

On the other hand, from (22.14), we obtain

�n
00 = 1

2
ηnq (∂0hq0 + ∂0h0q − ∂qh00

) ≡ 0. (22.74)

In TT-gauge, �n
00 is identically equal to zero, as we have put all temporal components of

hmn equal to zero. Thus, in TT-gauge, we have
(

dxα

ds

)
s=0

= 0 ⇒
(

d2xα

ds2

)
s=0

= 0, (22.75)

which implies that a particle, at rest before the arrival of a gravitational wave, remains at
rest. Thus, it is not possible to detect any effect of gravitational waves on a single particle.
In other words, the coordinate position of a point particle, initially at rest, does not change.
What may change is the relative proper distance between two particles, and the effects of
gravitational radiation can be detected by measuring the proper distance between two
particles. In order to illustrate this point, we can use (22.68) to write down the linearized
metric tensor in the form

[gmn] = [ηmn] + [hmn]

=

⎡
⎢⎢⎣

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

⎤
⎥⎥⎦ cos(ωt − kz). (22.76)

Thus, the space-time metric becomes

ds2 = gmndxmdxn = c2dt2 − [1 − h+ cos(ωt − kz)]dx2

+ 2h× cos(ωt − kz)dxdy − [1 + h+ cos(ωt − kz)]dy2 − d2

= c2dt2 − dl2. (22.77)

Consider now two particles that are initially (for s = 0) at rest along the x-axis, with L being
their initial unperturbed relative proper distance. In such a case y = z = 0 and the spatial
distance element along the x-axis, denoted by dlx, is obtained from (22.77) as

dlx = (1 − h+ cosωt
)1/2 dx ≈

(
1 − h+

2
cosωt

)
dx, (22.78)

where we used the approximation
√

1 − a ≈ 1−a/2, valid for small values of a. Integrating
(22.78), we obtain

lx(L) ≈ L
(

1 − h+
2

cosωt
)

. (22.79)
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In an analogous way, for two particles initially separated by a proper distance L along the
y-axis, we obtain

ly(L) ≈ L
(

1 + h+
2

cosωt
)

, (22.80)

Thus, when the separation along the x-axis is compressed, the separation along the y-axis
is elongated and vice versa. But there is no change in the longitudinal separation, that is
the separation along the z-axis, where we readily obtain lz(L) = L. This can be explained by
the fact that, similarly to the electromagnetic radiation, the gravitational radiation consists
of transverse waves.

As a next step, we consider the effects of the gravitational radiation on two particles
separated by a relative proper distance L along the lines y = ±x (dy = ±dx), such that

�xm = L
{

0,
1√
2

, ± 1√
2

, 0
}

. (22.81)

The square of the spatial distance elements along the lines y = ±x, denoted by dl2±, is
obtained from (22.77) as

dl2± = (1 − h+ cosωt ∓ 2h× cosωt + 1 + h+ cosωt
)

dx2

= 2
(
1 ∓ h× cosωt

)
dx2, (22.82)

and we have

dl± ≈ √
2
(

1 ∓ h×
2

cosωt
)

dx. (22.83)

Integrating (22.83) over 0 ≤ x ≤ L/
√

2, we obtain

l±(L) ≈ L
(

1 ∓ h×
2

cosωt
)

dx. (22.84)

From the analysis of the present section, we conclude that the two independent polar-
izations of gravitational radiation are at an angle of π/4 with respect to each other. While
the effects of a plus-polarized wave (h+) are along x-axis (or y-axis), the effects of a cross-
polarized wave are along the lines y = ±x, which are rotated by an angle of π/4 relative to
the x-axis (or y-axis).

This property of gravitational waves differs from the corresponding property of elec-
tromagnetic waves, where the two independent polarization directions are at an angle
of π/2 with respect to each other. A deeper analysis of this fundamental difference
between the electromagnetic and gravitational radiation is beyond the scope of the
present book.

Nevertheless, it is worth mentioning that this difference is related to the tensor charac-
ter of the two fields. While the potential of the electromagnetic radiation (16.1) is a four-
vector, that is, a rank-one tensor, the potential of the gravitational radiation is the rank-two
tensor hmn. In the language of quantum field theory the carriers of the electromagnetic
radiation (photons) are spin-one particles, while the carriers of the gravitational radiation
(gravitons) are spin-two particles.
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22.5 Generation of Gravitational Radiation
In the previous two sections, we discussed the solutions to the linearized Einstein field
equations that describe the gravitational radiation in vacuum (22.40). In the present
section, we relate the perturbation tensor hmn to the sources of the gravitational radiation
Tmn, and study the solutions of the more general wave equation (22.39),

(
∇2 − 1

c2

∂2

∂t2

)
h̄mn = 16π G

c4 Tmn. (22.85)

In analogy to the result (17.50) for electromagnetic potential, we can readily write down
the solutions to (22.85) as follows:

h̄mn(xq) = −4G
c4

∫
V̄

Tmn(x0 − R, x̄α)
R

dV̄ , (22.86)

where the integral is over the domain V̄ where the sources of the gravitational radiation
are distributed. The quantity R in (22.86) is the three-dimensional distance between the
position of the sources and the position where the potentials are calculated, that is,

R =
√

|xα − x̄α|2. (22.87)

We also introduce the notation r = (|xα|2)1/2 for the three-dimensional distance from
the origin of coordinates to the position where the potentials hmn are calculated. Let us
now assume that the spatial extent of the sources is negligible compared to the distance
between the source and the position where the gravitational field potentials are calculated,
that is, that |xα| � |x̄α| (α = 1, 2, 3). Then by definition (22.87), to the lowest order, we have
R ≈ r and the solution (22.86) can be written as

hmn(x0, xα) = − 4 G
c4 r

∫
V̄

Tmn(x0 − r, x̄α)dV̄ . (22.88)

Here we no longer distinguish between h̄mn and hmn, since we are using the TT-gauge
where the two tensors are equal to each other. In order to calculate the integral on the
right-hand side of (22.88), we refer to the energy-momentum conservation law, as defined
in (17.58) for the case of electromagnetic fields, that is

∂mT mn = ∂0T 0n + ∂αTαn = 0. (22.89)

Differentiating (22.89) with respect to x0, and letting n = 0, we obtain

∂2
0 T 00 = −∂α

(
∂0T 0α

)
, (22.90)

where we used the symmetry of the source energy-momentum tensor (T mn = T nm). On
the other hand from (22.89) we also have

∂0T 0α = −∂βTβα , (22.91)

such that

∂2
0 T 00 = −∂α

(−∂βTβα
) = ∂α∂βTαβ , (22.92)
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Multiplying (22.92) by x̄px̄q and integrating over the source domain V̄ , we obtain

I = ∂2
0

∫
V̄

dV̄ x̄px̄q T 00 =
∫

V̄
dV̄ ∂̄α ∂̄β Tαβ x̄px̄q. (22.93)

Integrating by parts twice, using Gauss theorem (10.47) and dropping the surface integrals
as being equal to zero, as indicated below, we obtain

I =
∫

V̄
dV̄ ∂̄α

(
∂̄β Tαβ x̄px̄q)−

∫
V̄

dV̄ ∂̄β Tαβ ∂̄α
(
x̄px̄q)

=
∮
�̄

d�̄α ∂̄β Tαβ x̄px̄q −
∫

V̄
dV̄ ∂̄β Tαβ

(
δ

p
α x̄q + δ

q
α x̄p
)

= −
∫

V̄
dV̄ ∂̄β T pβ x̄q −

∫
V̄

dV̄ ∂̄β T qβ x̄p

= −
∫

V̄
dV̄ ∂̄β

(
T pβ x̄q)+

∫
V̄

dV̄ T pβ ∂̄β
(
x̄q)

−
∫

V̄
dV̄ ∂̄β

(
T qβ x̄p)+

∫
V̄

dV̄ T qβ ∂̄β
(
x̄p)

= −
∮
�̄

d�̄β T pβ x̄q +
∫

V̄
dV̄ T pβ δ

q
β

−
∮
�̄

d�̄β T qβ x̄p +
∫

V̄
dV̄ T qβ δ

p
β = 2

∫
V̄

dV̄ T pq. (22.94)

Substituting (22.94) into (22.93), we obtain

2
∫

V̄
dV̄ T pq = ∂2

0

∫
V̄

dV̄ x̄px̄q T 00, (22.95)

or in our specific case

2
∫

V̄
dV̄ Tmn(x0 − r, x̄α) = ∂2

0

∫
V̄

dV̄ x̄mx̄n T 00(x0 − r, x̄α) (22.96)

Let us now recall the expression for the energy-momentum tensor of a matter distribution
(19.72),

T mn =
(

p + ρ c2
)

umun − gmnp. (22.97)

In the linearized case (g00 ≈ 1) and in the non-relativistic limit (u0 ≈ 1), we have T 00 ≈ ρ c2,
such that

2
∫

V̄
dV̄ Tmn(x0 − r, x̄α) = ∂2

∂t2

∫
V̄

dV̄ x̄mx̄n ρ(x0 − r, x̄α) (22.98)

where we used the identity

c2 ∂2
0 = c2 1

c2

∂2

∂t2 = ∂2

∂t2 . (22.99)

Introducing here the quadrupole mass moment by definition

Imn

(
t − r

c

)
=
∫

V̄
dV̄ x̄mx̄n ρ(t − r

c
, x̄α), (22.100)
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we obtain

2
∫

V̄
dV̄ Tmn(x0 − r, x̄α) = Ïmn

(
t − r

c

)
, (22.101)

where the double dots over Imn denote the second-order time derivative. Substituting
(22.101) into (22.88), we finally obtain

hmn(r, t) = − 2 G
c4 r

Ïmn

(
t − r

c

)
. (22.102)

From the result (22.102) we see that the lowest-order contribution to gravitational radia-
tion is the quadrupole radiation. This is in agreement with the earlier discussion about the
carriers of the gravitational radiation (gravitons) being spin-two particles.

This also indicates that, similarly to the electromagnetic radiation, there is no
monopole radiation of the gravitational waves. However, unlike the electromagnetic
radiation, there is no dipole radiation of the gravitational waves either. Both monopole
and dipole mass moments contributions to the gravitational radiation must vanish due to
the energy-momentum conservation.



 PART 5

Elements of Cosmlogy





23
The Robertson-Walker Metric

In the previous two chapters we have shown that the general theory of relativity provides
the solutions for the space-time structure created by any given matter distribution. Thus,
if we can specify the average distribution of matter in the entire universe, the general
theory of relativity provides the solution for the average space-time structure of the entire
universe. The study of such a solution for the average space-time structure of the entire
universe is a part of the subject of cosmology.

23.1 Introduction and Basic Observations
In the present chapter we study the phenomena on the cosmological scale. For that
purpose we need to develop a suitable model of the universe and to make suitable
assumptions about the physical processes that are dominant on the cosmological scale.
The two basic observations that allow us to address the large-scale structure of the
universe are the expansion of the universe (the Hubble law) and the cosmic microwave
background radiation.

The first basic observation that allows us to address the large-scale structure of the
universe is the discovery that the spectral lines of the distant galaxies are shifted towards
the red end of the spectrum. If we interpret this red shift as a Doppler shift, this observation
leads to the conclusion that all the distant galaxies are receding from us. Thus, we conclude
that the universe as a whole is expanding. This expansion implies a finite age of the
universe. In other words, by observing the sky we can only see stars that are close enough
for the radiation originating from them to reach us in such a finite time.

It has been shown by Hubble that the velocity of the distant galaxies v increases linearly
with their distance r. This proportionality is known as the Hubble law. Using simple
Euclidean geometry, the Hubble law can be formulated as follows:

�v = H �r, H = (55 ± 7)
km

s
1

Mpc
, (23.1)

where the quantity H is called the Hubble constant. The Hubble constant is a constant in
a sense that it does not depend on the magnitude or the direction of the vector �r. However
it may depend on time and the numerical value given in (23.1) is its present-time value.
According to the Hubble law the universe is in the uniform expansion, which means that
there are no privileged positions in the universe and that the observer traveling with any
galaxy sees the surrounding galaxies as receding from him. If we observe from earth two
different distant galaxies G1 and G2, then according to the Hubble law their respective
velocities observed from our galaxy are given by
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�v1 = H �r1, �v2 = H �r2. (23.2)

The relative velocity of the galaxy G1 as observed from the galaxy G2, denoted by V , is then
obtained as follows:

�V = �v1 − �v2 = H
(�r1 − �r2

) = H �R, (23.3)

where �R =�r1 − �r2 is the relative distance between the two galaxies G1 and G2. Thus,
the observer traveling with galaxy G2 sees the galaxy G1 and indeed any other galaxy
as receding from him. Although we have used non-relativistic approximation in the
Euclidean geometry and ignored the time dependence of the Hubble constant, the above
general conclusions are nonetheless valid, that is, the observer traveling with each galaxy
sees all the other distant galaxies as receding from him.

Since the distant galaxies are receding from us with a velocity directly proportional
to their distance, there must be a point at which each of them will approach the speed
of light and the relativistic effects will become dominant. The set of all those points
is called the world horizon. The radius of the world horizon is approximately equal to
rWH = c/H = 2 × 1010 lightyears, if the present-day value of the Hubble constant is used.
The galaxies which are located at or beyond the world horizon are invisible to us.

The second basic observation that allows us to address the large-scale structure of
the universe is the discovery of the extremely isotropic cosmic microwave background
radiation. This radiation has the same intensity in all directions with a precision better
than one part in a thousand. Regardless of the origin of this radiation, this observation is a
convincing evidence for the assumption that any acceptable model of the universe has to
be an isotropic model.

Another interesting feature of the microwave background radiation is its relatively high
energy density. It is by far the component of the diffuse radiation in the universe with
highest energy density. The universe today is matter-dominated, but there are reasons to
believe that the universe was radiation-dominated in the early phases of its history and
that the observed microwave background radiation originates from these early phases of
the history of the universe.

23.2 Metric Definition and Properties
The basic observations described in the previous section indicate that the large-scale
structure of the universe is both homogeneous and isotropic. This assumption is often
called the cosmological principle. We imagine that the matter in the universe is on the
large-scale evenly distributed in the form of a cosmic fluid, with no shear-viscous, bulk-
viscous and heat-conductive features. This is a good approximation of the actual universe
as long as we take the large-scale point of view. Clearly, on the smaller scale, the matter in
the universe is unevenly distributed and the universe is highly non-homogeneous.

We denote an observer at rest with respect to the cosmic fluid as a fundamental
observer. As the universe expands, the cosmic fluid takes part in the expansion and the
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fundamental observer is co-moving with the fluid. Every co-moving observer in the cosmic
fluid sees the same isotropic and homogeneous image of the universe. The objective of the
present section is to define the space-time metric in the co-moving frame of reference. We
cannot use the static Schwarzschild metric to describe the expanding universe, which is
certainly not static. We need a non-static, homogeneous and isotropic metric to describe
the entire universe.

Let us take the proper time measured by the fundamental observer co-moving with
the cosmic fluid as the time coordinate, which we here denote by w. In such a case the
space-time metric has the following general form:

ds2 = c2 dw2 + 2c g0α dw dxα + gαβ dxα dxβ . (23.4)

Applying now the condition of isotropy and spherical symmetry to the metric (23.4), we
obtain

ds2 = c2 dw2 − D(r, w)dr2 − c E(r, w)dr dw

− F(r, w)
(

dθ2 + sin2 θdϕ2
)

. (23.5)

In (23.5) it should be noted that we have chosen the dimensionless radial coordinate
r = R/L, where R is the usual radial coordinate with the dimension of length and L is a yet
unspecified reference length of the universe. The functions D(r, w) and F(r, w) therefore
have the dimension of the square of length and the function E(r, w) has the dimension of
length to secure the proper dimension of the metric (23.5). Let us now use the geodesic
equations of a particle given by (11.32), in the form

duj

ds
= 1

2
∂glk

∂xj
uluk. (23.6)

For a particle at rest in the co-moving frame of reference we have

u0 = 1, uα = 0 (α = 1, 2, 3). (23.7)

Substituting (23.7) into (23.6) and using g00 = c2, we obtain

duj

ds
= d

ds

(
gjlu

l
)

= d
ds

(
gj0u0

)

= dw
ds

dgj0

dw
= 1

2
∂g00

∂xj
= 0. (23.8)

Thus, we obtain

dgj0

dw
= 0 ⇒ d

dw
E(r, w) = 0. (23.9)

From (23.9) we conclude that E = E(r) is not a function of time coordinate w, and the
metric (23.5) becomes

ds2 = c2 dw2 − D(r, w)dr2 − c E(r)dr dw

−F(r, w)
(

dθ2 + sin2 θ dϕ2
)

. (23.10)
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The term proportional to dr dw can be eliminated by introducing a new time coordinate

t = w − 1
2 c

∫ r
E(r)dr ⇒ dw = dt + 1

2 c
E(r)dr. (23.11)

Using (23.11), we may write

c2 dw2 = c2 dt2 + c E(r)dr dt + 1
4

[E(r)]2 dr2, (23.12)

and

−c E(r)dr dw = −c E(r)dr dt − 1
2

[E(r)]2 dr2. (23.13)

Substituting (23.12) and (23.13) into (23.10), we obtain

ds2 = c2 dt2 − A(r, t)dr2 − B(r, t)
(

dθ2 + sin2 θ dϕ2
)

(23.14)

where

g11 = A(r, t) = D[r, w(r, t)] + 1
2

[E(r)]2 ,

g22 = B(r, t) = F[r, w(r, t)]. (23.15)

The functions A(r, t) and B(r, t) defined by (23.15) have the dimension of the square of
length to secure the proper dimension of the metric (23.14). In order to further specify the
functions A(r, t) and B(r, t), we now apply the condition of homogeneity of the space-time
and consider the following coordinate transformation:

zα = xα + εα(r, θ ,ϕ) (α = 1, 2, 3). (23.16)

Using the initial assumption that ε0 ≡ 0 and (23.16) we obtain

∂zα

∂xβ
= δαβ + ∂εα

∂xβ
,

∂z0

∂xβ
= 0. (23.17)

The general transformation law for the covariant metric tensor, defined with respect to the
systems of coordinates {xk} and {zk} by gkn and ḡjl respectively, is given by

gkn = ∂zj

∂xk

∂zl

∂xn ḡjl. (23.18)

Using (23.17) and (23.18) we may write

gαβ = ∂zν

∂xα
∂zσ

∂xβ
ḡνσ . (23.19)

Substituting (23.17) into (23.19) we obtain

gαβ =
(
δνα + ∂εν

∂xα

)(
δσβ + ∂εσ

∂xβ

)
ḡνσ . (23.20)

Expanding the expression (23.20) and dropping the term quadratic in the derivatives of
the small translational parameters εα , we obtain

gαβ(xk) = ḡαβ(zk)+ ∂εν

∂xα
ḡνβ (zk)+ ∂εν

∂xβ
ḡνα(zk). (23.21)
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The homogeneity of space-time now requires that the metric is invariant with respect to
the transformation (23.16), that is, that we have

ḡαβ(zk) = gαβ(zk) (α,β = 1, 2, 3). (23.22)

Substituting (23.22) into (23.21), we obtain

gαβ(xk) = ḡαβ(zk)+ ∂εν

∂xα
gνβ (zk)+ ∂εν

∂xβ
gνα(zk). (23.23)

On the other hand, expanding gαβ(zk) into the Taylor series, we may write

gαβ(zk) = gαβ(xk)+ ∂gαβ
∂xν

εν . (23.24)

Substituting (23.24) into (23.23) and dropping the terms quadratic in the small transla-
tional parameters εα and their derivatives, we see that only the zeroth-order term of (23.24)
contributes to the first-order equation (23.23). Thus, we obtain

gαβ(xk) = ḡαβ(zk)+ ∂εν

∂xα
gνβ (xk)+ ∂εν

∂xβ
gνα(xk), (23.25)

or

ḡαβ(zk) = gαβ(xk)− ∂εν

∂xα
gνβ (xk)− ∂εν

∂xβ
gνα(xk). (23.26)

Using again the homogeneity condition (23.22) and comparing (23.26) and (23.24) with
each other, we obtain

∂gαβ
∂xν

εν + ∂εν

∂xα
gνβ (xk)+ ∂εν

∂xβ
gνα(xk) = 0. (23.27)

For α = β = 1 and using the metric (23.14) with (23.15), (23.27) becomes

∂A
∂r
ε1 + 2

∂ε1

∂r
A = 0. (23.28)

For α = 1 and β = 2 and using the metric (23.14) with (23.15), (23.27) becomes

∂ε2

∂r
B + ∂ε1

∂θ
A = 0. (23.29)

Finally for α = β = 2 and using the metric (23.14) with (23.15), (23.27) becomes

∂B
∂r
ε1 + 2

∂ε2

∂θ
B = 0. (23.30)

From the differential equations (23.29) and (23.30) it is possible to eliminate ε2. We first
rewrite (23.29) and (23.30) as

− ∂ε2

∂r
= ∂ε1

∂θ

A
B

,

∂ε2

∂θ
= − 1

2B
∂B
∂r
ε1 = ∂

∂r

(
ln B−1/2

)
ε1. (23.31)

From (23.31) we may write
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− ∂2ε2

∂r∂θ
= ∂2ε1

∂θ2

A
B

,

∂2ε2

∂r∂θ
= ∂2

∂r2

(
ln B−1/2

)
ε1 + ∂

∂r

(
ln B−1/2

) ∂ε1

∂r
. (23.32)

Addition of the two equation (23.32) gives

∂2ε1

∂θ2

A
B

+ ∂2

∂r2

(
ln B−1/2

)
ε1 + ∂

∂r

(
ln B−1/2

) ∂ε1

∂r
= 0. (23.33)

Using now (23.28) and (23.30), we may also write

1
A
∂A
∂r

= ∂

∂r

(
ln A

) = − 2
ε1

∂ε1

∂r
,

1
B
∂B
∂r

= ∂

∂r

(
ln B

) = − 2
ε1

∂ε2

∂θ
. (23.34)

As the small translation parameters εα are by definition independent on the time coordi-
nate t, we conclude that ∂r(ln A) and ∂r(ln B) are not the functions of the time coordinate t
either. But the functions A(r, t) and B(r, t) are dependent on the time coordinate t. This is
only possible if the functions A(r, t) and B(r, t) are factorized as follows:

A(r, t) = a(r)R2(t), B(r, t) = b(r)R2(t), (23.35)

where R(t) is some yet unspecified function of the time coordinate t which has the dimen-
sion of length. This function in some sense plays the role of the radius of the universe. The
function R(t) should not be confused with the Ricci scalar R used in the gravitational field
equations, and whenever there is a risk of confusion the distinction between the two will
be explicitly stated. On the other hand we note that the dimensionless radial coordinate r
is not uniquely defined. The metric (23.14) is invariant with respect to the transformation
from the radial coordinate r to some new radial coordinate ρ, defined by

r =
∫ ρ

F(ρ)dρ ⇒ dr = F(ρ)dρ, (23.36)

where F(ρ) is some arbitrary function of the new radial coordinate ρ. Indeed, if we
substitute (23.36) into the metric (23.14), we obtain

ds2 = c2 dt2 − Ā(ρ, t)dρ2 − B̄(ρ, t)
(

dθ2 + sin2 θ dϕ2
)

, (23.37)

where

g11 = Ā(ρ, t) = A
[∫ ρ

F(ρ)dρ, t
]

[F(ρ)]2 ,

g22 = B̄(ρ, t) = B
[∫ ρ

F(ρ)dρ, t
]

. (23.38)

The metric (23.37) has the same form as the metric (23.14) and they are fully equivalent to
each other. Thus, we are free to make an arbitrary choice of the form of one of the functions
a(r) or b(r). If we set b(r) = r2, the metric (23.14) becomes
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ds2 = c2 dt2 − R2(t)a(r)dr2 − R2(t)r2
(

dθ2 + sin2 θ dϕ2
)

. (23.39)

From the metric (23.39) we see that the surface area of a sphere with the relative radius r is
equal to 4πr2R2(t). If we, at the conveniently chosen time instant t, have R(t) = L, then the
surface area of a sphere with the relative radius r = R/L is equal to 4πR2 and the angular
coordinates θ and ϕ become the usual spherical angular coordinates. In order to specify
the function a = a(r), we use (23.28) and the factorized form of the function A(r, t) given
by (23.35) to obtain

∂

∂r

(
ln ε1

)
= ∂

∂r

(
ln A−1/2

)
= ∂

∂r

(
ln a−1/2

)
. (23.40)

The solution of the differential equation (23.40) can be written as

ε1(r, θ ,ϕ) = e(θ ,ϕ)a−1/2(r). (23.41)

Substituting now the factorized form of the functions A(r, t) and B(r, t), given by (23.35)
with b(r) = r2, into (23.33), we obtain

∂2ε1

∂θ2

a
r2 = ∂2

∂r2

(
ln r

)
ε1 + ∂

∂r

(
ln r

) ∂ε1

∂r
, (23.42)

or

∂2ε1

∂θ2 = r2

a

(
1
r
∂ε1

∂r
− 1

r2 ε
1
)

= r2

a
∂

∂r

(
ε1

r

)
. (23.43)

Substituting the solution (23.41) into (23.43) we further obtain

1
e
∂2e
∂θ2 = r2

a1/2

∂

∂r

(
1

r a1/2

)
= C. (23.44)

The expression on the right-hand side of (23.44) is a function of the angular variables
θ and ϕ only, while the expression on the left-hand side is a function of the radial variable
r only. Thus, both sides of (23.44) are equal to a constant which we denote by C. In order
to determine the value of C, we use (23.44) to write

∂2e
∂θ2 = C e. (23.45)

If the translation (23.16) is chosen to be along the polar axis (z-axis) in the corresponding
Descartes coordinates, we have e(θ ,ϕ) ∼ cos θ . This determines the value of the constant
C to be C = −1. Thus, we obtain the differential equation for the function a = a(r) in the
form

r2

a1/2

∂

∂r

(
1

r a1/2

)
= −1. (23.46)

The solution of the differential equation (23.46) is

a(r) = 1
1 − k r2 . (23.47)

It is easy to verify by direct calculation that (23.47) satisfies the differential equation (23.46)
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r2
√

1 − k r2 ∂

∂r

(√
1 − k r2

r

)
= −1. (23.48)

Substituting (23.47) into (23.39) we obtain the final result for the Robertson-Walker metric
in the form

ds2 = c2 dt2 − R2(t)
(

dr2

1 − k r2 + r2 dθ2 + r2 sin2 θ dϕ2
)

, (23.49)

where R(t) is a dynamic function of the time coordinate t with the dimension of length,
which will be calculated as a solution to the gravitational field equations, and k is the
so-called curvature constant, which describes the geometry of the three-dimensional
space at any particular time instant. The positive values of the curvature constant (k> 0)
correspond to the three-dimensional space with a positive curvature, the zero value
(k = 0) corresponds to the flat three-dimensional space and the negative values (k < 0)
correspond to the three-dimensional space with a negative curvature. The value of the
curvature constant k can always be taken as +1, 0 or −1 by a suitable rescaling of the
radial coordinate r.

The infinitesimal element of the proper distance between two arbitrary galaxies given
by c dt can be calculated from the condition ds = 0 using the Robertson-Walker metric
(23.49) as follows:

c dt = R(t)dσ , dσ 2 = dr2

1 − k r2 + r2 dθ2 + r2 sin2 θ dϕ2, (23.50)

where dσ 2 is the metric of the three-dimensional space for a fixed value of the time
coordinate t which is usually called the cosmic time. The cosmic time is a universal time
equal for all observers at rest with respect to the local matter. Using (23.50) we may write
c
t = R(t)
σ for finite proper distances. All measurements are made at the same epoch
t. The radial coordinate r is a co-moving coordinate and it remains fixed for each galaxy.
The angular coordinates θ and ϕ also remain fixed for the isotropic motion of each galaxy.
Thus, the spatial metric dσ 2 remains fixed and the proper distance between two galaxies
is only scaled by the function R(t) as the cosmic time t varies. The function R(t) with the
dimension of length is therefore called the scale radius and it increases or decreases as the
universe is expanded or contracted respectively.

23.3 The Hubble Law
In the present section we discuss the Hubble law in the framework of the Robertson-
Walker geometry. It has been concluded before that each galaxy has similar coordinates
(r, θ , ϕ). Let us now assume that our own galaxy, being an approximately co-moving
object, lies at the spatial origin r = 0 and that some other distant galaxy lies at some radial
coordinate distance r. Due to the homogeneity of space-time this choice of coordinates
does not place our own galaxy in the center of the universe, since any galaxy can be chosen
to have r = 0. This particular choice is only made for convenience. The proper radial



Chapter 23 • The Robertson-Walker Metric 221

distance Dr between our galaxy at r = 0 and the distant galaxy, at some radial coordinate
distance r and at a given cosmic time t, can be calculated using the Robertson-Walker
metric as

Dr = R(t)
∫ r

0

dr√
1 − k r2

. (23.51)

The integral (23.51) is elementary and gives

Dr =
⎧⎨
⎩

R(t) arcsin r (k = 1)
R(t) r (k = 0)
R(t) arsinh r (k = −1)

(23.52)

where it should be noted that r = R/L is the dimensionless radial coordinate. Thus, the
proper distance is proportional to the scale radius R(t) which changes with time. Keeping
in mind that the radial coordinate r is a fixed co-moving coordinate, the proper velocity
is obtained by differentiating the proper distance Dr with respect to the cosmic time t,
that is,

vr = Ḋr = Ṙ(t)
∫ r

0

dr√
1 − k r2

= Ṙ
R

Dr , (23.53)

where the dots denote the time differentiation. Thus, we obtain the Hubble law saying
that at any given cosmic time t the speed of any distant galaxy relative to our own galaxy
is proportional to its proper distance from our galaxy. The Hubble constant is given by

H(t) = Ṙ(t)
R(t)

, (23.54)

and we see that the Hubble constant is indeed a function of the cosmic time as we
have anticipated earlier in this chapter. The quantity H0 measured by the astronomers
is the value of the Hubble constant at the present epoch, that is, for t = t0. It should
be noted that the proper distance is not a directly measurable quantity and it can
only be measured indirectly by measurements of some other quantities like the red
shifts.

23.4 The Cosmological Red Shifts
In the present section we discuss the cosmological red shifts as one of the means to
measure the proper distances to the distant galaxies and test the validity of the Hubble
law in the framework of the Robertson-Walker geometry. Let us consider a distant galaxy
at some relative radial coordinate distance r = rd emitting two light wave crests at cosmic
times td and td + 
td towards our own galaxy situated at r = 0. The two wave crests are
received in our galaxy at cosmic times t0 and t0 + 
t0. For the radial motion of light the
Robertson-Walker metric gives

ds2 = c2 dt2 − R2(t)
dr2

1 − k r2 = 0. (23.55)
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Thus, we may write

dt
R(t)

= ±1
c

dr√
1 − k r2

. (23.56)

Since the beam of light is moving towards us, the radial coordinate r decreases as the time
coordinate t increases along the null geodesic and it is appropriate to use the minus sign
in (23.56). Thus, we may integrate (23.56) to obtain

∫ t0

td

dt
R(t)

= 1
c

∫ rd

0

dr√
1 − k r2

, (23.57)

and ∫ t0+
t0

td+
td

dt
R(t)

= 1
c

∫ rd

0

dr√
1 − k r2

. (23.58)

For all types of radiation received from distant galaxies the time intervals 
td and
t0 are
tiny fractions of a second and over that time R(t) remains effectively constant. Subtracting
(23.57) from (23.58) we obtain


t0

R(t0)
− 
td

R(td)
= 0 ⇒ 
t0


td
= R(t0)

R(td)
. (23.59)

The observed wavelength λ0 and the emitted wavelength λd are related to the time
intervals 
t0 and
td by the following definitions:

λ0 = c d
t0, λd = c
td. (23.60)

Thus, the red shift of the received light waves can be obtained in terms of the function R(t)
as follows:

z = λ0 − λd

λd
= R(t0)

R(td)
− 1. (23.61)

In the expanding universe we have R(t0) > R(td) and the red shift z is positive in agreement
with the empirical observations. The red shift (23.61) is a consequence of the light traveling
in the curved space-time and it is not a result of the Doppler effect. This red shift is called
the cosmological red shift. Most observed cosmological red shifts are rather small and td is
relatively close to t0. It is therefore possible to expand R(td) in a Taylor series around t0 as
follows:

R(td) = R(t0)+ (td − t0)Ṙ(t0)+ 1
2
(td − t0)

2R̈(t0)+ . . . (23.62)

or

R(td) = R(t0)

[
1 + H0(td − t0)Ṙ(t0)− 1

2
q0H2

0 (td − t0)
2 + · · ·

]
, (23.63)

where H0 is the present value of the Hubble constant given by

H0 = Ṙ(t0)

R(t0)
, (23.64)
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and q0 is a dimensionless deceleration parameter given by

q0 = − R̈(t0)R(t0)

Ṙ2(t0)
. (23.65)

The deceleration parameter q0 is positive when R̈(t) is negative, that is, when the expan-
sion of the universe is slowing down. Substituting (23.63) into (23.61) we obtain

z ≈
[

1 + H0(td − t0)Ṙ(t0)− 1
2

q0H2
0 (td − t0)

2
]−1

− 1, (23.66)

or

z ≈ H0(t0 − td)+
(

1 + 1
2

q0

)
H2

0 (t0 − td)
2. (23.67)

This formula is sometimes very useful but we must keep in mind that it is only valid for
small cosmological red shifts where td is relatively close to t0.

When we observe a galaxy with a red shift z = 1, it means that the scale radius R(td)

of the universe at the cosmic time td when the radiation was emitted was one half of
the present scale radius R(t0). In other words the size of the universe at the time td was
a half of the present size of the universe. Unfortunately we do not know the cosmic time td

when the radiation was emitted. If we did, we could directly measure the function R(t). We
therefore need some theory of the cosmic dynamics in order to determine the scale radius
R(t). Such a cosmic dynamics theory is the subject of the following chapter.





24
The Cosmic Dynamics

The non-static models of the universe based on the Robertson-Walker metric (23.49)
are described by their scale radius R(t) and the curvature constant k. The analysis in
Chapter 23 did not determine the scale radius R(t) as a function of the cosmic time t.
The knowledge of the function R(t) is essential for determining the rate of expansion of
the universe and other physical properties of the expanding universe. In order to find the
solution for R(t), we need a theory of cosmic dynamics based on the gravitational field
equations. We therefore combine the homogeneous isotropic Robertson-Walker metric
with the gravitational field equations to obtain the dynamic equations satisfied by the
scale radius R(t). These equations are called the Friedmann equations.

24.1 The Einstein Tensor
In the present section we use the Robertson-Walker metric (23.49) given by

ds2 = c2dt2 − R2(t)
(

dr2

1 − kr2 + r2dθ2 + r2 sin2 θdϕ2
)

(24.1)

The covariant metric tensor for the Robertson-Walker metric is given by the following
matrix:

[
gmn

] =

⎡
⎢⎢⎣

1 0 0 0
0 −R2(1 − kr2)−1 0 0
0 0 −R2r2 0
0 0 0 −R2r2 sin2 θ

⎤
⎥⎥⎦ (24.2)

The contravariant metric tensor for the Robertson-Walker metric is then given by the
following matrix:

[
gmn] =

⎡
⎢⎢⎣

1 0 0 0
0 −R−2(1 − kr2) 0 0
0 0 −R−2r−2 0
0 0 0 −R−2r−2 sin−2 θ

⎤
⎥⎥⎦ . (24.3)

Using the matrix (24.2) we may write

g00 = 1, g11 = − R2

1 − kr2 ,

g22 = −R2r2, g33 = −R2r2 sin2 θ . (24.4)

The coordinate differentials of the metric tensor components (24.4) can be calculated as

∂kg00 = 0 (k = 0, 1, 2, 3),
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∂0g11 = − 2RṘ
1 − kr2 , ∂rg11 = − 2krR2

(1 − kr2)2
,

∂θg11 = ∂ϕg11 = 0,

∂0g22 = −2RṘr2, ∂rg22 = −2R2r,

∂θg22 = ∂ϕg22 = 0,

∂0g33 = −2RṘr2 sin2 θ , ∂rg33 = −2R2r sin2 θ ,

∂θg33 = −2R2r2 sin θ cos θ , ∂ϕg33 = 0. (24.5)

In the results (24.5) and in the following calculations, we temporarily define by dots the
derivatives of the scale radius R(t) with respect to the temporal coordinate x0 = ct rather
than with respect to cosmic time t to simplify the calculations and to make the results
compatible with the results obtained elsewhere in the literature using the units with c = 1.
Thus, we have

Ṙ(t) = dR(t)
dx0 = 1

c
dR(t)

dt
. (24.6)

The Christoffel symbols of the first kind for the metric (24.1) can now be calculated using
the definition (9.28), that is,

�j,kn = 1
2

(
∂gjk

∂xn + ∂gnj

∂xk
− ∂gkn

∂xj

)
. (24.7)

The results for the Christoffel symbols of the first kind for the metric (24.1) are summarized
in the following list:

�0,00 = 1
2
(∂0g00 + ∂0g00 − ∂0g00) = 0,

�0,01 = �0,10 = 1
2
(∂rg00 + ∂0g10 − ∂0g01) = 0,

�0,02 = �0,20 = 1
2
(∂θg00 + ∂0g20 − ∂0g02) = 0,

�0,03 = �0,30 = 1
2
(∂ϕg00 + ∂0g30 − ∂0g03) = 0,

�0,11 = 1
2
(∂rg01 + ∂rg10 − ∂0g11) = + RṘ

1 − kr2 ,

�0,12 = �0,21 = 1
2
(∂θg01 + ∂r g20 − ∂0g12) = 0,

�0,13 = �0,31 = 1
2
(∂ϕg01 + ∂rg30 − ∂0g13) = 0,

�0,22 = 1
2
(∂θg02 + ∂θg20 − ∂0g22) = +RṘr2

�0,23 = �0,32 = 1
2
(∂ϕg02 + ∂θg30 − ∂0g23) = 0,

�0,33 = 1
2
(∂ϕg03 + ∂ϕg30 − ∂0g33) = +RṘr2 sin2 θ ,

�1,00 = 1
2
(∂0g10 + ∂0g01 − ∂rg00) = 0,
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�1,01 = �1,10 = 1
2
(∂rg10 + ∂0g11 − ∂rg01) = − RṘ

1 − kr2 ,

�1,02 = �1,20 = 1
2
(∂θg10 + ∂0g21 − ∂rg02) = 0,

�1,03 = �1,30 = 1
2
(∂ϕg10 + ∂0g31 − ∂rg03) = 0,

�1,11 = 1
2
(∂rg11 + ∂rg11 − ∂rg11) = − R2kr

(1 − kr2)2
,

�1,12 = �1,21 = 1
2
(∂θg11 + ∂rg21 − ∂rg12) = 0,

�1,13 = �1,31 = 1
2
(∂ϕg11 + ∂rg31 − ∂rg13) = 0

�1,22 = 1
2
(∂θg12 + ∂θg21 − ∂rg22) = +R2r

�1,23 = �1,32 = 1
2
(∂3g12 + ∂θg31 − ∂rg23) = 0,

�1,33 = 1
2
(∂ϕg13 + ∂ϕg31 − ∂rg33) = +R2r sin2 θ ,

�2,00 = 1
2
(∂0g20 + ∂0g02 − ∂θg00) = 0,

�2,01 = �2,10 = 1
2
(∂rg20 + ∂0g12 − ∂θg01) = 0,

�2,02 = �2,20 = 1
2
(∂θg20 + ∂0g22 − ∂θg02) = −RṘr2,

�2,03 = �2,30 = 1
2
(∂ϕg20 + ∂0g32 − ∂θg03) = 0,

�2,11 = 1
2
(∂rg21 + ∂rg12 − ∂θg11) = 0,

�2,12 = �2,21 = 1
2
(∂θg21 + ∂rg22 − ∂θg12) = −R2r,

�2,13 = �2,31 = 1
2
(∂ϕg21 + ∂rg32 − ∂θg13) = 0,

�2,22 = 1
2
(∂θg22 + ∂θg22 − ∂θg22) = 0,

�2,23 = �2,32 = 1
2
(∂ϕg22 + ∂θg32 − ∂θg23) = 0

�2,33 = 1
2
(∂ϕg23 + ∂ϕg32 − ∂θg33) = +R2r2 sin θ cos θ ,

�3,00 = 1
2
(∂0g30 + ∂0g03 − ∂ϕg00) = 0,

�3,01 = �3,10 = 1
2
(∂rg30 + ∂0g13 − ∂ϕg01) = 0,

�3,02 = �3,20 = 1
2
(∂θg30 + ∂0g23 − ∂ϕg02) = 0,

�3,03 = �3,30 = 1
2
(∂ϕg30 + ∂0g33 − ∂ϕg03) = −RṘr2 sin2 θ ,
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�3,11 = 1
2
(∂rg31 + ∂rg13 − ∂ϕg11) = 0,

�3,12 = �3,21 = 1
2
(∂θg31 + ∂r g23 − ∂ϕg12) = 0,

�3,13 = �3,31 = 1
2
(∂ϕg31 + ∂rg33 − ∂ϕg13) = −R2r sin2 θ ,

�3,22 = 1
2
(∂θg32 + ∂θg23 − ∂ϕg22) = 0,

�3,23 = �3,32 = 1
2
(∂ϕg32 + ∂θg33 − ∂ϕg23) = −R2r2 sin θ cos θ ,

�3,33 = 1
2
(∂ϕg33 + ∂ϕg33 − ∂ϕg33) = 0. (24.8)

The Christoffel symbols of the second kind for the metric (24.1) can be calculated using
the definition (9.29), that is,

�
p
kn = gpj�j,kn. (24.9)

The results for the Christoffel symbols of the second kind for the metric (24.1) are
summarized in the following list:

�0
00 = g0j�j,00 = g00�0,00 = 0,

�0
01 = �0

10 = g0j�j,01 = g00�0,01 = 0,

�0
02 = �0

20 = g0j�j,02 = g00�0,02 = 0,

�0
03 = �0

30 = g0j�j,03 = g00�0,03 = 0,

�0
11 = g0j�j,11 = g00�0,11 = + RṘ

1 − kr2 ,

�0
12 = �0

21 = g0j�j,12 = g00�0,12 = 0,

�0
13 = �0

31 = g0j�j,13 = g00�0,13 = 0,

�0
22 = g0j�j,22 = g00�0,22 = +RṘr2,

�0
23 = �0

32 = g0j�j,23 = g00�0,23 = 0,

�0
33 = g0j�j,33 = g00�0,33 = +RṘr2 sin2 θ

�1
00 = g1j�j,00 = g11�1,00 = 0

�1
01 = �1

10 = g1j�j,01 = g11�1,01 = + Ṙ
R

,

�1
02 = �1

20 = g1j�j,02 = g11�1,02 = 0,

�1
03 = �1

30 = g1j�j,03 = g11�1,03 = 0,

�1
11 = g1j�j,11 = g11�1,11 = + kr

1 − kr2 ,

�1
12 = �1

21 = g1j�j,12 = g11�1,12 = 0,

�1
13 = �1

31 = g1j�j,13 = g11�1,13 = 0

�1
22 = g1j�j,22 = g11�1,22 = −r

(
1 − kr2

)
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�1
23 = �1

32 = g1j�j,23 = g11�1,23 = 0,

�1
33 = g1j�j,33 = g11�1,33 = −r

(
1 − kr2

)
sin2 θ ,

�2
00 = g2j�j,00 = g22�2,00 = 0,

�2
01 = �2

10 = g2j�j,01 = g22�2,01 = 0,

�2
02 = �2

20 = g2j�j,02 = g22�2,02 = + Ṙ
R

�2
03 = �2

30 = g2j�j,03 = g22�2,03 = 0

�2
11 = g2j�j,11 = g22�2,11 = 0

�2
12 = �2

21 = g2j�j,12 = g22�2,12 = +1
r

,

�2
13 = �2

31 = g2j�j,13 = g22�2,13 = 0,

�2
22 = g2j�j,22 = g22�2,22 = 0,

�2
23 = �2

32 = g2j�j,23 = g22�2,23 = 0,

�2
33 = g2j�j,33 = g22�2,33 = − sin θ cos θ

�3
00 = g3j�j,00 = g33�3,00 = 0,

�3
01 = �3

10 = g3j�j,01 = g33�3,01 = 0,

�3
02 = �3

20 = g3j�j,02 = g33�3,02 = 0,

�3
03 = �3

30 = g3j�j,03 = g33�3,03 = + Ṙ
R

,

�3
11 = g3j�j,11 = g33�3,11 = 0,

�3
12 = �3

21 = g3j�j,12 = g33�3,12 = 0,

�3
13 = �3

31 = g3j�j,13 = g33�3,13 = +1
r

,

�3
22 = g3j�j,22 = g33�3,22 = 0,

�3
23 = �3

32 = g3j�j,23 = g33�3,23 = cos θ
sin θ

= cot θ ,

�3
33 = g3j�j,33 = g33�3,33 = 0. (24.10)

From the results listed in (24.10) we can make the following conclusions:

�k
00 ≡ 0, �0

0k = �0
k0 ≡ 0, (24.11)

and

�0
αβ = −Ṙgαβ , �

β

α0 = �
β

0α = δβα
Ṙ
R

, (24.12)

where (α,β = 1, 2, 3). Thus, we further obtain

�0
αβ ≡ 0, �1

αβ ≡ 0 for α �= β,

�2
αβ = δ1

αδ
2
β

1
r

, �3
αβ = δ1

αδ
3
β

1
r

+ δ2
αδ

3
β cot θ for α �= β (24.13)
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Using the results (24.12) and (24.13) we note that

∂j�
j
αβ = 0 for α �= β, ∂β∂β�

β

α0 = 0. (24.14)

Furthermore, we can calculate the following sums:

�
j
0j = �0

00 + �1
01 + �2

02 + �3
03 = +3

Ṙ
R

,

�
j
1j = �0

10 + �1
11 + �2

12 + �3
13 = kr

1 − kr2 + 2
r

,

�
j
2j = �0

20 + �1
21 + �2

22 + �3
23 = cot θ ,

�
j
3j = �0

30 + �1
31 + �2

32 + �3
33 = 0. (24.15)

Using the results (24.15) we note that

∂β�
j
αj = 0 for α �= β, ∂0�

j
αj = 0. (24.16)

The Ricci tensor for the metric (24.1) can be calculated using the definition (19.8), that is,

Rkn = ∂n�
j
kj − ∂j�

j
kn + �

p
kj�

j
pn − �

p
kn�

j
pj. (24.17)

From the result (12.48) we see that the Ricci tensor is a symmetric tensor Rkn = Rnk and
that it has only ten independent components. The formulae for the components of the
Ricci tensor for the metric (24.1) are summarized in the following list:

R00 = ∂0�
j
0j − ∂j�

j
00 + �

p
0j�

j
p0 − �

p
00�

j
pj,

R01 = R10 = ∂r�
j
0j − ∂j�

j
01 + �

p
0j�

j
p1 − �

p
01�

j
pj,

R02 = R20 = ∂θ�
j
0j − ∂j�

j
02 + �

p
0j�

j
p2 − �

p
02�

j
pj,

R03 = R30 = ∂ϕ�
j
0j − ∂j�

j
03 + �

p
0j�

j
p3 − �

p
03�

j
pj,

R11 = ∂r�
j
1j − ∂j�

j
11 + �

p
1j�

j
p1 − �

p
11�

j
pj,

R12 = R21 = ∂θ�
j
1j − ∂j�

j
12 + �

p
1j�

j
p2 − �

p
12�

j
pj,

R13 = R31 = ∂ϕ�
j
1j − ∂j�

j
13 + �

p
1j�

j
p3 − �

p
13�

j
pj,

R22 = ∂θ�
j
2j − ∂j�

j
22 + �

p
2j�

j
p2 − �

p
22�

j
pj,

R23 = R32 = ∂ϕ�
j
2j − ∂j�

j
23 + �

p
2j�

j
p3 − �

p
23�

j
pj,

R33 = ∂ϕ�
j
3j − ∂j�

j
33 + �

p
3j�

j
p3 − �

p
33�

j
pj. (24.18)

The results for all ten individual components of the Ricci tensor for the metric (24.1) can
be obtained from the above list (24.18). However, the calculation process can be facilitated
using the general results (24.11) - (24.16). Thus, forα,β = 1, 2, 3 andα �=β, we may calculate

Rαβ = ∂β�
j
αj − ∂j�

j
αβ + �

p
αj�

j
pβ − �

p
αβ�

j
pj. (24.19)
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From (24.14) and (24.16) we see that the first two terms on the right-hand side of (24.19)
for α �= β vanish and we may write

Rαβ = �
p
αj�

j
pβ − �0

αβ�
j
0j − �1

αβ�
j
1j − �2

αβ�
j
2j. (24.20)

Using here �0
αβ = 0 and �1

αβ = 0 for α �= β from (24.13), we obtain

Rαβ = �
p
αj�

j
pβ − δ1

αδ
2
β

cot θ
r

for α �= β. (24.21)

Thus, the second term on the right-hand side of (24.21) is not equal to zero only for (αβ) =
(12). Let us now calculate the first term on the right-hand side of (24.21), as follows:

�
p
αj�

j
pβ = �

p
α0�

0
pβ + �

p
αω�

ω
pβ , (24.22)

or

�
p
αj�

j
pβ = �0

α0�
0
0β + �σα0�

0
σβ + �0

αω�
ω
0β + �σαω�

ω
σβ . (24.23)

It is shown by direct calculation that the first three terms on the right-hand side of (24.23)
vanish. Thus, we obtain

�
p
αj�

j
pβ = �σαω�

ω
σβ = �1

αω�
ω
1β + �2

αω�
ω
2β + �3

αω�
ω
3β

= �1
α1�

1
1β + �1

α2�
2
1β + �1

α3�
3
1β + �2

α1�
1
2β + �2

α2�
2
2β + �2

α3�
3
2β

+ �3
α1�

1
3β + �3

α2�
2
3β + �3

α3�
3
3β . (24.24)

Using the result (24.24) we can show by direct calculation that

�
p
αj�

j
pβ = δ1

αδ
2
β�

3
13�

3
32 = δ1

αδ
2
β

cot θ
r

. (24.25)

Substituting (24.25) into (24.21) we finally obtain

Rαβ = Rβα ≡ 0, (α �= β). (24.26)

Furthermore, for α = 1, 2, 3, we may also calculate

Rα0 = ∂0�
j
αj − ∂0�

0
α0 − ∂β�

β
α0 + �

p
αj�

j
p0 − �

p
α0�

j
pj. (24.27)

Using here the results (24.11), (24.14) and (24.16), we see that the first three terms on the
right-hand side of (24.27) vanish. We then have

Rα0 = �
p
α0�

0
p0 + �

p
αβ�

β
p0 − �0

α0�
j
0j − �

β
α0�

j
βj . (24.28)

Using further (24.11), the first and the third term on the right-hand side of (24.28) vanish.
Thus, we obtain

Rα0 = �0
αβ�

β
00 + �ναβ�

β
ν0 − �

β
α0�

0
β0 − �

β
α0�

ν
βν . (24.29)

Using once again the results (24.11), the first and third term on the right-hand side of
(24.29) vanish. We may then write

Rα0 = �ναβ�
β

ν0 − �
β

α0�
ν
βν . (24.30)
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Using the result (24.24) we can show by direct calculation that

Rα0 ≡ 0, (α = 1, 2, 3). (24.31)

From the results (24.26) and (24.31) we conclude that all off-diagonal components of the
Ricci tensor are identically equal to zero

Rkn = Rnk ≡ 0, (k �= n). (24.32)

Thus, the only nontrivial components of the Ricci tensor are the diagonal components.
Using the results (24.11)–(24.16), they can be calculated as

R00 = ∂0�
j
0j + �

p
0j�

j
p0

= 3∂0

(
Ṙ
R

)
+
(
�1

01

)2 +
(
�2

02

)2 +
(
�3

03

)2 = 3
R̈
R

R11 = ∂r�
j
1j − ∂0�

0
11 − ∂r�

1
11 + �

p
1j�

j
p1 − �0

11�
j
0j − �1

11�
j
1j

= ∂r

(
kr

1 − kr2 + 2
r

)
− ∂0

(
ṘR

1 − kr2

)
− ∂r

(
kr

1 − kr2

)

+ 2Ṙ2

1 − kr2 + k2r2

(1 − kr2)2
+ 2

r2 − 3Ṙ2

1 − kr2

− kr
1 − kr2

(
kr

1 − kr2 + 2
r

)
= − R2

1 − kr2

(
R̈
R

+ 2Ṙ2 + 2k
R2

)

R22 = ∂θ�
j
2j − ∂0�

0
22 − ∂r�

1
22 + �

p
2j�

j
p2 − �0

22�
j
0j − �1

22�
j
1j

= ∂θ (cot θ) − ∂0

(
RṘr2

)
− ∂r

[
−r

(
1 − kr2

)]
+ 2Ṙ2r2

− 2
(

1 − kr2
)

+ cot2 θ − 3Ṙ2r2 + 2 − kr2

= −R2r2
(

R̈
R

+ 2Ṙ2 + 2k
R2

)

R33 = −∂0�
0
33 − ∂r�

1
33 − ∂θ�

2
33 + �

p
3j�

j
p3 − �0

33�
j
0j − �1

33�
j
1j

− �2
33�

j
2j = −∂0

(
RṘr2 sin2 θ

)
− ∂r

[
−r
(

1 − kr2
)

sin2 θ
]

− ∂θ (− sin θ cos θ) + 2Ṙ2r2 sin2 θ − 2
(

1 − kr2
)

sin2 θ

− 2 cos2 θ − 3Ṙ2r2 sin2 θ +
(

2 − kr2
)

sin2 θ + cos2 θ

= −R2r2 sin2 θ

(
R̈
R

+ 2Ṙ2 + 2k
R2

)
(24.33)

Multiplying the covariant components of the Ricci tensor (24.33) by the corresponding
components of the contravariant metric tensor given by (24.3) we obtain the components
of the mixed Ricci tensor as follows:

R0
0 = g00R00 = 3

R̈
R

,

R1
1 = g11R11 = R̈

R
+ 2Ṙ2 + 2k

R2 ,
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R2
2 = g22R22 = R̈

R
+ 2Ṙ2 + 2k

R2 ,

R3
3 = g33R33 = R̈

R
+ 2Ṙ2 + 2k

R2 . (24.34)

The Ricci scalar R j
j is then given by

R j
j = 3

R̈
R

+ 3
(

R̈
R

+ 2Ṙ2 + 2k
R2

)
= 6

(
R̈
R

+ Ṙ2 + k
R2

)
. (24.35)

Let us now form a mixed tensor Gk
n entering the gravitational field equations (19.97) as

Gk
n = Rk

n − 1
2
δk

nR j
j = −8πG

c4 T k
n . (24.36)

The tensor Gk
n is usually called the Einstein tensor. Substituting the results (24.34) and

(24.35) into the definition (24.36), we obtain the components of the Einstein tensor for
the Robertson-Walker metric as follows:

G0
0 = R0

0 − 1
2

R j
j = 3

R̈
R

− 3
(

R̈
R

+ Ṙ2 + k
R2

)
= −3

Ṙ2 + k
R2 ,

G1
1 = G2

2 = G3
3 = R1

1 − 1
2

R j
j = R̈

R
+ 2Ṙ2 + 2k

R2

− 3
R̈
R

− 3
Ṙ2 + k

R2 = −
(

2
R̈
R

+ Ṙ2 + k
R2

)
. (24.37)

At this stage it is appropriate to reverse the temporary convention (24.6) and to return to
the usual definition of dots as the derivatives of the scale radius R(t) with respect to the
cosmic time t, that is,

Ṙ(t) = dR(t)
dt

. (24.38)

This change of convention introduces an additional factor of 1/c before each derivative
defined by the dots. Thus, the results (24.37) become

G0
0 = − 3

c2

Ṙ2 + kc2

R2 ,

G1
1 = G2

2 = G3
3 = − 1

c2

(
2

R̈
R

+ Ṙ2 + kc2

R2

)
. (24.39)

Equations (24.39) are the final results for the components of the Einstein tensor in the
Robertson-Walker metric.

24.2 Friedmann Equations
In order to construct the gravitational field equations (24.36) we now need the energy-
momentum tensor Tk

n of the cosmic matter. The assumption is that the matter in the
universe is on the large-scale evenly distributed in the form of the cosmic fluid with no
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shear-viscous, bulk-viscous and heat-conductive features. Thus, we may use the mixed
energy-momentum tensor of an ideal fluid, which is in the covariant form given by (19.72).
We may then write

T k
n =

(
p + ρc2

)
unuk − δk

np, (24.40)

where p is the pressure and ρ is the matter (or rest energy) density of the cosmic fluid. In
the co-moving frame the cosmic fluid is at rest and we have

u0 = 1, uα = 0 (α = 1, 2, 3). (24.41)

Using the results (24.41) and observing that p � ρc2, we obtain

T 0
0 = ρc2, T 1

1 = T 2
2 = T 3

3 = −p. (24.42)

Thus, the energy-momentum tensor of the cosmic fluid in the co-moving frame can be
structured in the following matrix:

[
T k

n

]
=

⎡
⎢⎢⎣
ρc2 0 0 0

0 −p 0 0
0 0 −p 0
0 0 0 −p

⎤
⎥⎥⎦ . (24.43)

Substituting the results (24.39) and (24.42) into (24.36), we obtain the gravitational field
equations in the form

Ṙ2 + kc2

R2 = 8πG
3
ρ, (24.44)

2
R̈
R

+ Ṙ2 + kc2

R2 = −8πG
c2 p. (24.45)

Equations (24.44) and (24.45) are called the Friedmann equations and their solution
describes the cosmic dynamics. Combining (24.44) and (24.45) we may write

2
R̈
R

+ 8πG
3
ρ = −8πG

c2 p. (24.46)

Furthermore, from (24.44) we have

Ṙ2 + kc2 = 8πG
3
ρR2. (24.47)

Differentiating (24.47) with respect to the cosmic time t, we obtain

2ṘR̈ = 8πG
3
ρ̇R2 + 8πG

3
ρ2RṘ, (24.48)

or

2
R̈
R

= 8πG
3
ρ̇

R

Ṙ
+ 8πG

3
2ρ. (24.49)

Substituting (24.49) into (24.46) we obtain

8πG
3
ρ̇

R

Ṙ
+ 8πG

3
3ρ = −8πG

3
3

p
c2 , (24.50)
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or

ρ̇
R

Ṙ
+ 3

(
ρ + p

c2

)
= 0. (24.51)

Observing that the universe as a system of galaxies in the smooth fluid approximation
behaves as an incoherent dust, we can again use the approximation p � ρc2 to obtain

ρ̇ + 3ρ
Ṙ
R

= 1
R3

d
dt

(
ρR3

)
= 0. (24.52)

Integrating (24.52) we obtain

ρR3 = ρ0R3
0 = Constant, (24.53)

where ρ0 and R0 are the matter density and scale radius at the present epoch (t = t0).
From the result (24.53) we see that the matter density varies in time as R−3 and that the
quantity of matter in a co-moving volume element is constant during the expansion of the
universe. This conclusion is relevant to the present matter-dominated epoch in the history
of the universe.

In the early phases of its history when the universe was radiation-dominated this
conclusion was not valid because at that stage the assumption p�ρc2 was not valid either.
In the radiation-dominated universe equation (24.51) becomes

ρ̇ + 3
(
ρ + p

c2

) Ṙ
R

= 0, (24.54)

and the pressure component cannot be neglected. Using (24.53) and neglecting the
pressure, we obtain the Friedmann equations for the matter-dominated epoch of the
universe as follows:

2
R̈
R

+ Ṙ2 + kc2

R2 = 0, (24.55)

Ṙ2 + kc2

R2 = 8πGρ0

3

R3
0

R3 . (24.56)

The solutions of the Friedmann equations for the matter-dominated epoch of the universe
given by (24.55) and (24.56) will be the subject of the following chapter.





25
Non-static Models of the Universe

In Chapter 24, we have derived the cosmic dynamic equations satisfied by the scale
radius R(t), known as the Friedmann equations. As we have concluded earlier, the non-
static models of the universe based on the Robertson-Walker metric (23.49) are described
by their scale radius R(t) and the curvature constant k. The objective of this chapter is
therefore to study the appropriate solutions for the scale radius R(t) and the appropriate
values of the curvature constant k and their implications for the future evolution and other
physical properties of the expanding universe.

25.1 Solutions of Friedmann Equations
In order to solve the Friedmann equations (24.55) and (24.56), we first introduce some
useful quantities. Let us recall that the Hubble constant (23.54) is given by

H(t) = Ṙ(t)
R(t)

. (25.1)

Substituting (25.1) into (24.56) we obtain

H2 + kc2

R2 = 8πGρ0

3

R3
0

R3 . (25.2)

In the present epoch (t = t0) with R = R0 and H = H0, (25.2) becomes

H2
0 + kc2

R2
0

= 8πGρ0

3
, (25.3)

or

k

R2
0

= 8πGρ0

3c2 − H2
0

c2 = 8πG
3c2 (ρ0 − ρC) , (25.4)

where ρC is the critical (or closure) matter density of the universe, defined by

ρC = 3H2
0

8πG
. (25.5)

With the range of the estimated values of the Hubble constant H0 in the present epoch,
the numerical value of the critical density is given by

ρC = 2 × 10−26a2 kg
m3 , 0.5 ≤ a ≤ 1. (25.6)

Tensors, Relativity, and Cosmology. http://dx.doi.org/10.1016/B978-0-12-803397-5.00025-X 237
Copyright © 2015 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/B978-0-12-803397-5.00025-X


238 TENSORS, RELATIVITY, AND COSMOLOGY

Let us also recall the definition of the deceleration parameter q(t) defined according to
(23.65) as follows:

q(t) = − R̈(t)R(t)

Ṙ2(t)
= − 1

H2

R̈
R

. (25.7)

From the Friedmann equations (24.55) and (24.56) we may write

R̈
R

= −4πGρ0

3

R3
0

R3 . (25.8)

Substituting (25.8) into (25.7) we obtain

q(t) = 4πGρ0

3H2

R3
0

R3 . (25.9)

The present-epoch value of the deceleration parameter (25.9) is given by

q0 = 4πGρ0

3H2
0

= ρ0

2ρC
. (25.10)

From (25.10) we see that the present-epoch value of the deceleration parameter can be
expressed in terms of the present and critical matter densities of the universe.

25.1.1 The Flat Model (k = 0)

For the flat model with k = 0, (25.4) gives ρ0 = ρC and from (25.10) we find q0 = 1/2. Using
ρ0 = ρC and (25.5) we may write

H2
0 = 8πGρ0

3
. (25.11)

The Friedmann equation (24.56) then becomes

Ṙ2 = 8πGρ0R3
0

3R
= H2

0 R3
0

R
, (25.12)

or

Ṙ2 = A2

R
, A = H0R3/2

0 . (25.13)

Equation (25.13) can be rewritten as follows:

Ṙ = dR
dt

= AR−1/2 ⇒
∫ √

RdR = A
∫

dt + C. (25.14)

Performing the elementary integration in (25.14) we obtain

2
3

R3/2 = At + C ⇒ R(t) =
(

3A
2

)2/3

t2/3, (25.15)

where we used the initial condition R(0) = 0 to set the integration constant C in (25.15)
equal to zero. From (25.15) we may also write

t = 2
3A

R3/2 = 2
3H0

(
R

R0

)3/2

. (25.16)
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The present-epoch equation (25.16) for t = t0 has the form

t0 = 2
3H0

. (25.17)

The solution (25.15) for the scale radius R(t) with the choice of the curvature constant
k = 0 is in the literature sometimes called the Einstein-de Sitter solution.

25.1.2 The Closed Model (k = 1)

For the closed model with k = 1, (25.4) gives ρ0 > ρC and from (25.10) we find q0 > 1/2.
The Friedmann equation (24.56) then becomes

Ṙ2

c2 + 1 = 8πGρ0R3
0

3c2R
= B

R
, (25.18)

where we introduce a constant B as

B = 8πGρ0R3
0

3c2 = 2
4πGρ0

3H2
0

H2
0 R3

0

c2 . (25.19)

Using the definition of the present-epoch deceleration parameter (25.10) we obtain

B = 2q0
H2

0 R3
0

c2 . (25.20)

Furthermore, using (25.4) for k = 1, we may write

1

R2
0

= H2
0

c2

(
2

4πGρ0

3H2
0

− 1

)
= H2

0

c2

(
2q0 − 1

)
, (25.21)

or

R0 = c
H0

(
2q0 − 1

)−1/2 . (25.22)

Substituting (25.22) into (25.20) we obtain

B = 2q0(
2q0 − 1

)3/2

c
H0

. (25.23)

Equation (25.18) may be rewritten in the form

1
c

dR
dt

=
√

B − R
R

⇒
∫ t

0
cdt =

∫ R

0

√
R

B − R
dR. (25.24)

Let us now introduce an angular parameter η as follows:

R = B sin2 η

2
= B

2
(1 − cos η) , (25.25)

with
dR = B sin

η

2
cos

η

2
dη. (25.26)

Using (25.25) and (25.26) we may write√
R

B − R
dR = B sin2 η

2
dη = B

2
(1 − cos η)dη. (25.27)
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Using (25.25) and performing the elementary integration in (25.24) with (25.27), we obtain
the two parameter equations

R = B
2
(1 − cos η) , ct = B

2
(η − sin η) . (25.28)

The parameter equations (25.28) define the scale radius R(t) by a parameter η. The
function R(t) defined by (25.28) is a cycloid and the scale radius is a cyclic function of
the cosmic time. The universe starts expansion at the cosmic time t = 0 (η = 0) with
scale radius R = 0 and expands to a maximum size R = B at the cosmic time t = tL/2
(η = π). Thereafter the universe is contracted back to the scale radius R = 0 at the
cosmic time t = tL (η = 2π). The time tL in the closed model is called the lifespan
of the present universe. It can be calculated from (25.28) with (25.23) for η = 2π , as
follows:

tL = B
2c

2π = πB
c

= 2πq0(
2q0 − 1

)3/2

1
H0

. (25.29)

For example, the choice q0 = 1 gives the lifespan of the universe equal to tL = 2π/H0.
From (25.22) and (25.22) we also note that for q0 = 1, the present scale radius R0 = c/H0

is equal to one half of the maximum scale radius B = 2c/H0. It means that in the closed
model for q0 = 1, the present universe will expand to twice its present size before it starts
contracting.

25.1.3 The Open Model (k = −1)

For the open model with k = −1, (25.4) gives ρ0 < ρC and from (25.10) we find q0 < 1/2.
The Friedmann equation (24.56) then becomes

Ṙ2

c2 − 1 = 8πGρ0R3
0

3c2R
= B

R
, (25.30)

where we again use the constant B given by (25.23). Equation (25.30) may be rewritten in
the form

1
c

dR
dt

=
√

B + R
R

⇒
∫ t

0
cdt =

∫ R

0

√
R

B + R
dR. (25.31)

Let us now introduce an angular parameter η as follows:

R = B sinh2 η

2
= B

2

(
cosh η − 1

)
, (25.32)

with

dR = B sinh
η

2
cosh

η

2
dη. (25.33)

Using (25.32) and (25.33) we may write√
R

B + R
dR = B sinh2 η

2
dη = B

2

(
cosh η − 1

)
dη. (25.34)
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Using (25.32) and performing elementary integrations in (25.31) with (25.34), we obtain
the two parameter equations

R = B
2

(
cosh η − 1

)
, ct = B

2

(
sinh η − η

)
. (25.35)

The parameter equations (25.35) define the scale radius R(t) by a parameter η. The
function R(t) defined by (25.35) is growing indefinitely as t → ∞ (η → ∞). Like the flat
Einstein-de Sitter solution, the open solution continues to expand forever. It should also
be noted that the expansion of the universe in the open model is faster than that of the flat
model due to the presence of the exponential functions in the parameter η.

25.2 Closed or Open Universe
The analysis of the three possible models for the expansion of the universe, presented in
Chapter 24, does not resolve the question whether the present universe is open or closed.
The answer to that question must be looked for in the astronomical observations and
estimates of the various parameters of the model. The current estimates of the present-
epoch Hubble constant H0 and the critical density ρC are

H0 = 100a
km

s
1

Mpc
,

ρC = 2 × 10−26a2 kg
m3 , 0.5 ≤ a ≤ 1. (25.36)

The estimates of the present-epoch deceleration parameter q0 are more difficult to obtain.
In order to study the deceleration parameter q0, we use the result for the Hubble constant
H = Ṙ/R to calculate the second derivative of the scale radius with respect to the cosmic
time as follows:

Ṙ = HR ⇒ R̈ = HṘ + ḢR = H2R + ḢR. (25.37)

Substituting (25.37) into (25.7) we obtain

q(t) = − 1
H2

R̈
R

= −
(

Ḣ
H2 + 1

)
. (25.38)

Using (25.38) we can calculate the present-epoch deceleration parameter q0 as

q0 = −
(

Ḣ(t0)

H2(t0)
+ 1

)
. (25.39)

The result (25.39) indicates that if we can measure Ḣ(t0) and H(t0) we can calculate the
present-epoch deceleration parameter q0. In order to measure Ḣ(t0)we use the fact that as
we look deeper into space at the same time we look farther back into time. For example, if
we estimate the Hubble constant H(t) for objects one billion light years away, we are really
estimating the Hubble constant H(t) for the universe one billion years back in the cosmic
time. The difficulty with such a method of determining the present-epoch deceleration
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parameter q0 is related to the difficulties to measure the distances to the objects deep in
space.

In spite of these difficulties, some existing observational data suggest the value of the
present-epoch deceleration parameter q0 = 1. As we have concluded before, for q0 > 1/2,
the universe is closed and such observational data suggest that the present universe is
closed. However, using (25.10) for q0 = 1, we obtain the following present-epoch matter
(or rest-energy) density of the universe

ρ0 = 2ρC = 4 × 10−26a2 kg
m3 , 0.5 ≤ a ≤ 1, (25.40)

which is much larger than the observed density of matter in the universe. This discrepancy
is the origin of the so-called problem of the missing mass in the universe. The problem was
identified by measurements of the masses of clusters of galaxies in two different ways. One
method was to exploit a definite relation between the luminosity of a galaxy and its mass,
to sum up all the masses of member galaxies to obtain the total mass of the cluster. The
other method was to measure the relative velocities between the member galaxies and
to calculate the mean relative velocity which is determined by the mass of the cluster. It
was discovered that the luminosity mass obtained by the first method was considerably
smaller than the dynamical mass obtained by the second method.

Thus, there is a reason to believe that there is a large amount of invisible matter within
the observed clusters of galaxies. The first decisive evidence of the existence of such dark
matter in the universe came from the rotation curves of galaxies. By measurements of the
rotation curves of smaller galaxies revolving around great spiral galaxies it was discovered
that they differ completely from the curves expected from the Newtonian mechanics in
the empty space. The only possible interpretation of this result is that the space around the
galaxies is not empty. On the contrary, it seems to consist of a considerable amount of dark
matter. It is today generally believed that up to 90the form of the high-temperature ionized
gas emitting X-rays, and X-rays have indeed been detected in the clusters of galaxies.
However the observed density is again far below the density required to account for the
large amount of the dark matter in the universe. There are enormous numbers of neutrinos
in the present universe. Some experiments indicate that they may have a rest mass of the
order of 10−35 kg, and if this is true the neutrinos may just be the missing matter. This is
a growing area for combined efforts of astrophysics and particle physics today, although
it is still not clear how the neutrinos could impact the rotation curves of galaxies in the
observed way.

25.3 Newtonian Cosmology
In this section, we study the evolution of an expanding universe within the framework of
the Newtonian theory of gravitation and compare the results with those obtained using the
general theory of relativity. Let us imagine the large-scale matter-dominated Newtonian
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universe as an ideal fluid with negligible pressure moving according to the Newton laws
of motion and gravity. Such fluid is often called the Newtonian dust. We now consider
the Newtonian dust with a uniform density ρ(t) being in the state of uniform expansion.
The only force acting on the dust particles is the force of gravity. The components of the
three-dimensional position vector of an arbitrary dust particle at some cosmic time t are
given by

xα(t) = R(t)λα (α = 1, 2, 3), (25.41)

where λ is a constant vector defined by the initial position of the dust particle, and R(t)
is the scale radius of the uniform expansion. The first and second time derivatives of the
coordinates (25.41) are given by

ẋα = Ṙλα = Ṙ
R

xα = Hxα , ẍα = R̈λα = R̈
R

xα, (25.42)

where H(t) = Ṙ/R is a Hubble constant of the Newtonian expansion. Let us now use the
continuity equation (19.54) in the form

∂ρ

∂t
+ ∂α

(
ρvα

) = ∂ρ

∂t
+ ẋα∂αρ + ρ∂α ẋα = 0. (25.43)

Using (25.42) and the definition of the total time derivative of the density ρ, given by

ρ̇ = dρ
dt

= ∂ρ

∂t
+ ∂ρ

∂xα
dxα

dt
, (25.44)

we may rewrite (25.43) as follows:

ρ̇ + ρH∂αxα = 0 ⇒ ρ̇ + 3ρH = 0, (25.45)

or

ρ̇ + 3
Ṙ
R
ρ = 1

R3

d
dt

(
ρR3

)
= 0. (25.46)

Integrating (25.46) we recover the result (24.53) obtained using the Friedmann equations,
that is,

ρR3 = ρ0R3
0 = Constant, (25.47)

where ρ0 and R0 are the matter density and the scale radius at the present epoch (t = t0).
From the result (25.47) we see that in the Newtonian cosmology the matter density also
varies in time as R−3. The isotropy and spherical symmetry of the universe require that any
spherical volume evolves only under its own influence. If the observed spherical volume
has the radius r and mass M(r) = (4π/3)r3ρ, the equation of motion of a dust particle
somewhere on its surface is given by the Newtonian equation (18.44), as follows:

ẍα = R̈
R

xα = −GM(r)
r3 xα = −4πGρ

3
xα . (25.48)

As (25.48) is valid for an arbitrary xα , we obtain
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R̈ = −4πGρ
3

R. (25.49)

Using now the result (25.47), (25.49) becomes

R̈ = −4πGρ0R3
0

3R2 . (25.50)

Multiplying now both sides of (25.50) by Ṙ, we obtain

ṘR̈ + 4πGρ0R3
0

3
Ṙ

R2 = 0, (25.51)

or

1
2

dṘ2

dt
− 4πGρ0R3

0

3
d
dt

(
1
R

)
= 0. (25.52)

Thus, we may write

d
dt

(
Ṙ2 − 8πGρ0R3

0

3R

)
= 0. (25.53)

Integrating (25.53) we obtain

Ṙ2 − 8πGρ0R3
0

3R
= −kc2, (25.54)

where kc2 is the integration constant. After some restructuring of (25.54) we recover the
second Friedmann equation (24.56), that is,

Ṙ2 + kc2

R2 = 8πGρ0

3

R3
0

R3 . (25.55)

Furthermore, using the result (25.54) rewritten as

4πGρ0R3
0

3R2 = 1
2

Ṙ2 + kc2

R
, (25.56)

Equation (25.50) becomes

R̈ = −1
2

Ṙ2 + kc2

R
. (25.57)

Dividing by R and restructuring of (25.57) we recover the first Friedmann equation (24.55),
that is,

2
R̈
R

+ Ṙ2 + kc2

R2 = 0. (25.58)

From the above discussion we conclude that the Newtonian cosmology gives the same
dynamic equations for the scale factor R(t) of the expanding universe as the relativistic
cosmology based on the Robertson-Walker metric. In the Newtonian cosmology the
parameter k is just an integration constant, while in the relativistic cosmology k is the
curvature constant. In fact if k �= 0 there is no loss of generality if we set k = ±1 in the
Newtonian cosmology either. The dynamic equations (25.55) and (25.58) lead to exactly
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the same three models of the expanding universe with k = −1, 0, 1. It should however be
kept in mind that the Newtonian cosmology is just a non-relativistic limit of the standard
relativistic cosmological model and that it cannot account for a number of important
physical features of the expanding universe. In particular it cannot handle the radiation-
dominated early phases of the expanding universe and incorporate the pressure of the
cosmic fluid in the proper way.





26
The Quantum Cosmology

The objective of the present chapter is to give a short introduction into the most profound
speculations about the earliest moments of the present universe. In the solutions of Fried-
mann equations, presented in Chapter 25, we have generally used the initial condition
R(0)= 0. In effect such an initial condition means that in the earliest moments of its
evolution, the present universe may have been so compact that its size was comparable
to the size of a single quantum particle. In such an early epoch the classical solutions of
the Friedmann equations, derived in Chapter 25, are no longer adequate and we need
a quantum theory of the very early universe, that is, the quantum cosmology. Since the
quantum cosmology is a highly speculative theory in its early development phase, the
presentation in this chapter will be limited to a few introductory topics. Furthermore, as
the quantum theory is outside the scope of the present book, a few elementary quantum-
mechanical results needed in the present chapter will be introduced without a detailed
derivation from the first principles.

26.1 Introduction
The non-static models of the expansion of the universe, discussed in Chapter 25, are
based on a well-formulated gravitational field theory and available observational data.
These models can be used to study the early moments of the universe down to the times
t < 10−2 s. The subject of the present chapter is to investigate the so called Planck epoch,
that is, the times t ≤ 10−43 s.

The approach pursued in the present chapter is to use the canonical quantization
procedure to quantize the gravitational degrees of freedom and to derive the Klein-Gordon
wave equation for the wave function of the universe governing both the matter fields and
the space-time geometry. Such wave equation is generally known as the Wheeler-De Witt
equation. The wave function of the universe in this approach is a function of all possible
three-dimensional geometries and matter field configurations, known as superspace. It
should be noted that the concept of superspace used in quantum cosmology has nothing
to do with the concept of superspace of the supersymmetric quantum theories.

In order to reduce the problem to a manageable one, all but a finite number of
degrees of freedom are frozen out, leaving us with a finite-dimensional superspace known
as the mini-superspace. In the present chapter we consider a simple mini-superspace
model in which the only remaining degrees of freedom are the scale radius R(t) of a
closed homogeneous and isotropic universe and a homogeneous massive scalar field φ.
Furthermore, all the degrees of freedom of the scalar field are also frozen out, and the
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only effect of the scalar field is to provide the vacuum energy density ρvac. Such a vacuum
energy density contributes to a cosmological constant term defined by� = 8πGρvac.

Using the mini-superspace model described above we then calculate the semi-classical
wave functions of the universe and the tunneling probability for the universe to make the
transition from R = 0 to the transition point R = R0, being the upper limit of the classically
forbidden region 0 < R < R0.

26.2 Wheeler-De Witt Equation
Let us start the derivation of the Wheeler-De Witt equation by recalling the Friedmann
equations of cosmic dynamics, given by (24.44) and (24.45), that is,

Ṙ2 + kc2

R2 = 8πG
3
ρ, (26.1)

2
R̈
R

+ Ṙ2 + kc2

R2 = −8πG
c2 p. (26.2)

In the very early phases of its evolution, the universe was clearly not matter-dominated. In
fact it is generally believed that in the Planck epoch it was not even radiation-dominated,
and the energy-momentum tensor was determined by the vacuum energy. In such a
vacuum-dominated epoch the pressure of the extremely dense matter of the universe is
given by p = −ρc2. Using (24.54), we see that in the vacuum-dominated epoch we have

ρ̇ = 0 ⇒ ρ = ρvac = Constant. (26.3)

Thus, the Friedmann equations (26.1) and (26.2) in the closed model (k = +1) become

Ṙ2 + c2

R2 = 8πG
3
ρvac = �

3
, (26.4)

2
R̈
R

+ Ṙ2 + c2

R2 = 8πGρvac = �. (26.5)

Substituting (26.4) into (26.5) we obtain

2
R̈
R

+ �

3
= � ⇒ R̈

R
= �

3
. (26.6)

Equation (26.6) can be written as follows:

R̈ − c2

R2
0

R = 0, R0 = c

√
3
�

. (26.7)

The classical solution of (26.7) is given by

R(t) = R0 cosh
(

ct
R0

)
. (26.8)

This solution describes a universe which was infinitely large (R → ∞) in the infinite past
(t → −∞). Then it has been contracted to a minimum size of R0 at t = 0 after which it
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starts expanding again to an infinite size in the infinite future (t → +∞). From (26.8) we
see that the classical solution has a forbidden range for 0 < R < R0. Thus, it is classically
impossible for the universe to start from R = 0 and evolve into the above cosmic model.
However, given the quantum mechanical nature of the problem in the Planck epoch, it
may be possible for the universe to make such a transition with some finite quantum-
mechanical tunneling probability. In order to calculate the wave functions of a universe
starting at R = 0 and tunneling into the region R>R0 and the tunneling probability of such
a transition, we now construct the action integral of the universe in the Planck epoch as
follows:

IG = − c4

16πG

∫
t

dtL [R(t), Ṙ(t)
] ∫

V

√−g dr dθ dϕ, (26.9)

where

√−g dr dθ dϕ = R3 r2dr√
1 − r2

sin θ dθ dϕ. (26.10)

In (26.9) we have used the result for the Ricci scalar (24.35) in the Robertson-Walker metric
with k = +1, that is,

Rj
j = 6

c2

(
R̈
R

+ Ṙ2 + c2

R2

)
, (26.11)

to conclude that the Lagrangian density L [R(t), Ṙ(t)
]

in the present model is space
independent. Thus, we can integrate out the spatial part of the action integral (26.9), which
is just a the three-dimensional spherically symmetric volume in the Robertson-Walker
curved space-time metric (23.49), to obtain

∫
V

√−gdrdθdϕ = R3
∫ 1

0

r2dr√
1 − r2

∫ π

0
sin θ dθ

∫ 2π

0
dϕ (26.12)

Integrating the elementary integrals over θ and ϕ and introducing the new angular variable
χ as

r = sinχ ⇒ dr = cos χ dχ , (26.13)

the result (26.12) becomes∫
V

√−g dr dθ dϕ = 4πR3
∫ π/2

0
sin2 χ dχ = 2π2R3. (26.14)

Substituting (26.14) into (26.9) we obtain

IG = −πc4

8G

∫
t

dtR3(t)L [R(t), Ṙ(t)
]

. (26.15)

Using the result for the Ricci scalar (26.11) in the Robertson-Walker metric with k = +1,
we construct the Lagrangian density of the present model as follows:

L [R(t), Ṙ(t)
] = 6

c2

(
Ṙ2 − c2

R2 + �

3

)
, (26.16)
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where we have eliminated the term including the second-order time derivative, which
should not appear in the Lagrangian density, by reducing it to the total time differential.
Substituting (26.16) into (26.15), we obtain

IG =
∫

t
dtL(t) = −3πc2

4G

∫
t

dt
(

RṘ2 − Rc2 + �

3
R3
)

(26.17)

where the Lagrangian L(t) is given by

L(t) = −3πc2

4G

(
RṘ2 − Rc2 + �

3
R3
)

. (26.18)

The Lagrange equation for the scale radius R(t) is then given by

∂L
∂R

− d
dt

(
∂L

∂Ṙ

)
= 0. (26.19)

Substituting (26.18) into (26.19), we obtain

−3πc2

4G

(
Ṙ2 − c2 +�R2 − 2RR̈ − 2Ṙ2

)
, (26.20)

or

2
R̈
R

+ Ṙ2 + c2

R2 = �. (26.21)

Thus, the Lagrangian (26.18) gives the correct equation (26.5) for the scale radius R(t). Let
us now define the momentum conjugate to the scale radius R(t), as

pR = ∂L

∂Ṙ
= −3πc2

2G
RṘ. (26.22)

Using (26.22) we may express Ṙ in terms of pR as follows:

Ṙ = − 2G
3πc2

pR

R
. (26.23)

Using (26.22) and (26.23) we obtain the Hamiltonian of the present model as follows:

H = pRṘ − L = − G
3πc2

p2
R

R
+ 3πc2

4G

(
Rc2 − �

3
R3
)

. (26.24)

The Hamiltonian (26.24) is a classical Hamiltonian of the present mini-superspace model.
The quantum-mechanical Hamiltonian operator Ĥ is obtained using the canonical quan-
tization prescription

pR → ih̄
∂

∂R
, i = √−1. (26.25)

The wave equation of the universe in the present mini-superspace model known as
Wheeler-De Witt equation is then obtained from the condition H = 0 as follows:

Ĥ
(R) =
[

h̄2G
3πc2R

∂2

∂R2 + 3πc2

4G

(
Rc2 − �

3
R3
)]


(R) = 0, (26.26)
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or [
−h̄2 ∂

2

∂R2 + U(R)
]

(R) = 0, (26.27)

with the potential U(R) defined by

U(R) =
(

3πc3R0

2G

)2 [(
R

R0

)2

−
(

R
R0

)4
]

. (26.28)

The Wheeler-De Witt equation written as in (26.27) has the familiar form of the one-
dimensional Schrödinger equation for a particle with zero total energy moving in the
potential U(R). The form of the potential (26.28) clearly indicates that there is a classically
forbidden region for 0<R<R0 and a classically allowed region for R>R0. The point
R = R0 is a turning point of the potential (26.28). Classically speaking and using the
particle analogy, we conclude that a particle at R = 0 is stuck there and cannot travel
to the region R>R0. However, in the quantum mechanics there is a finite probability
that the particle can tunnel through the barrier and emerge at the classical turning point
R = R0. Thereafter it can evolve classically in the region R>R0.

26.3 The Wave Function of the Universe
In order to find the solutions of the Wheeler-De Witt equation for the wave function of
the universe 
(R) and to calculate the tunneling probability of the universe through the
potential barrier (26.28) we restructure (26.27) as follows:

d2


dz2 + Q2(z)
 = 0, (26.29)

where z = R/R0 is a dimensionless scale variable and the function Q2(z) is defined by

Q2(z) = a2
(

z4 − z2
)

, a = 3πc3R2
0

2h̄G
= 9πc5

2h̄G�
. (26.30)

Using the WKB approximation the wave function of the universe 
(z) is given by


(z) =
{

1
2 N0|Q(z)|−1/2 exp |w(z)|, z < 1 (R < R0)

N0|Q(z)|−1/2 cos
(|w(z)| − π

4

)
, z > 1 (R > R0)

(26.31)

where N0 is the WKB normalization constant, which is not essential for the present
analysis. The function w(z) is given by

w(z) =
∫

z
Q(z)dz = a

3

(
z2 − 1

)3/2
. (26.32)

For example in the region where R � R0 the wave function (26.31) becomes


(z) = N0a−1/2 1
z

cos
(a

3
z3 − π

4

)
. (26.33)
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and it is a slowly falling periodic function. Let us now turn to the tunneling probability
for the universe to make a transition from R = 0 to the transition point R = R0. The most
general WKB result for the tunneling probability is given by

T =
[

1 + exp
(

2
∫ 1

0
Q(z)dz

)]−1

=
[

1 + exp
(

−2a
3

)]−1

. (26.34)

Substituting a from the result (26.30) into (26.34), we finally obtain

T =
[

1 + exp
(

−3πc5

h̄G�

)]−1

. (26.35)

It should be noted that in many quantum-mechanical problems the exponential in the
expression for the tunneling probability (26.34) is a large quantity. It is therefore customary
in the literature to use the approximate expression

T =
[

1 + exp
(

2
∫ 1

0
Q(z)dz

)]−1

≈ exp
(

−2
∫ 1

0
Q(z)dz

)
. (26.36)

However, since the gravitational action integral is a negative quantity, such an approxi-
mation is invalid in the present discussion and only the more general result (26.34) can
be used. Even though the energy density ρvac and thereby the cosmological constant� of
the vacuum-dominated Planck epoch are very difficult to estimate, in order to get the idea
of the orders of magnitude of these quantities let us assume that the quantity a given by
(26.30) is of the order of unity. This gives the tunneling probability of the order of T ∼ 2/3.
Using now the result (26.30), we obtain

a = 9πc5

2h̄G�
∼ 1 ⇒ � ∼ 9πc5

2h̄G
= 4.87 × 10+87 1

s2 . (26.37)

Using now� = 8πGρvac, we have

ρvac = �

8πG
∼ 2.9 × 10+96 kg

m3 . (26.38)

The result (26.38) indicates an enormous energy density of the universe in the vacuum-
dominated Planck epoch. Furthermore, using the result (26.7) we can estimate the radial
distance of the turning point of the potential (26.28) as follows:

R0 = ct0 = c

√
3
�

∼ 7.44 × 10−36 m. (26.39)

The length scale of this order of magnitude is sometimes called the Planck length. The
time scale t0 corresponding to this length scale is then given by

t0 =
√

3
�

∼ 2.48 × 10−44 s, (26.40)

and it is roughly t0 ≤ 10−43 s, which is in agreement with our assertion in the introduction
to the present chapter.
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A remarkable, and surprising, property of the wave function of the universe is the fact
that it is time-independent and depends only on the space-time geometry and the matter
field content. A possible interpretation of the wave function 
(R) is that it measures
probabilistic correlations between the geometry and the matter field content. In this
interpretation it is possible to use some function of the matter fields, for example, the
energy density of the matter fields, as a surrogate time variable. However neither the role of
time in the quantum cosmology nor the interpretation of the wave function of the universe
are fully understood yet.

We also note that just having the wave equation of the universe does not resolve the
issue of the quantum evolution of the universe. To be more specific about the quantum
evolution of the universe, we need information about the initial quantum state. There
are currently several proposals for such an initial quantum state giving different physical
predictions. If such predictions can be made to be sufficiently precise, then the present-
day observations could be used, at least in principle, to test these different proposals for
the initial quantum state of the early universe.

The quantum cosmology efforts around the world today are very ambitious and the
very limited presentation given in the present chapter only gives some flavor of this
exciting subject. It is our hope that after mastering the material discussed in this chapter,
an interested reader will be able to proceed to the more advanced monographs on the
subject. It is also important to note that despite a number of speculative efforts to create
the self-consistent and empirically supported cosmological quantum theory, a lot of work
remains to fulfill that goal and several fundamental questions still remain unresolved.
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Covariant index, 58
Covariant tensors, 23
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alternative expression for, 87
components of, 92
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D
Dark matter, 242
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mixed product, 33
rotations of, 34f , 35
translations of, 36
vector product, 32
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Electromagnetic
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field invariants, 139

Electromagnetic field
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Electromagnetic field equations
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Maxwell equations, 137
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e-symbol in three dimensions, 31
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F
Field equations of physics, 156
First-order system, 6
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of electric charges, 133
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Friedmann equations, 233–235, 237
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critical density, 237–238
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Hubble constant, 237–238
for open model, 240–241

Fundamental forces of nature, 1
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G
Galilei transformations, 100
Gauge

condition, 125-126
harmonic condition, 202

invariance, 126
Lorentz, 125-126
of the theory, 125-126
transverse traceless gauge, 205

Gauss curvature of unit sphere, 91
Gauss theorem, 75
General theory of relativity, 1, 2

local inertial frames of reference, 148
time intervals and distances, 148, 149

Geodesic differential equations, 77
Geodesic equations, 82, 190, 193
Geodesic lines, 77
Geometry

pseudo-Euclidean, 147
pseudo-Riemannian, 147

Gradient of scalar function, 70
Gravitational constant, 153, 158
Gravitational field equations

action integral, 161
Einstein field equations, 169
matter fields, 166
Newton law, 172
non-relativistic limit of, 172
Schwarzschild solution, 182

Gravitational fields
electromagnetic field equations, 156
gravitation field potentials, 147
particle dynamics, 153
time intervals and distances, 150

Gravitational potential, 153, 172
Gravitational radius, of body, 182
Gravitational waves

linearized Einstein field equations, 202
plane-wave solutions, 205
on point particles, 207
radiation, generation of, 210

H
Hamiltonian

covariant operator, 69, 70
∇-operator, 69
variational principle, 77

Harmonic gauge condition, 202
Hubble constant, 214, 221
Hubble law, 214, 221



260 Index

I
Indices

dummy indices, 10
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upper indices, 6

Inertial frame of reference, 147
Inertial systems of reference, 95
Infinitesimal arc length element, 44
Integral theorems, for tensor fields

Gauss theorem, 75
Stokes theorem, 75

Interaction Lagrangian density, 133
Interactions

gravitational, 147
maximum speed of, 95, 96

Invariance principle, speed of light, 96
Invariant Lagrangian density

function, 136
of gravitational field, 157, 158

Invariants, 22
and Lorentz transformations, 129

Inversions, of Descartes coordinates, 36

J
Jacobian

Jacobi theorem, 75
of transformation, 29, 30, 32, 36

K
Kinetic

energy, 113
energy-momentum tensor, 120

Klein-Gordon wave equation, 247

L
Lagrange equations, 79, 113
Lagrange function, 77
Lagrangian, 77

of charged particle, 122
equation, 190
of a planet, 190

Laplacian
of scalars, 73
of tensors, 73

Length
contraction, 108
proper length, 106

Lifespan, of the universe, 240
Light

cones, 193
speed of light, 96

Linear algebra, 6
Linearized Einstein field equations, 202
Linear operator, 49

eigenvalues of, 49
eigenvectors of, 49
main directions of, 51
secular equation, 49

Local inertial frames of reference, 148
Lorentz force, 123-124
Lorentz gauge, 125-126
Lorentz transformations, 102

and invariants, 129

M
Magnetic induction vector, 123
Magnetic vector potential, 122
Main directions, of linear operator, 51
Mass conservation law, 166
Mass moments

dipole, 210
monopole, 210
quadrupole, 210

Mathematical space, 13
axioms of, 13

Matrix
adjunct matrix, 41
co-factors of, 41, 98
column matrix, 6
determinant of, 12
transposed matrix, 41
unit matrix, 41

Matter fields, 166
Maxwell equations, 137
Maxwell stress tensor, 143
Metric

definition, 17
Robertson-Walker metric, 220
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Metric space
Euclidean, 15
pseudo-Euclidean, 98, 99
Riemannian, 44

Metric tensor, 157
and Christoffel symbols, 68
contravariant, 41
definition, 39
determinant of, 39

Mini-black holes, 195
Mini-superspace, 248
Mixed tensors, 24
Mixed vector product, in three dimensions, 33

N
N-dimensional vector space. See Vector spaces
Newtonian

cosmology, 245
dust, 245
Newton law, 172
non-relativistic limit, 172
theory of gravitation, 190

Newton law, 172
Non-relativistic limit

of action integral, 113
of gravitational field equations, 172
of kinetic energy, 113
Lagrangian, 113
of momentum, 113
Newtonian, 172

Non-relativistic mechanics, Galilei
transformations of, 100

Non-static models of the universe, 237
Friedmann equations, 237–241

O
Operations with systems

addition and subtraction, 8
composition, 9
contraction, 8
direct product, 8

Origin of coordinates, 14
Orthogonal coordinate transformations, 37
Orthonormal eigenvectors, 51

P
Particle dynamics, 153
Perihelion

advance, 190
of a planet, 190
shift, 190

Perturbation method, 190
Physical coordinates, of velocity vector, 47
Planck epoch, 247, 251
Planck length, 252
Plane, in vector spaces, 15
Point, 13
Polarization

of gravitational plane waves, 205
tensors, 205

Polar vectors, 36, 37
Potentials

electric scalar, 122
electromagnetic, 138
magnetic vector, 122

Present-epoch deceleration parameter, 238,
239, 240, 242

Proper length, of object, 106
Proper time interval, 105
Pseudo-Euclidean metric tensor, 148
Pseudo-Euclidean space, 19
Pseudo-Riemannian space, 19
Pseudoscalars, 37
Pseudotensors. See Relative tensors

Q
Quadrupole mass moment, 210
Quadrupole radiation, 210
Quantum cosmology, 247, 253. See also

Universe

R
Real N-dimensional space, 13
Relative tensors, 29
Relativistic addition of velocities, 109
Relativistic astrophysics, 2
Relativistic kinematics

interval between events, 99
relativity, principle of, 95
speed of light, invariance principle of, 96
velocity and acceleration vectors, 103
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Relativistic phenomena
length contraction, 108
relativistic addition of velocities, 109
time dilatation, 106
twin paradox, 110

Ricci antisymmetric tensors, 41
Ricci scalar, 89, 158, 161
Ricci tensor, 89, 172, 182, 233
Riemannian spaces, 19, 77
Robertson-Walker metric

contravariant metric tensor for, 233
covariant metric tensor for, 233
definition and properties, 220
Einstein tensor components in, 233

Rotations, of Descartes coordinates,
34f , 35

S
Scalar product, 15
Scalars

Laplacian of, 73
pseudoscalars, 37
scalar product, 15

Scale radius, 220, 225, 233
Schwarz inequality, 46
Schwarzschild solution, 182
Schwarzschild space-time metric, 182
Second-order contravariant tensor, 23
Second-order covariant tensor, 23
Second-order system, 6
Second-order tensors, 49
Secular equation, 49
Simple system. See First-order system
Space character, 85
Space-time

coordinates, 96, 98
geometry, 247, 253
metric, 215, 220

Space-time metric, 147
Special relativity, 1
Special theory of relativity

electromagnetic field tensor, 155
particle dynamics, 153
time intervals and distances, 150

Speed of light, invariance principle of, 96

Stokes theorem, 75
Straight line, in vector spaces, 15
Substitution operator. See δ-symbol
Summation convention, 10
Superspace, 247
Surface vector, 75
Symmetric system, 7
Symmetric tensor, 24, 25
Systems

arbitrary order systems, 7
first-order system, 6
second-order system, 6
third-order systems, 6

T
Tangent unit vector, 44
Tensor calculus, 1

lower and upper indices, 6
Tensors. See also Linear operator

absolute derivatives of, 62
antisymmetric and symmetric parts of, 26
character of systems, 28
contravariant tensors, 23
covariant derivatives of, 60
covariant tensors, 23
definition of, 21
differentials of, 58
divergence of, 71
Laplacian of, 73
mixed tensors, 24
perturbation, 198
polarization, 205
relative tensors (see Relative tensors)
symmetry properties of, 25
tensor capacities, 29
tensor densities, 29
trace-reverse tensor, 202

Third-order contravariant tensor, 23
Third-order covariant tensor, 23
Third-order systems, 6
Three-dimensional momentum conservation

law, 118
Time

dilatation, 106
proper time interval, 105
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synchronized, 105, 107
intervals and distances, 150

Total energy, of particle, 113
Trace-reverse tensor, 202
Transformation laws

of arbitrary tensor, 31
of Christoffel symbols, 65
of electric field vector, 128

Transformations
of coordinates, 22
of energy-momentum vector, 117
Galilei transformations, 100
of variables, 21

Translations, of Descartes coordinates, 36
Transverse traceless (TT) gauge, 205
Twin paradox, 110

U
Unit antisymmetric system. See e-system
Unit antisymmetric tensors, 31
Unit matrix, 41
Unit sphere, Gauss curvature of, 91
Unit symmetric system. See δ-symbol
Unit systems
δ-symbol, 12
e-system, 12

Unit vector, 44
Universe

closed or open, 242
critical/closure matter density, 238
dark matter in, 242
expansion of, 225, 235
large-scale structure, 213, 214
lifespan, 240
matter-dominated, 214
matter-dominated epoch, 235
missing mass problem, 242
non-static models of, 225
quantum evolution of, 253
radiation-dominated, 214, 235
tunneling probability for, 248, 251, 252
wave function of, 253

V
Vacuum-dominated epoch, 251
Variational calculus, 77
Vector product, in three dimensions, 32
Vectors

angles between vectors, 45
axial vectors, 37
covariant derivatives of, 58
curl of, 72
divergence of, 71
electric field vector, 123
magnetic induction vector, 123
polar vectors, 36, 37
surface vector, 75
tangent unit vector, 44
unit vector, 44

Vector spaces
definition of, 15
in N dimensions, 14
plane in, 15
straight line in, 15

Velocity
and acceleration vectors, 103
four-velocity, 103
relativistic addition of, 109

Velocity vector
contravariant coordinates of, 47
physical coordinates of, 47
in spherical coordinates, 47

W
Waves

plane-wave, 205
polarization, 205
vector, 205

Wheeler-De Witt equation, 247, 251
WKB approximation, 252
World, 96

horizon, 214
line, 96
point, 96
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